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Preface

When Isaac Newton developed calculus in the mid-1600s, he was trying to use geometrical reasoning to solve physics and astronomy problems of the day. Were you to flip through a copy of Principia Mathematica, his work that largely defined calculus, you would notice that it is all geometrical sketches, with no equations in sight. (You can see Cambridge University Library’s scanned copy at cudl.lib.cam.ac.uk/collections/newton).

However, his contemporary and competitor, Gottfried Leibniz, took an approach that was more algebra-focused. Over time, Leibniz’s approach won out, and math and physics instruction became weighted toward algebra.

We know many science and math professionals who struggled in calculus courses. Years later they appreciated the concepts after they redeveloped them geometrically or created little physical models. We want our readers to get their intuition geometrically in the first place.


Who This Book Is For

We introduce most concepts with a physical model and discuss the ideas behind it before getting into any of the mathematical symbols. We want you to get a mental picture first, and then dive into calculation while hanging on to that, if you want to dive into calculating at all. You should be able to read the book with some basic algebra concepts, as detailed in the sidebar.

If you never took calculus (or don’t remember any of it) and find yourself needing to read technical books and papers, this book should help you know enough to follow common equations you will encounter. We have included topics that are applicable to a broad swath of science or engineering. This means that some descriptions are brief, and just intended to let you know what terms to look up so you can learn more.


WHAT WE ASSUME YOU KNOW ALREADY

The rest of this book assumes you know about some concepts and algebraic manipulations. If you have not seen them before, you can still get some intuition from the book. You may however have trouble following the places where we do include some algebra to help people who may be reading with this book in one hand and a traditional text in the other. Here are a few things you might want to look up if you have not encountered them before. There are online tutorials that cover these basics, notably on the Khan Academy site (khanacademy.org) or Wikipedia.org.


	•  How algebra, computer code, and arithmetic have different conventions. For example, algebra uses an implied “times sign” by writing letters or numbers next to each other. However computer code uses a “*” to show multiplication.

	Arithmetic: y=a×x, y=2×x, (x+3)×(x+3)

	Algebra: y=ax, y=2x, (x+3)(x+3)

	OpenSCAD programming language: y=a*×; y=2*×; (×+3)*(×+3)




	•  What the Pythagorean theorem is, and how to use it to find distances.

	•  How to combine and simplify fractions with variables (“rational expressions”).

	Example: (x+15)(x+5)(x−3)+2(x+5)=(x+15)(x+5)(x−3)+2(x−3)(x+5)(x−3)=(3x−9)(x+5)(x−3)=3(x+4)




	•  What it means to raise something to a power, including a negative power.

	Examples: x3=x = x times x times x and x−3=1/x3




	•  How to multiply two polynomials (expressions with variables) together.

	Example: (x+1)(2x+3)=2x2+5x+3




	•  How to factor a polynomial.

	Example: knowing that 2x2+5x+3 factors into (x+1)(2x+3)




	•  What logarithms are and how to use them in equations.

	Example: log⁡(x2)=2log⁡(x)




	•  What square roots, cube roots, and other roots are, how to think of roots as raising a variable to a fractional power, and how to interpret the radical sign.

	Example: x1/3=x3




	•  What trigonometric functions (sine, cosine, tangent) are and what they mean geometrically (Chapters 9 and 13 include some handy facts about these functions).

	•  That inverse trigonometric functions are written like this: sin−1(x)⁡ which means “the angle whose sine is x,” typically in radians, sometimes called arcsin(x) or asin(x). Similar notation is used for the other trigonometric functions.

	•  How to measure angles in degrees and radians, and converting between the two (2π radians equals 360 degrees).







Teaching and Learning with This Book

Our story starts in a different place than most standard calculus textbooks, skips parts they emphasize, and goes a few places they do not. We largely ignore the series and sequences discussion that normally starts a calculus course (except for a short discussion in Chapter 12). Instead, we leap directly into the Fundamental Theorem of Calculus. We have tried to make the chapters stand more or less on their own, in case you want to use them out of order, but the concepts will build more naturally if you can start at the beginning and march forward.


Developing a Hands-on Calculus Course

We hope that hands-on calculus classes will be developed around this book. We think it is particularly appropriate for students that might not have taken as much preparatory math as calculus students normally would have, like younger teens, or people in vocational or worker retraining programs. We emphasize active learning, first introducing a physical model and then deducing the math concept from that. This book develops intuition that enables starting on fundamentals of robotics, digital fabrication tools, electronics and the like.

Each chapter focuses on one or more central calculus topics, with associated 3D printable models or other activities. A fun K-12 summer or afterschool program might cover Chapters 1-4, Chapter 6, and some of the projects in Chapter 10. (Chapter 10 applies concepts from earlier chapters to creating electronic projects.) Chapters 5 and 7-9 cover somewhat more advanced concepts with 3D printable models. Chapters 11 through 13 are more algebra-heavy than the earlier chapters, and bridge between our intuitive approach and the tools to calculate values for practical purposes.

Advanced math students who need to learn differently, such as blind or visually-impaired students, are often not served well by a professor at a whiteboard. We hope this book and its associated projects embody enough universal design to act as a gateway to the elegant structure of calculus.



3D Printable Models

This book teaches calculus with materials like LEGO bricks, paper, and 3D prints. These last were developed with the free and open-source program OpenSCAD (openscad.org). Chapter 3 describes where and how to download OpenSCAD and the models, and has some suggestions on how to print them and (in most cases) modify them if you want to. The models are designed to print on a low-end consumer or hobbyist 3D printer with minimal fuss.

With that said, we have included photographs of the projects and described them in enough detail that you should be able to get by without actually creating them yourself. However, we find that it is a different experience to hold and move around a 3D model of a concept. We highly recommend trying out the LEGO brick exercises and creating the 3D prints, or at least manipulating them in 3D in OpenSCAD. The electronics demonstrations in Chapter 10 require a little more background, and are included for those who might be a bit more maker-inclined.



Chapter Layout

Each chapter begins with a calculus concept, and sometimes a little history about who came up with the idea in the first place. We then introduce a hands-on model and talk about how to use the model to think about the concept. Then we move into the relevant mathematical symbols and calculations. We end each chapter with a summary of the key points and a list of symbols and words you can look up, plus a few references.

In some cases, the calculations are beyond what we think is appropriate for this book, and we refer you to alternative resources you can use if you need to go that far. We have tried to keep algebra to a minimum, but we give you enough information and at least informal explanations of where things come from so that we do not have to resort to saying “just trust us.”

If you want to use a traditional text in tandem with this book, we highly recommend the work of the late George Thomas. Joan’s high school and undergraduate copy of the fourth edition of Thomas’ Calculus was her introduction to the field. The much-evolved 2018 fourteenth edition now written by Joel Hass, Christopher Heil, and Maurice Weir, and renamed Thomas’ Calculus, is an imposing but excellent work. We have a short list of websites, video courses, and books we found useful at the end of Chapter 13.

Each chapter ends with a list of words you can look up, as well as the names of symbols we use. We know that self-learners get stuck sometimes if they don’t know what a symbol is called and so can’t look things up. Where calculus symbols and terms are not used consistently by everyone, we try to capture the variations without getting so far into it that we cause more problems than we solve. We supply references that for the most part are free and easily accessible, such as Wikipedia. These sites are not peer-reviewed, but for someone who may have limited funds, time, and library access, they will be sufficient for getting started.

Many of the calculations covered in a basic calculus course now can be done by software programs like Mathematica and even some freely available utilities. The intent of this book is to give you enough background to be able to interpret the documentation for such tools and be able to walk your way into more sophisticated concepts there or in traditional textbooks. Computers are very good at algebra and calculations; people, not so much. Delegate to the machines where you can, but be skeptical of what they produce and read the documentation on limitations.
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1 THE FUNDAMENTAL THEOREM

Isaac Newton developed calculus as a tool to explain physical phenomena, in particular motions of planets. As it turned out, it was also a way to encode how things move and change more generally, from economies to populations of rabbits and foxes. There is a lot of scary-sounding terminology that puts people off, like derivatives, differential equations, and integrals. Too often, it is thought of as something to survive, be tested on, and never address again.

However, the concepts that these are shorthand for are not all that hard, and can give insight into just about anything that changes or moves. There are a few basic relationships that underlie everything else in calculus, one of which is so central that it is usually called The Fundamental Theorem. As it turns out, LEGO bricks are a perfect medium to demonstrate it.


Building Calculus

We can demonstrate many features of calculus with simple building bricks such as LEGO bricks. If you want to follow along at home, you’ll need a base plate and some 2×2 square bricks. If you don’t have square ones, it doesn’t really matter, as long as they are all the same size.

Calculus has a few basic principles, but people learning it are often immediately drowned in many special cases and exceptions. In this chapter, we construct a few special cases to make key points with simple LEGO brick visualizations. Later on we will show the limitations of these special cases and how to go forward from there. For now, though, we encourage you to borrow some LEGO bricks and follow along. If possible, actually build with us. The tactile experience can really make a difference, and it is easier to see 3D objects than to peer at a photo.

For the mathematicians reading this, we will glibly slide between a discrete set of points (known as the Calculus of Finite Differences) and a curve without getting into the many differences between those circumstances. We hope you will forgive us for the moment, and we will make it up to you in later chapters.


The Steadily-Increasing Wall

Let’s start with a wall of bricks made up of columns of zero, two, four, six, eight, and ten bricks (Figure 1-1). We note the number of bricks in each column in the figure captions so you can easily follow along and recreate what we’re doing without having to squint and count from a photo. We also make the tallest column in each example alternating colors to make it easier to count how tall other columns are.

[image: A row of red LEGO brick columns attached to a baseplate. Each column is two bricks taller than the last, from zero to ten.]
FIGURE 1-1: Wall of LEGO bricks (0, 2, 4, 6, 8, 10)



MATERIALS


	•  LEGO or equivalent baseplate

	•  About 70 identical LEGO bricks We used 2×2 bricks, but any size is fine as long as they are the same as each other.




Each point along the wall has two more bricks than the last one. The wall is sloping upward at the rate of two bricks up per one brick across. Or, to put it another way, the rate of change of the height of the wall is just a constant two bricks of height per brick of length. A mathematician might call this rate of change the slope of the wall. In this case, it is just a constant increase of two additional bricks per column as we move from left to right.

Suppose we wanted to measure how much the wall rose from one column to the next. If we start at the highest end, we see the last two columns are two bricks different (Figure 1-2). Now let’s place the bricks noting the difference between those two columns in front of those two columns (Figure 1-3). We offset them by half a column to show that these are the differences between these last two columns.

[image: Same as Figure 1-1 but now a set of two blue LEGO bricks has been placed on top of the column 8 bricks high so that it is the same height as the ten-brick-tall column.]
FIGURE 1-2: Wall of LEGO bricks (0, 2, 4, 6, 8, 10) showing difference between the last two columns


[image: Image]
FIGURE 1-3: Wall of LEGO bricks (0, 2, 4, 6, 8, 10) and a second wall showing the difference between the last two columns


Next, in Figure 1-4, we do the same for the whole wall (including marking the difference between 0 and 2).

[image: Same as Figure 1-3 but now there are sets of two blue LEGO bricks on top of each of the other columns, bringing them level to the height of the subsequent column.]
FIGURE 1-4: Wall of LEGO bricks (0, 2, 4, 6, 8, 10) showing the difference between each of the remaining pairs of columns


Finally, we move all these sets of two bricks showing the difference between columns down to make a separate wall (Figure 1-5). We now have two walls: the original, and one that is consistently two bricks high and offset by half a column from the original. Note that our first column in the wall of differences is comparing an empty first column in the original wall to the one that is two bricks high. The wall of differences will be one column shorter than the original wall (including the column of zero), since we are measuring differences between columns and so will have one fewer difference than columns.

[image: Now there is a wall of red LEGO bricks rising two at a time, and a row of blue ones two bricks high to show all the differences from column to column of the red wall.]
FIGURE 1-5: Wall of LEGO bricks (0, 2, 4, 6, 8, 10) and of differences (2, 2, 2, 2, 2)


The wall made up of all the differences of the original wall has some interesting properties. Our original wall climbed by two bricks up per column. In algebra you may have learned about the slope of a wall (sometimes expressed as “rise/run”). The slope of the original wall is a constant two bricks per column, the height of the “difference wall.”

In general, a curve does not change a constant amount from one value to the next. As we see in another example later in this section, those differences will, themselves, form a curve. In calculus, we call that more general version of a slope the derivative of the original curve. From here on out we will call the wall of differences the “derivative wall.” There are technicalities we are ignoring here because our wall is stair-stepping rather than being a curve but we’ll get to that part later in this chapter.

Now, about those interesting properties of the derivative wall. Suppose we added up the bricks in that wall. The number of bricks in the first column is two. That’s the same as the number of bricks in the first nonzero column of the original. If we now add up the first two columns of the derivative wall, we get a column the same height as the second (nonzero) column in the original wall (Figure 1-6).

[image: Starting with the two walls in previous image, we take the first column of two blue bricks (representing the difference between the red brick column zero bricks high and the one that is two brick high) and add it to the second column of blue bricks. We now have a column of blue bricks 4 bricks high, which is the same height as the second non-zero red column.]
FIGURE 1-6: Summing up the first two columns in the derivative wall


You can prove to yourself that this will always be true (Figure 1-7). If you start off with the first value in the original curve and keep adding the differences between subsequent points as you go along, you get that point of the original curve back. You can also think about adding up these values as finding the area under the derivative curve. In calculus, adding up the area under a curve is called “taking its integral” or “integrating” it. Generally speaking, an "integral" is what you get when you add up what is underneath a curve, or, as we will see in Chapters 6 and 7, it can also be the area under a curve (or the volume under a surface).

[image: Next we pile all the blue bricks into one column, and see it is as high as the highest column of red bricks. All the differences summed up to be equal to the final value of the red column.]
FIGURE 1-7: Summing up the first five columns in the derivative wall


Let’s recap what we did.


	•  We started with a wall that was zero bricks high, then two, four, six, and so on, up to ten bricks high.

	•  Then we created a new wall made up of the differences from column to column in the original wall. This new wall, we discovered, could be called the derivative of the first one. It was two bricks high everywhere, since that was the difference from column to column in the original.

	•  Next, we added up the number of bricks in our derivative wall. We discovered we got back our original wall one point at a time. The running total (integral) of the derivative is just the number of bricks in the original curve at that point.



To put it another way, finding derivatives and integrals are inverses of each other, or operations that cancel each other out. This is similar to the relationship between multiplication and division, or squaring and taking a square root. (There are some caveats that we will explore in Chapters 4 through 7.)

The property that the integral of a derivative gives you back the original curve you started with, and likewise the derivative of an integral, is called the Fundamental Theorem of Calculus. For that reason, the integral is sometimes called the “antiderivative” of the curve, since we are reversing the process of finding the derivative.




The Curved Wall

Now let’s try an example that is a little less simple. Each column in the yellow wall in Figure 1-8 contains the number of bricks corresponding to the square of the column's position. We can make a derivative wall here, too, made up of the differences between successive columns. The derivative is the red wall in Figure 1-8. Now, instead of being a constant, the derivative wall climbs two bricks from one column to the next. The change is increasing, instead of being constant.

[image: Now we have two new walls of columns of LEGO bricks on a baseplate. The farther row is yellow, and the heights correspond to the squares of their positions, from 0 to 16 bricks. The differences between subsequent columns are represented by red brick columns halfway between the two.]
FIGURE 1-8: The x-squared wall (0, 1, 4, 9, 16) and its derivative (1, 3, 5, 7)


We could add up the columns of this derivative wall and get back the original x2 wall, just as we did in the simpler example. (Try it and prove it to yourself.) Suppose the walls were much longer? If this rule holds true, we don't need to calculate squares all the way up to 262 to predict that the difference between columns 25 and 26 is two more than the difference between columns 24 and 25. In other words, it would seem that the derivative of x2 rises proportionally as 2x. We can also see this with a bit of algebra, if we want to look at the difference in height of the derivative wall at x and x+1:

derivative=(x+1)2−x2=x2=x2+2x+1−x2=2x+1

If we look at the red derivative wall, we see that indeed the column heights are 1, 3, 5, and 7 as we would expect from our little equation. However, what would happen if we now tried to take the derivative of the red (1, 3, 5, 7) wall in Figure 1-8? There is a difference of 2 between each of the columns, as in our earlier example. We started out with four columns, so our “differences of differences” wall just has three columns (blue wall in Figure 1-9).

[image: We add a row of blue bricks two high to the setup in Figure 10-8 to show the differences between differences.]
FIGURE 1-9: Adding a “difference of differences” wall to Figure 1-8 (2, 2, 2)


Something funny happens here, though, if we want to go the other way and get the red curve by adding up (integrating) the blue wall. Note that the first point of the red curve is not zero. The first column of the blue wall is only two bricks high, but the original curve is three high. Similarly if we add up the first two columns of the blue wall, it is still one short (Figure 1-10). If we keep going, it is one short throughout (Figure 1-11).

[image: We add the first two columns of blue bricks and see it is one shorter than the red curve at that point.]
FIGURE 1-10: Trying to integrate the blue wall to get the red one


[image: We add all the columns of blue bricks and see that this last sum is still one shorter than the red curve at that point.]
FIGURE 1-11: Continuing trying to integrate the blue wall to get the red one


What happened? You might be tempted to say, “Well, the first point of the original curve was equal to one, so maybe we have to add one.” In this case that works out. (As we will find out later, there are subtle points having to do with how we are measuring the differences along our original curve, which we will get to in later chapters.)

In our LEGO brick world for the moment, though, we can think about this as needing to create an offset when our curve does not start at zero. One way to check your integral curve is that the last value should be the total number of bricks in the original curve. What happens if there are negative values in your original curve, though? Or if your curve is not continuously increasing?



Negative Changes

To this point, we have only looked at curves that are increasing as we go along them. What happens, though, if the value of the curve is decreasing? How would we represent a net loss along a curve, for example the curve in Figure 1-12? The heights of the columns are equal to 9−x2, graphed from x=−3 to x=3.

[image: A row of columns of  LEGO bricks on a baseplate, with columns symmetrical about the center in a downward-opening parabolic shape.]
FIGURE 1-12: A curve that increases and decreases (0, 5, 8, 9, 8, 5, 0)


We do the same thing to calculate differences. This time we start figuring out differences on the right, between the first two columns. The first column has zero bricks, and the second has 5, so our first difference is 5 (Figure 1-13).

[image: The setup in FIgure 1-12, but now with the difference between the zero and first non-zero column in another row in blue.]
FIGURE 1-13: The curve from Figure 1-11 and the first difference (5)


If we carry with this for the next two differences, we see that the differences are decreasing from step to step — first 5, then 3, then 1. For the next value (Figure 1-14) the difference is negative. The original curve is going down.

[image: As in Figure 1-13, but now showing three differences. The differences are getting smaller as the curve gets bigger but is changing more slowly. A yellow brick is placed on the first decreasing column to represent a change in the negative direction.]
FIGURE 1-14: The curve from Figure 1-12 and the first three differences (5, 3, 1)


The next two values go down even more, so we will have a difference curve that keeps growing in the negative direction (Figure 1-15). Negative values are less than zero, so we denote them by placing the blocks below the base plate (and show them in yellow). Note that if we now try to integrate the derivative curve, we will have to remove blocks where the derivative is negative.

In Figure 1-15 we show the positive and negative differences (in yellow). Note that they still form a line with a slope of 2. (Ignore the white supporting bricks,which are just here for photographic purposes.)

[image: As in Figure 1-14. but now the yellow brick has been moved below the baseplate. Additional yellow columns have been added to the bottom, building downward, to represent increasingly negative values.]
FIGURE 1-15: The curve from Figure 1-12 and the derivative (5, 3, 1, -1, -3, -5)


If we wanted to think about reversing the process (integrating the blue and yellow curve to get the red one) we would subtract off the yellow bricks. In the last section we noted that the final value in the integral should be the total number of bricks. That’s true here too; we have the same number of positive (blue) and negative (yellow) bricks, which means the last value of the red curve should be (and is) zero.



Examples to Try

Now try this out yourself! (Answers at the end of the chapter.)


	•  For the example in Figure 1-16, try creating the derivative wall of the curve shown. (Ignore the white supporting bricks.)

	•  For the example in Figure 1-17, try creating the derivative and integral wall of the curve shown.



[image: A LEGO brick wall with positive and negative values as listed in the caption, on a baseplate. An additional stack of white bricks has been added to help it stand up.]
FIGURE 1-16: Try creating this wall (9, 6, 3, 0, -3, -6) and its derivative


[image: A LEGO brick wall with increasing and decreasing numbers of bricks from column to column, on a baseplate.]
FIGURE 1-17: Try creating this wall (0, 3, 6, 2, 1, 3), and its derivative and integral walls


For the more advanced user, strictly speaking, we are calculating the slope between each pair of bricks, so for curves other than our simple examples here you may not be able to do this example with whole LEGO bricks. This distinction becomes important when we want to start calculating slope and cumulative sum more exactly. For now, making yourself a toy wall and seeing how you can create the curve (wall) and its derivative and integral using the thought process here will give you some good intuition.



Measuring Real-World Change

When Newton first created calculus he was trying to describe actual, physical motion. Let’s imagine that you’re running somewhere and that you always run at the same speed. You might go a tenth of a mile in a minute, but would have gone two-tenths in two minutes, and so on. Your distance traveled would be a straight line, but your speed is constant (because we said to run that way).

If we asked you how fast you were running you might say “a tenth of a mile per minute” or maybe “six miles per hour.” This is the change in distance (a tenth of a mile) per change in time (a minute). The derivative of distance traveled is the speed you are going — in this case, a constant. This is the situation with our steadily increasing wall: the wall height would be the distance you’ve run, and the derivative would be your constant speed.

Let’s visualize what happens when speed is not constant, which was where Newton pulled together some old and new insights to create some powerful tools.


Instantaneous Slope

Newton’s big insight was that if he looked at the instantaneous slope of a complicated curve, he could come up with a way of describing (and then analyzing) the speed of anything, once he had some data about how the distance varied versus time. Imagine that instead of a small number of LEGO bricks, we could make a sloping wall of tinier and tinier bricks. It would start to look more like a straight line, and we could measure the difference between two adjacent tiny bricks and get a more accurate result, particularly when we don’t have a steadily-increasing curve.

In our example of someone running, imagine we told them to steadily speed up and then slow down to get some interval training. We track their speed. The derivative of their speed would be their acceleration. The integral of their speed would be the total distance that they had traveled (we would need to specify a start and end point).

For the wall-building examples we just created, the slope was the same all the time for the steadily-increasing wall, and increased with distance along the wall for the curved wall. In the case of the curved wall, the rate of change was getting bigger. That means that the rate of change has a rate of change (called acceleration, if we are moving, or a second derivative, more generally). The first wall increased in height at a constant rate, so its second derivative was zero.

Our other case (in Figure 1-15) had our derivative positive and negative, which would correspond to running in one direction and then back where you came from, such that we wound up at the same place we started (traveling no distance at all).

Higher derivatives come up in solving various problems, too: for example, the third derivative is sometimes called “jerk” since it is the change in acceleration, and it can be important in designing mechanisms.



Looking Ahead

We have been figuring out our difference (derivative) curves by looking at the difference between two subsequent columns of the original curve. We’ve been putting down that difference halfway between the two original points, without talking about why in any detail.

We also noted that each time we create a wall of differences, it will have one point less than the original curve. Since we need to create a difference between two things, it stands to reason that you will always have one fewer difference than points on the original curve.

In Chapters 4 and 6, we will learn about something called the Mean Value Theorem, which explains how to think about these differences as the distance between the points we are measuring gets smaller and smaller, eventually vanishing so we are looking at “instantaneous” changes.

We have been avoiding the question of how “instantaneous” the slope needs to be. In our wall-building examples we have not had a continuous curve at all, but one that moves in discrete jumps. In Chapter 2’s discussion of “limits” we talk about how a continuous curve and a discrete one are different, and when our LEGO brick examples start to fail.

As a side note, since computers have to work in discrete values and not in continuous curves, some of our work with LEGO bricks will come back to help us think about computing numerical models of derivatives and integrals in Chapter 8.



Second Fundamental Theorem

We have been talking about “the” fundamental theorem. There is a second part to it, too, sometimes called the Second Fundamental Theorem and sometimes just called the second part of the theorem. This terminology is not very consistent from one source to another, and some authors define the distinction between the two differently, or even reverse what we are calling the first and second fundamental theorems. At any rate, when we explore integrals more in Chapter 6, we will see that if we are accumulating some quantity by integrating, we can find out how much accumulates from one point (in time, space, or whatever) to another by subtracting the integral at the starting point from the integral at the end. We have been looking at a special case of that in these examples, where we constructed things so that the first point of the integral would be zero, and the last point would be the sum of the bricks in the wall we were integrating.



Chapter Key Points

This chapter primarily focused on defining the derivative and integral of a curve, and showing the relationships between them through the Fundamental Theorem of Calculus. The Fundamental Theorem says that taking the derivative of a function and integrating the result are inverses of each other (except for a constant offset). We tried this out with LEGOs for a few cases, and then looked forward to the next chapters where we will generalize these examples.




Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Derivative

	•  Integral

	•  Fundamental Theorem of Calculus





Solutions

Figure 1-18 shows the derivative wall for the curve shown in Figure 1-16. The difference between each pair of columns in the curve shown in Figure 1-16 is a constant, −3.. Note that we would need to add back in an offset of 15 (12+3) to get the original curve back from this derivative wall.

[image: Example in Figure 1-16 with solution added. Solution is a constant negative value (below the baseplate).]
FIGURE 1-18: Constant derivative (-3, -3, -3, -3,-3) of the wall shown in Figure 1-16


Figures 1-19 and 1-20 show the derivative and integral walls corresponding to the wall shown in Figure 1-17. (Note that we did not use the convention of using yellow for negative here that we did earlier since we thought it would get too confusing.) The derivative goes positive and negative as the original curve rises and falls. However, the integral stays positive and growing since the values of the original curve were all greater than zero, and thus keep adding up. (Note that the last column of the integral is 15, which indeed is the sum of the number of bricks in the original red curve.)

[image: Example in Figure 1-17 with derivative solution added. Values of heights of columns for original curve and derivative in caption.]
FIGURE 1-19: Derivative (blue, 3, 3, -4, -1, 2) of the wall (red/pink) in Figure 1-17


[image: Example in Figure 1-17 with integral solution added. Values of heights of columns for original curve and derivative in caption.]
FIGURE 1-20: Integral (yellow/orange, 3, 9, 11, 12, 15) of the wall (red/pink) in Figure 1-17








2 CALCULUS AND ITS LIMITS

In Chapter 1, we experimented with keeping track of how a wall of LEGO bricks changes, and how those changes could be accumulated to get the original wall back. This exercise was good for getting concrete intuition about what a derivative and integral are, and how they relate to each other. However, the exercises in Chapter 1 were limited to ones that happened to always work out to whole numbers of bricks.

The real power of calculus, though, is that it lets us figure out how a continuous curve is changing at any point along its length. Alternatively, we can calculate out how a quantity is accumulating no matter how complicated the equation that describes its behavior. In this chapter, we will build on what we learned in Chapter 1 to, like Newton, make the jump to continuous curves. We also introduce a 3D printed fundamental theorem model that generalizes what we did with our toy bricks.

Before we dive into that model, though, we need some more background. Let’s start by spending a little time thinking about where calculus came from. That way, we can be in the right frame of mind to follow along the leaps that the architects of calculus made when they first formulated it.


What Is Calculus?

People usually think about math classes as a cluster of facts and formulas that have to be memorized in a particular order. This assumes, of course, that everyone learns and gets insight the same way, and that the particular set of topics is an immutable and necessary one. However, it is not really that easy to draw tidy boundaries around particular areas of human knowledge.

Calculus is one of these disciplines with an arbitrary boundary around it. The roots are in Cambridge, England with Newton in the mid and late 1600s, and also, around the same time, with Gottfried Leibniz in Hannover, Germany. Some concepts we now sweep into the “calculus” basket are much newer or older than that, and we introduce those as we go along.


MATERIALS


	•  LEGO or equivalent baseplate

	•  About 70 identical LEGO bricks (We used 2×2 bricks, but any size is fine as long as they are the same as each other.)



3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. (Detailed instructions on how to download and create them are in Chapters 3 and 4.)


	•  limitsblocky.scad Prints a surface out of blocks

	•  derivativeintegral.scad Prints right-angle derivative/integral models

	•  triangleMeshSurface.scad Prints a thin, smooth surface




Newton’s work Philosophiæ Naturalis Principia Mathematica (usually just called Principia) was published in 1687. He wrote it to document how he was solving some of the theoretical physics and astronomy problems of the day. At the time, saying that the planets were moving around the sun (instead of around the Earth) was still controversial and even heretical as far as the Vatican was concerned. Newton (safely in Anglican England) wanted to create a mathematical foundation that fit the data about how the planets appeared to move.

He had meticulous observations of the planets collected by his friend, astronomer Edmond Halley (of Halley’s Comet fame) and the earlier astronomer Tycho Brahe. Copernicus and Johannes Kepler had proposed rules that predicted planetary orbits based on their data. He also knew about Galileo’s observations that Jupiter had moons that went around it, not around the sun (or, for that matter, around the Earth).

It was also known by then that if you dropped two balls of unequal mass, they would hit the ground at the same time. (Galileo may or may not have tried this from the Leaning Tower of Pisa, but certainly others did before Newton’s time.) But no one had characterized what Newton called gravis (from the Latin word for “heavy”), the mysterious pull that the Earth exerts on everything. We take the concept of gravity for granted now, but consider how big a leap it would have been in the mid-1600s to realize there was a mechanical, explainable force involved, and that the same force perhaps related all the planets’ motions to each other.

At the time, there were no good mathematical tools to calculate motion, particularly for planets that were speeding up and slowing down with respect to each other in complex ways. To pull together all these disparate strings into one cohesive whole, Newton wrote Principia. If you flip through it, you will see geometrical drawings and discussion — not the algebraic proofs of a modern calculus book. To see for yourself, take a look at Newton’s copy with his notes on it (with his papers at Cambridge University in England) in the Cambridge Digital Library. Go to cudl.lib.cam.ac.uk/collections/newton/, and search on “Principia.” Alternatively, check out one of the many English translations. We reference one at the end of the chapter, as well as giving directions on how to find one page from Newton’s copy with notes that we found compelling.


FUNCTIONS

As we move away from our LEGO walls into equations, another bit of terminology we use a lot in calculus is the idea of a function. There are very technical discussions of this, but basically a function is a recipe for relating several variables. For example, if we have the function

f(x)=x2+3

we are saying that the function f(x) equals x squared plus three. So to get any value of f(x), just follow that recipe. Because it would get very confusing otherwise, mathematicians define functions to be those recipes that give one value for any input. In our example, putting in any value of x would give just one value of f(x). We pronounce f(x) “f of x,” and the way to think about it is that any value of f(x) depends on the value of x. If we have three dimensions (like the surfaces in our Figures in this chapter) they might be z(x,y) — the height (z) being a function of the other two dimensions. Often we just say f(x) to show that we want to work with a function that depends on x.

If you write computer programming code, you will recognize functions as subroutines that might do a bunch of things, then (sometimes) return a value. You can think of mathematical functions as ones that only return a value.

Sometimes, if we are graphing something, we will just have coordinate axes, usually called x and y in two dimensions. The independent axis (called x here), is drawn horizontally, and y is the dependent variable, drawn on the vertical axis. Instead of writing f(x)=x2+3, we might instead show the relationship as y=x2+3, with y being a “function of x.” For simplicity, we will usually use this latter notation from here on out.

Finally, sometimes we want to evaluate a particular function at a given value of x. If our function was f(x)=x2+3, then f(2)=22+3=7..


At the same time in Europe, though, Leibniz was very interested in abstract ideas about how to create symbols to represent things, and was inventing some of the math tools that underlie modern computer science. He came up with a more algebraic way to think about some of the same concepts that Newton put forward in Principia. Complicating the argument of who invented what and when was that Newton explored the math more in his work The Method of Fluxions and Infinite Series: With Its Application to the Geometry of Curve-lines, but that work was not published until 1736, long after both men were dead (Leibniz in 1716, Newton in 1727).

Controversy remains to this day about which man thought of what first. If you want to learn a lot about the story around Principia, you can look at one of the many annotated translations, like the one by Cohen, Whitman, and Budenz (1999) we have cited at the end of the chapter. For our story, though, what is important is that the more algebraic way of thinking about these problems began to dominate, particularly for calculating numerical solutions to useful problems.

What people called different concepts changed over the years, and for the most part we will call concepts by their modern names even if things have evolved a little. We also may not list all the ifs, ands, and buts that are needed for very rigorous mathematical explanations. We want you to feel like you have been visiting with a mathematician and understanding their work-in-progress, and we will focus on broad concepts, and not necessarily every place it does not apply.

So, then, imagine an alternate history of the last 330 years: a “math fiction” story that opens with Isaac Newton in his study at Cambridge, busy developing calculus as he solves the astronomy and physics problems of the mid-1600s. If we gave him our LEGO brick models from Chapter 1, he might have said, “Ah, that’s part of what we need.” But then, he might have wanted to borrow our 3D printer to take the next steps.




When Our Brick Models Fail

Imagine that we had thousands of LEGO bricks, and that we built a much longer version of our gradually-increasing wall. If we stood well back from it, we would think that the top of it was smooth, since we would be too far away to see the jagged line of the top. However, when we looked closely at the first few columns of bricks, as we did in Chapter 1, we would see the individual bricks and the stair-stepping along the top.

We can see this in Figure 2-1 if we compare it to a continuously-sloping plastic wall. Our wall has finite steps, which jump up instantaneously. A continuous wall, though, like the blue one peeking out from behind the LEGO bricks in Figure 2-1, will be changing continuously, not in finite steps. And of course, you are not limited to whole numbers when plotting your curve.

[image: A wall of red LEGO bricks rising two at a time. Behind it is a flat 3D print with a top edge rising at the same rate.]
FIGURE 2-1: LEGO brick vs. continuous smooth curve


The slope of the line along the top of the wall gets closer and closer to the “big picture” slope as the steps along it are smaller and smaller relative to the scale we are using to look at it. If we are using a microscope to look at structure or a telescope on another planet, thinking about the rate of change requires understanding the scale of what we are seeing. If we are doing math on the curves and surfaces we are looking at, we need to know how smooth the curve is at that scale. To get a little more rigorous about that, we need the concept of a limit.



Limits

One of the issues that Newton had to solve was how to think about understanding how fast something was changing. For example, he wanted to get the speed of a planet from observations, and how fast that speed was changing, otherwise known as acceleration. One of the key insights he had was to break a curve into lots of tall, narrow rectangles with one upper corner on the curve. As the rectangles approximating the curve get narrower and narrower, we get a better and better fit to the actual curve. Newton has a very similar 2D image in Principia (Liber Primus, Lemma II, page 77 of the Cambridge University Library copy, digital file referenced at the end of the chapter).

To demonstrate this, we have created a series of three-dimensional surfaces. For a surface (instead of a curve) the equivalent of these straight lines are little rectangular boxes. We have created approximations of the surface with three different sizes of these discrete boxes (Figure 2-2). We have also created a surface that is “exactly” the function, and we show how well it fits each of these approximate surfaces in Figures 2-3 through 2-5.

[image: Three, 3D printed surfaces representing the same curved surface. One is broken into rough blocks on its surface, another into somewhat finer ones, and the last into blocks so small it looks almost smooth.]
FIGURE 2-2: A surface broken up into finer and finer rectangles


[image: Same as in previous figure, but now a thin print conforming to the surface rests on the blockiest surface. It fits on top only approximately.]
FIGURE 2-3: Fitting an exact surface to the roughest approximation


[image: Now the surface is on the intermediately rough surface, and fits a little better.]
FIGURE 2-4: A surface broken up into finer and finer rectangles Fitting an exact surface to the intermediate approximation


[image: The surface now rests on the smoothest block, and fits quite well.]
FIGURE 2-5: Fitting an exact surface to the best approximation


Newton came up with this idea of “infinitesimals” and did the thought experiment of what happened as they got smaller and smaller. He realized that eventually, in the limit of the boxes becoming essentially zero width, the boxes would converge on exactly modeling the curve.

We talk about limits a lot in calculus. There are several variations on how to think about it. We will often talk about what happens when a variable, say, x, is changed by just a little bit (for instance, if we moved our finger from one of the very small boxes on the surface on the right side of Figure 2-5 to the next small box).

This very small change is often called Δx, pronounced “delta x” (the symbol is the Greek letter delta). What happens when Δx approaches almost, but not quite, zero? We use a different symbol for that, dx. We write Δx becoming closer and closer to a limit of zero like this:

dx=limΔx→0(Δx)

which we would read out loud as “dee-x is the limit of delta x as delta x approaches zero.” By and large in this book, we will avoid this limit notation, and just talk about the limit of a particular thing in words. Usually, we make the assumption that the curve we are talking about does not have any gaps or sudden kinks in it, which might make it a little hard to work through these limits. (This is why we murmured in Chapter 1 that our LEGO brick wall, which had discrete big steps in it, wasn’t really a curve that had a derivative.)

If I have a dx that is very small (approaching zero as a limit) will (dx)2 approach zero faster or slower than dx? What does (2+dx) become as dx approaches zero? What does (dx+(dx)2) become as dx approaches zero? If we think about dx as a number much, much less than 1, (say 0.0000001) as we square it, the square will get even smaller. So in calculus, you will see us making approximations where we throw out these tiny numbers, and throw out higher powers of them first.

How might Newton have thought about limits? Why did he need the concept for his work? Newton, Leibniz, and their contemporaries would have thought of these tiny changes as infinitesimals or differentials. These values are so small that they are essentially zero, and yet they are not quite zero. The difference gets particularly important if we want to think about the slope of our curve, or how fast it is changing.

As you would expect, the more finely the surface is broken into boxes, the more closely it approximates a smooth curve, and the better the exact surface fits it. In Chapter 4, we will go into how the slope (the change from one step to the next) changes as our increments get smaller, but let’s think about it in terms of limits a bit here, too.

If we have a straight line, then the slope of the line is just how fast the line rises per unit distance along the line. In our example in Chapter 1, we went up two LEGO bricks per column. When we have a curve instead of a simple straight line, though, the slope is constantly changing, and we can’t talk about the slope of the overall line anymore. We have to look at the instantaneous slope of the line at any given point, which we saw in Chapter 1 is the derivative. The most common way of writing a derivative that measures how a function f(x) is changing as x changes is:

df(x)dx

You would read this out loud as “the derivative of f(x) with respect to x.” If both df(x) and dx were actually zero (instead of really, really close to zero) then df(x)dx would equal 00, and would be undefined. But, while infinitesimals are so small that they are essentially zero, they are still big enough that we can usefully talk about the ratio of one differential to another. The fact that dx is so small, though, means that there is no appreciable change in a curve’s slope from x to  x+dx. Thus that part of the curve can be considered to be a straight line with a single slope, as we will see in Chapter 4.

You can also think of infinitesimals as the final step in Zeno’s paradox, named after the Greek philosopher Zeno who lived about 2,500 years ago. In this paradox, if you are trying to walk toward a wall, first you would cover half the distance, then you would need to cover half of what remains, and so on. It appears that you would never get there. As you cut a distance or a length of time in half over and over again until the pieces are infinitely small, they never quite reach zero. Still, if you walk at a constant speed of 1.4 meters per second, your speed is the same if you go 140 meters in 100 seconds, 1.4 meters in 1 second, or 0.00000014 meters in 0.0000001 seconds, so you can indeed run into that wall.

To get the intuition of how well a smooth surface fits different discretizations, 3D print the models in Figures 2-2 through 2-5 and try fitting the smooth surface to the different discretizations. You will see that the coarsest one really does not fit, but somewhere between the smoother two is the point of “smooth enough not to make a difference.” You will not be able to simulate fitting the surface on the blocks in OpenSCAD, but you can imagine how they might fit together if you were to 3D print them. The first example in Chapter 3 (“Changing a Parameter”) discusses the process of 3D printing these models, which are created from the OpenSCAD models limitsblocky.scad and (for the overlaid surface) triangleMeshSurface.scad.

As a side note, there are ways to figure out the value of a function at a limit using a technique called series expansions. To expand a function, you turn it into a sum of a long series of powers of a variable, like x, and x2, and x3, … each multiplied by an appropriate number. There are different types of series, which we will review in Chapter 12. (Most calculus courses start with these series expansions, but we feel it is better to leave them till later on.)



Derivatives and Curves

So, armed with these ideas about finding how our curves are changing by breaking the change up into many small increments, what would the examples we did in Chapter 1 look like? And how can we generalize them? First, we walk through a smooth-curve version of what in Chapter 1 we called the “Steadily-Increasing Wall” and the “Curved Wall.” In Chapter 4, we talk about how to actually compute a derivative; in Chapter 6, an integral.

For now, we want to show you some examples of these pairs and build intuition. In Chapter 4, we will show you how to build these using the model derivativeintegral.scad. We hope you will create them and then come back and review this material. For this introduction, you should be able to follow along from the photographs.


Fundamental Theorem Model

We have created a 3D printed model to think about how derivatives and integrals relate to smooth curves, versus our stair-stepping examples. Let’s look more closely at Figure 2-1. We can see there that the smooth blue model is crossing our brick model about halfway across a brick. We designed it that way so that the average slope, in this straight-line model, will cross our stair-stepping curve about halfway across. Let’s take the wall we created in Figure 2-1 and, as we did in Chapter 1, construct its integral wall, too (yellow wall in Figure 2-6).

[image: The wall of red LEGO bricks from Figure 2-1. Behind it is a second wall in yellow, showing the running sum of the bricks in the first wall.]
FIGURE 2-6: Integral (yellow, 0, 2, 6, 12, 18) of the red wall (0, 2, 4, 6)


Now, let’s look at a solid model that fits the yellow curve similarly (Figure 2-7). This curve ends half a block short of the tallest piece (more about why in Chapter 6) but also goes through the midpoints of each piece.

[image: The same yellow LEGO brick wall as in Figure 2-6, but with a 3D print in front. The 3D print has two flat surfaces at right angles. One has an edge that lines up with the curve made by the yellow brick wall, the other is the edge that was shown lining up with the red wall in Figure 1-1.]
FIGURE 2-7: Continuous curve, matching the first four points (0, 2, 6, 12) of the integral


Notice that the blue pieces in Figures 2-1 and 2-7 are both connected to another part of the model. They are in fact connected to each other, so we can show that the integral of a curve and the derivative are inverses of each other by rotating the model as follows.

In Figure 2-8, we see the smooth equivalent of the brick wall that goes up in a straight line (the part of the model shown first in Figure 2-1). In Figure 2-8, we have rotated the top of the model toward us. The half of the model that has been revealed in Figure 2-9 is the integral, the accumulation of the bricks to that point. In other words, we rotated the model toward us to integrate. The part of the model shown in Figure 2-9 is the same as the solid blue curve in Figure 2-7.

[image: A hand holds the right-angle 3D print such that the flat surface making a straight line, which corresponeded to the red wall, faces us.]
FIGURE 2-8: Model of a straight line


[image: Now the hand has turned relative to where it is in Figure 2-8 so that we can see the side that corresponds to the yellow wall. The curve is the right half of a parabola.]
FIGURE 2-9: Model in Figure 2-8, rotated toward the viewer to reveal the integral


Alternatively, we could think of the curve in Figure 2-9 as the original curve, then rotate the model away from us (getting Figure 2-8) to see its derivative. We can use these pairs to think about how the relationship goes both ways.

The value of x is increasing left to right in both Figures 2-8 and 2-9. The far left end is the point x=0. Think about the area (integral) under the curve (well, line in this case) in Figure 2-8. As we saw in our example of the steadily-increasing LEGO brick wall in Chapter 1, the area under the curve will go up proportional to x2. This is the curve revealed in Figure 2-9, assuming that we start accumulating the integral at x=0. Thus, the curve parallel to the ground in Figure 2-9 is the original curve, and the vertical curve is its integral.

Now, here’s the interesting bit. If we say that the curve on the top of Figure 2-9 is our original curve, we can rotate it away from us to get its derivative (Figure 2-8). So the exact same pair of curves can show us a curve and its derivative, or an integral and the curve it integrates — another hands-on view of the Fundamental Theorem. Purists will note some details here where that is not quite true; there is a constant floating around we will need to deal with, but we will get to that in Chapter 6.

So to recap, to go from curve to integral, we turn the half of the model representing the curve we are integrating toward us to see its integral. To go from curve to derivative, we turn the half of the model representing the original curve away from us to see its derivative.

People often plot a curve, its derivative, and the equation for its integral on the same 2D graph, since all of them are just functions of some variable. Often, we think of a variable as “dimensionless” and not having any units. But, in real life, variables are measured in feet or meters or bricks or dollars. Their derivatives will have units like bricks (high) per block (long) in the case of the wall, or meters per second for velocity.


DIMENSIONAL ANALYSIS

Most of the time, when we are dealing with real situations, the numbers we are using have units. For example, we might measure the dimensions of a desk in meters or centimeters or inches, units of length. We might want to find out how long it takes to cook a turkey, which we would measure in hours, minutes, and seconds, units of time. We would want to keep our oven an even temperature while cooking that turkey, which is measured in degrees Celsius or Fahrenheit.

And finally, we might want to know how much something weighs. This is a little tricky, because it depends on where you weigh it; the force of gravity pulls on a particular object differently on the surface of Mars or Earth. We can instead think of an object’s mass, which does not depend on local gravity fields. Fundamental units of mass are the kilogram (or in English units, the unattractively named slug). We more often talk about pounds than we do about slugs, but strictly speaking, the weight in pounds is the mass in slugs, multiplied by our standard Earth gravity. This is why your weight would be different on the moon (and is even very slightly different in different places on Earth), even if your mass doesn't change.

If we know the units of some quantity we have measured, we can analyze those units — called dimensional analysis — to get a feel for what we are measuring and how it should behave. There are just a few fundamental units—length (meter), mass (kilogram), time (seconds), and temperature (Kelvin) — which we can use to generate derived units, like those for force and for energy. In the SI system (which we go into in detail in Chapter 10), there are three more base units, for electric current (amperes), luminous intensity (candelas), and number of molecules or atoms (moles).

For example, suppose we are talking about a velocity of 10 meters per second. We can write meters (m) per second (s) like this: m/s. Suppose we are talking about how fast that velocity is changing, or acceleration. That is measured in meters per second per second, which we can write like this: m/s2. These look like fractions, and, with some caveats, we can treat them that way to see if we believe an answer. Working out units and seeing if the answer makes physical sense is called dimensional analysis.

If we are talking about one unit PER another unit, we will get a fraction as we just saw. The fact that we are talking about how something is changing is a clue that perhaps we are talking about a derivative. So it makes sense that if we start off with units of meters and take the derivative with respect to time, we will get an answer in units of m/s (velocity). If we then take the derivative of velocity to get acceleration, then we will indeed get units of m/s2. Thus differentiating a function changes the units in the denominator, or divides by that unit.

If we now went the other way and started out with acceleration, and integrated an acceleration with respect to time, we would get back a velocity. If we integrated twice, we would get our distance traveled. So integrating results in multiplying by the unit in question, going from m/s2 to m/s and finally just to m if we integrate twice with respect to time. Some common derived metric units are:

Force (Newtons, N) = mass times acceleration = kg=m/s2

Energy (Joules, J) = force times distance = kg=m2/s2

Power (Watt, W) = rate of energy use = Joules per second = kg=m2/s3

So you might guess that you would integrate power with respect to time and you would get energy required to deliver that much power, and you would be right. You have to be careful, of course, to think about whether you are integrating or differentiating with respect to time or distance or fish populations or what have you.

There is a lot of nuance here if you are computing numerical values for forces and energies and relations between them rather than just trying to get a feel for what is proportional to what. For one thing, many quantities are vectors and you will need to track dot or cross product results and vector component values (Chapter 11). You may also need to account for strange physical constants of proportionality (like Boltzmann’s constant, that relates temperature and energy) that come up sometimes.

Often you can do a first order guess at whether your result makes sense by looking at the units. Sanjoy Mahajan’s 2010 book, Street-Fighting Mathematics, has an in-depth look at using this type of analysis to guess at the approximate value of physical quantities, like the relative velocities of two different-sized paper cones dropped from the same height.

Earlier in this chapter, we introduced our models of a curve and its derivative (or, thought of in the other direction, as a curve and its integral), and noted that plotting them on the same 2D graph as each other would be misleading because the units of the two are not the same. We emphasized this by printing them at right angles to one another.


Integrating quantities of bricks with respect to other bricks or quantities in meters with respect to time will result in units of (bricks)2 and meter-seconds, respectively. (An admittedly weird unit, meter-seconds is a measurement of absement, how much something is displaced over time, which comes up a whole lot less often than does velocity.) See the “Dimensional Analysis” sidebar for more.

We feel plotting derivatives, curves, and integrals on the same 2D graph as each other is misleading at best. This is why we have come up with this right-angle way of looking at curves. In these models, the independent axis (usually labeled x, or sometimes t for time), is shared by the two graphs. This is also the variable that we are integrating or differentiating with respect to.

Just like the dependent and independent axes of a single graph are drawn orthogonal — at right angles — to one another because they’re measuring different quantities in different units, the two dependent axes are also created orthogonal to one another. It also creates a tangible way to feel that the original curve/integral pair is equivalent to the derivative/original curve pair.

We suggest that when you get to Chapter 4’s discussion of how to build this model (derivativeintegral.scad) you actually print one and compare it to your LEGO brick models, as we have just done. (Be careful not to scale it during printing because it is designed to work with the LEGO brick scaling.) Start with the model in the orientation shown in Figure 2-8. Then rotate the top of the model away from you about the x axis to go from a curve to its derivative, and toward you to go from a curve to its integral.



Equal, but Not the Same

Once you do get into actually trying to do some calculus computations, you might see a lot of weird new symbols. In this book, we have a section at the end of each chapter that defines what these symbols mean and what they are called, so that you can more easily look them up if you want to learn more.

One challenge in calculus is that when you put an equal sign between two expressions, it does not necessarily mean that you can always convert from one to the other and back again. There are examples of this in basic algebra as well. If you use a calculator to give you the square root of 4, it will tell you that the answer is 2. However, this is only one possible value (called the principal value). The real answer is positive or negative 2, since squaring positive and negative values both result in positive numbers. Squaring a number and then taking the square root of the result will lose the information about whether the initial number was positive or negative.

In calculus, taking a derivative only tracks how much something is changing, but not where you started. When you start with a function’s derivative and integrate it, you need an additional piece of information to reconstruct the function. We talk more about how this is handled in Chapter 6.

It’s sort of like baking: the pile of ingredients is equal to the cake, but you really can’t disassemble the cake readily into flour, water, and so on. When presented with a cake, you may be able to guess the ingredients, but there are some things that are hard to tell at that stage.

There are also some common tricks that are used a lot in calculus, like multiplying the top and bottom of a fraction by the same thing to make the bottom of the fraction go away (or be in a more convenient form). There are also some types of functions that are handier to use calculus tools on than others. Chapters 11 and 12 have some handy tools for recognizing when you might be able to make calculus’ supporting algebra less messy, or if you need to figure out what type of function you are dealing with.



Chapter Key Points

We started this chapter with a brief history of calculus to set the stage for some of the first concepts. In this chapter, we learned about limits, the concept that we can approach a particular value (like zero or infinity) while never quite actually reaching it. This concept allows more complicated curves to be thought of as many tiny straight lines, allowing for calculations of changes to complicated functions.




Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Absement, the integral of a length with respect to time

	•  Acceleration

	•   Δx, delta x (change in x)

	•  dx (infinitesimal change in x)

	•  Dependent and independent variables

	•  Derived and fundamental units

	•  Function, f(x)

	•  Limit, limΔx→0(Δx)

	•  Velocity, the derivative of a length with respect to time
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3 3D PRINTED MODELS

Throughout the book, we illustrate concepts with a variety of hands-on projects, including a lot of 3D printed models. We assume you are comfortable with the basics of 3D printing. If not, there are many resources out there; we have listed some of ours in the References if you need some help getting started. In this chapter, we’ll briefly review the overall 3D printing process, with a focus on what you might need to tweak to print some of the models more efficiently.

The models have been created in the open source computer-aided design (CAD) program OpenSCAD. OpenSCAD allows you to create models by writing computer code in a language similar to C or Java, with some exceptions that we’ll note. The models have been designed so that, for the most part, you’ll just need to go in and change a number or two, or perhaps modify an equation. Each chapter explains what to do to alter its models, based on a general familiarity with OpenSCAD and 3D printing that we’ll try to give you in this chapter.

If you want a deeper dive into using OpenSCAD for mathematical modeling, you might check out the first three chapters of our 2021 book Make: Geometry, where we go into considerable depth on both the mechanics of OpenSCAD and its inherent applicability for teaching geometrical concepts.


OpenSCAD

OpenSCAD is an open source computer-aided design (CAD) program that is available for download at openscad.org. It is a constructive-geometry program, designed for 3D printing, that starts with either 2D primitive shapes (like circles) or 3D ones (like spheres) to build up more complex shapes. To build a model, you write what looks like computer code in a language in the C/Java/Python family. The models in this book assume you are using OpenSCAD version 2019.05 or later.

To use OpenSCAD, first download it from openscad.org and follow any on-screen instructions to install it. The manual (under the “documentation” tab on the website) has a very good and inclusive description of how to use the program and its associated modeling language. We will summarize the key points here, but we suggest you refer to the manual as well. We will show menu items and OpenSCAD commands in a different font, here and elsewhere in the book.


RESOURCES USED IN THIS CHAPTER:


	•  OpenSCAD (download from OpenSCAD.org)



3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. Download instructions are in the text.


	•  limitsblocky.scad Prints a surface out of blocks

	•  derivativeintegral.scad Prints right-angle derivative/integral models

	•  triangleMeshSurface.scad Prints a thin, smooth surface




The program has four basic panes (Figure 3-1).


	•  Type (or paste in) the text of your model in the editor.

	•  The console will tell you if you have issues when your print is rendered and is also where any messages that you write into your models will appear.

	•  The Customizer allows easier changes to code that is designed for it.

	•  Finally, there is a display window that displays the 3D model when you preview or render it.



[image: Screenshot of an OpenSCAD window, showing three panes: a text editor, a display of a geometrical figure, and the customizer. The text editor shows a line of code creating a variable called “side” set to 5, and a line creating a cube using that variable for the size. The middle pane shows a preview of a 5 millimeter cube, the customizer pane shows the “side” variable with its value of 5, with controls for modifying the value.]
FIGURE 3-1: OpenSCAD basic interface


If you do not see one or more of these windows, open the View menu and see if they have been hidden. A checkmark will appear next to “hide (name of window)” if so. Uncheck to show the window, or check the menu item to hide it. You can rearrange the windows relative to each other by dragging on their top bars.

Everything in OpenSCAD has to be input as text; there is no edit capability in the display window. You can pan, rotate, and zoom the view to look at different aspects of your model, but not resize or otherwise alter it.


OpenSCAD Workflow

There are menu items listed across the top of the OpenSCAD screen. Alternatively, you can use various buttons and shortcuts described in the manual. We use the convention Menu > Item to say “Click Menu, then click the Item shown in the pulldown menu that appears.” Here are the basic functions you will need to create or modify a model, and export it to 3D print.

OpenSCAD creates an STL file, which is then an input into either an open source or proprietary “slicing” program, depending on your 3D printer. The OpenSCAD models themselves are saved in .scad files. Look at the .scad files if you want to alter the model. Note that many different models in this book may have been made from one .scad file, by changing some parameters or a few lines of the model. At the start of each chapter, we note which figures were created by what STL and scad files.

Since OpenSCAD does crash occasionally, it is prudent to use File > Save before trying any of the other functions here to save an OpenSCAD editable (.scad) file. OpenSCAD does not autosave, and it is easy to lose your entire model if the program crashes or hangs during preview or render.


	•  To preview (display a fast, imperfect version) a model, use Design > Preview.

	•  To render a model, use Design > Render. This creates an accurate model, but usually takes longer than the preview; it is required for exporting an STL.

	•  If you can’t see one or more of the panes, go to the View menu and make certain that the respective windows are not hidden.

	•  To display and then export an STL file by copying and pasting from Github, use these steps:

	°  File > New, then paste in the text from the Github model

	°  File > Save As…

	°  Design > Preview

	°  Assuming you like what you see, Design > Render

	°  File > Export > Export as STL





Finally, OpenSCAD has example models (not all of which are printable) that you can find in File > Examples.

If you dig into them, you will probably be surprised at how simple many of the models in this book actually are. OpenSCAD is a very powerful language, once you get past its quirks, and you can create quite complex models with surprisingly little programming.

We used OpenSCAD version 2021.01 on Macs running OSX Monterey (12.01). Earlier versions of OpenSCAD may not support all of the capabilities we use in this book, but models should run on Windows or Linux without issues. On a Mac with a recent operating system you will need to go into System Preferences > Security and Privacy and approve installing OpenSCAD.


IDIOSYNCRASIES OF OPENSCAD

There are a few significant differences from other programming languages. First, OpenSCAD does not have true “variables.” It has something much closer to what other languages would call “constants.” For example, if we say

xyz=2;

at the top of a program, and later try

xyz=xyz+5;

OpenSCAD will give unexpected results at runtime.

However, if you do this:

xyz=2;

cube(xyz);

xyz=5;

the last line will supersede the first, and you will get a 5 mm cube (and a warning in the console about the value being overwritten). OpenSCAD will use the last value it sees (in this case, making xyz equal to 5) for the entirety of the program. In a lot of our models, you will see a long string of values for the same constant, commented to show which figure those values correspond to. You might think of these as variables in the algebraic sense (so the variable has one value wherever you see it), rather than the programming sense (where a variable represents a piece of memory that can be written and rewritten as the program progresses).

This lack of variables that can be changed also makes it difficult to calculate values based on previously calculated ones. In other languages, it would be common, for example, to create a variable (which you might call “sum”), then loop through the values in a list, adding each value to the sum variable. When the loop finished, the variable would tell you the sum of all the values in the list.

In OpenSCAD, we can’t overwrite the “sum” variable with a value based on its previous value. We could create a separate variable for each step in the process, but that would require us to write one (nearly identical) line of code creating a unique variable for each step in the process. Arrays are a good way to store lists of values like this, but to create an array in OpenSCAD we have to set all of the values at once, without being able to look at the previous values as we do it. These are often referred to as vectors, since their most common use in OpenSCAD is to store a set of [x,y] or [x,y,z] values.

The solution, which most of our models use in one way or another, is to create recursive functions. These functions call themselves, and calculate a value based on the previous output of the same function, with different parameters. In that way, you can get the sum of an array by asking for the sum of the first value plus the sum of all values from the second onward, using the same function. When you ask for the sum of all values from the second onward, it adds the second value to the sum of all values from the third onward, and the process repeats.

Eventually, you will get to the last value in the array (which is the sum of all values from that one onward), and the recursion ends. OpenSCAD is careful to only allow this type of recursion if you are passing the function some kind of counter argument that increments each step and will eventually end the recursion, so that you do not get an infinite loop.

We also often use this recursion to build arrays. When this happens, the final recursion usually returns a single-element array (or an empty one), while the function otherwise returns an array that it creates by concatenating a calculated value with an array produced by the function calling itself. This way, each recursion returns an array that is one element longer than the one inside it.

Like variables, OpenSCAD’s functions are functions in the mathematical sense, rather than the programming sense. Each function is a single expression, which can contain mathematical operators and other functions that return a value, but no looping. Branching within these functions is possible using the ternary operator, which works like an “if-else” statement inside an expression.

This looks something like (a) ? b : c. If a is an expression or value that evaluates as true (like a true comparison, or any non-zero number), the expression returns the value of b. If a is false, the expression instead returns c. Recursive functions in OpenSCAD always need to use the ternary operator so that they branch in a way that allows the recursion to end.





Navigating on the Screen


	•  Once you have previewed or rendered a model, you can “fly around” it to view it in 3D. Click on the display window, and then use your mouse or trackpad as follows.

	•  To move around in general, hold down your left mouse button (Windows) or single mouse button (Mac) and move around as you desire.

	•  To shift the field of view, right-click (Windows) or Control-click (Mac) and drag.

	•  To zoom in or out, use your scroll wheel, or the button along the bottom of the preview pane.





Comments

Comment lines in OpenSCAD either start with “//” or are enclosed (if multiple lines) by “/*” at the start of a comment and “*/” at the end. To “comment out” (ignore) some code, either put “//” at the start of a line, or enclose several lines like this:

/* (your code) */

Conversely, remove such annotations to make code “live.” OpenSCAD changes the color of comments and text, so you can see what code is live that way. (The respective colors depend on the color scheme you prefer, but most color schemes use a green or gray tone for comments.) In the next section of this chapter we go into detail about how to change the models.



The Models

We have designed the models so that there are parameters that can be changed if you want to change the details of the models. Some of the models are used in multiple chapters. In those cases, we have comments showing the adaptations for different models and the alternative parameters commented out. Just change what is commented out (as described in the previous section) to create a different file.

Many of the models generate a grid of points on a surface and use OpenSCAD’s polyhedron() module to create a smooth surface over them. Others leave the grid in a blockier form (as when we show the issues with digitizing a curve in Chapter 8). Some start with 2D primitives and use OpenSCAD’s linear_extrude() module. See the OpenSCAD manual at openscad.org/documentation for details.

Each chapter notes how to change models when we first introduce them. If the model is set up for the Customizer, it will say so; otherwise assume that you are going to be changing a number, or perhaps changing which lines are commented out.

The Customizer makes it a bit easier for the user to change models with minimal coding, but it will limit you to a predefined set of parameters instead of letting you (in principle) change anything you want in a model. Models built to use the Customizer can still be edited without using it, but you may have to make all subsequent changes by editing the code (without the Customizer).

The models for this book are supplied as directly 3D-printable (STL) models, and as alterable CAD (.scad) files. Let’s look at what it would take to modify the two 3D printed models we introduced in the previous chapter — the models that visualized taking a surface from discrete blocks to a smooth surface, and the derivative/integral right-angle curves. We modify the limits models by just changing a parameter (the process for altering most of the models in the book), and the other by using the Customizer. You can’t edit an STL file in OpenSCAD.


Example 1: Changing a Parameter

In Chapter 2, we thought about limits by printing boxes whose height was equal to a function f(x,y) at discrete points on an (x,y) grid. We added more and more grid points until, instead of looking like a tightly-packed city skyline, the result started to look like a smooth surface. Here we will develop a somewhat simplified version of that model (limitsblocky.scad) as an OpenSCAD example in general and as an example of changing a parameter in particular.

Our sample function is a little messy in algebraic form, but let’s see if we can directly compare it to the model. More or less, we are graphing

f(x,y)=ax3y+b

where a and b are messy offsets and scaling factors. When we figure out what these offsets and scaling factors need to be to have the surface fit neatly on the 3D printer platform, we get an equation that looks like this:

f(x,y)=zscale(x−range[0]/2)3(y−range[1]/2)(range[0]/2)3range[1]+zscale2+1

This model calculates the value of f(x,y) for a grid that is of size range[0] by range[1], and then makes a grid of rectangular solids that plots out the surface f(x,y). These variables are also used to offset the computed values so that the center of the model is at (x,y)=(0,0).

Specifically, range[0] is the length of the model in the x direction and range[1] is the length of the model in the y direction, both in millimeters. zscale is a scaling factor in the z (vertical) direction, and controls how tall the model is. The variable res tells us how many pieces we are breaking up the surface into in each of the directions (higher values leading to smaller rectangular solids). When we went from one surface smoothness to another in Chapter 2’s discussion of limits, we were varying the value of res. Here is the model, in its entirety but rearranged a little for readability. Figure 3-2 shows the surface with the default value, res = 64.

res = 16; // [4, 8, 16, 32, 64, 128]
     // resolution in x and y dimensions
   zscale = 48;//scaling factor for the height of the surface
   range = [64, 64]; //size, in mm, of the surface in x and y dimensions

   center = [range[0]/2, range[1]/2]; //puts (0, 0) at the model's center

   //The function definition
   function f(x, y) = zscale * pow(x - center[0], 3) * (y - center[1]) / (range[1] * pow(range[0] / 2, 3))
     + zscale / 2 + 1;
   /* 
   Next we create the rectangular solids and move them to the correct (x, y) position 
   */
   for(x = [0:res - 1], y = [0:res - 1])
     translate([range[0] * x / res, range[1] * y / res, 0])
       cube([range[0] / res + .001,
         range[1] / res + .001,
           f(range[0] * (x + .5) / res, range[1] * (y + .5) / res)
   ]);

[image: Screenshot of OpenSCAD showing code on one side and a rendering of the smooth version of the limits model from Chapter 2.]
FIGURE 3-2: The surface with res = 64


To change the resolution, open the file in OpenSCAD, edit the value of res (or, for that matter, change the equation or scaling). Save your work, and render the model. If all is well, you can export it as an STL for 3D printing. Figure 3-3 shows the surface with res = 16.

[image: Screenshot of OpenSCAD showing code on one side and a rendering of the rougher limits model from Chapter 2.]
FIGURE 3-3: The surface with res = 16


We made some of these variables two-value arrays instead of just having two parameters for the x and y limits, say xmax = 64 and ymax = 64 instead. This is a programming style choice. In some cases (as we note in the OpenSCAD idiosyncrasies section of this chapter) you will need to use arrays.

One final thing to consider about this model is that it also has a smooth surface piece, created by the model triangleMeshSurface.scad, which can be placed on the blocky surface as a reference (Figures 2-3 through 2-5). Values used for function f(x,y), range[] or, zscale would need to be the same in both models for the pieces to fit together.

[image: A 3D printer with an empty build plate and axes superimposed. The X axis points from left to right along the buildplate, Y points from the front toward the back of the buildplate, and Z points upward from the buildplate.]
FIGURE 3-4: A 3D printer, annotated


[image: A flow diagram with three boxes. CAD is shown flowing into Slicer which then flows into Printer.]
FIGURE 3-5: The 3D printing software flow


Note, however, that the res variable used in triangleMeshSurface.scad is interpreted differently from the variable of the same name in limitsBlocky.scad. The “smooth” surface, of course, is also created out of discrete elements. These elements are small triangles that smoothly connect the calculated points, rather than blocks with discrete steps between them. In triangleMeshSurface.scad, the value of res is in millimeters and controls the size of the triangles. Thus a smaller value creates a smoother mesh, but takes more processor time and memory to calculate. A value of res = 1 in triangleMeshSurface.scad is usually sufficient to make the surface look smooth when printed, unless you plan to scale the STL up for printing.

To 3D print the models in Figures 2-2 through 2-5, you’ll need to create three surfaces with the model limitsBlocky.scad with res = 8, 32, and 128. The printable files for the three discretizations are limitsBlocky8.stl (8 blocks each dimension), limitsBlocky32.stl (32 blocks), and limitsBlocky128.stl (128 blocks). The file for the smooth surface is triangleMeshSurface.scad or, in printable form, limitsSmoothSurface.stl.



Example 2: Changing a Model with the Customizer

Changing a model parameter or two isn’t too difficult, as we have just seen. You just have to edit, save, and re-render the model, and you can export a new STL file. However, some of the models, like the one introduced in Chapter 2 showing a curve and its derivative at right angles to each other, require the user to change several parameters and equations for each case. We’ll go through this model (derivativeintegral.scad) in detail when we use it in Chapters 4 and 5. It has many different equations and parameters. Changing many parameters and commenting out some lines and uncommenting others gets unwieldy.

Fortunately, OpenSCAD has a capability called the Customizer, which allows the creator of a model to predefine items in pulldown menus, including things like equations. This allows for simpler, mor controlled editing by a user, but at the cost of flexibility (if it isn’t a menu item, you can’t change it in the Customizer).

We will note in comments in the model if a model assumes you are using the Customizer. If we haven’t noted that it does, behavior may be unpredictable if you try to change variables there. Variables will show up in the Customizer if they are set to a constant (not to an equation) and if they are ahead of the first curly brackets in the model. In some cases we have added a comment with curly brackets early in the model to suppress visibility of variables it would be a bad idea to change.

Models assumed to be using the Customizer will have a set or range of values that will then show up in a Customizer window. For example,

   size = 2; // [2, 5, 10]

would show the values 2, 5, and 10 for you to pick from (defaulted to 2). Alternatively,

   size = 2; // [2:10]

would give the user a slider to allow picking any integer value from 2 through 10 inclusive. If you want to have non-integer values, you can specify something like this, where the middle value gives you the increment in values you are allowed:

   size = 2; // [2:0.0001:10]

If you set a variable in the Customizer, and then change it in the code as well, the Customizer will take precedence. For more details about how the Customizer works, check the OpenSCAD documentation, en.wikibooks.org/%20wiki/OpenSCAD_User_Manual/Customizer.

Note that you will not see any values in the Customizer until you have previewed or rendered the model, so do that first to get started. Once you make your changes with the Customizer, save them and then render the model and create a new STL, just as you would have if you had directly edited it.



Some Models Have Small Parts

These are educational models, and some have small parts. They are intended for high school and college students, and should not be used around very young children. Some models do not print correctly if they are scaled up or down. Trying to make parts smaller might make them unprintable, while increasing the size may make things fit together too loosely. As we go along, we note which models cannot be scaled from a printability point of view.



Downloading the Models: Github

The models reside on github.com, specifically at github.com/whosawhatsis/Calculus. Github is a site that has many repositories, which are collections of freely available computer models, software, and so on. This repository includes the models for this book as well as a few that are used in other, overlapping projects of ours. We also plan to keep adding to it, so there may be some bonus models in there that are not described in the book. The start of each chapter has a sidebar that lists which models (and other supplies) are used in the chapter.

To download all the models, go to the link we just noted, and click the “Releases” button. There, you can download the latest version of all editable OpenSCAD files, plus select STL files. In many cases, the text will suggest you play around with a lot of variations, and as a practical matter, we give you just the STL files that make representative cases, usually the prints used in the Figures. You will need to make STL files for the rest in OpenSCAD, as described earlier in this chapter. Alternatively, you can click on just one model in the list on the repository page. It will open the OpenSCAD text file, which you can select, copy, and paste into OpenSCAD.

The models are released under a Creative Commons Attribution 4.0 International license. (You can read more about these licenses on creativecommons.org.) This license means that you can do whatever you want with the models — print them, be paid by someone else to print them, create variations — as long as you attribute them to us. Each model has a few comment lines at the top that give the language we ask that you use for attribution.

Note that Github requires that users be at least 13 years old. If you are under 13, please ask an adult to download the files for you.



3D Printing

If you’ve never tried 3D printing, you might wonder how it all works. The models in this book are designed to print on a 3D printer that uses filament as its working material. Filament is a plastic string, typically sold in 1kg spools. A 3D printer melts the filament and extrudes it through a fine nozzle, most commonly 0.4 mm in diameter. A 3D object is built up one layer at a time on a build platform from this extruded plastic (Figure 3-4).

There are many different designs of 3D printer. Some keep their build platform stationary, and have the extruder move in all three dimensions. In others, the build platform moves in one dimension and the extruder head moves in two, and so on. In the case of the 3D printer in Figure 3-4, the platform moves in one horizontal dimension, the extruder moves in the other horizontal dimension along a gantry, and that whole gantry moves vertically.

Many people describe a 3D printer as a robotic hot glue gun, which is really a better analogy than a paper printer. There is no particular relationship between printers on paper and 3D printers.


3D Printing Workflow

There is also quite a bit of software involved in the 3D printing process, as well as the physical 3D printer hardware (Figure 3-5). First, a user creates a 3D CAD model (for example, in OpenSCAD). Models can be saved in several formats in OpenSCAD. Models saved as .scad files can be edited in OpenSCAD, but are not ready to 3D print. For 3D printing, you have to “render” a model, which changes the model from a set of geometric shapes that have been combined in various ways into a surface covered with triangles. This file is called an STL file, and the process of covering a surface with triangles is called tessellation.

STL stands for either STereoLithography or Standard Tessellation Language, depending on who you ask. Stereolithography was the first deployed 3D printing technology, about 40 years ago, by Chuck Hull of 3D Systems. (3D printers that create objects using lasers to harden liquid resin one layer at a time still use stereolithography.) A 3D model is represented in an STL file as a long, long list of triangles and information on how those triangles are oriented. You may also hear these files referred to as “meshes.” The STL file is the last point in the 3D printing software chain that is printer-independent.

Once you have an STL file, you will run a slicing computer program. Sometimes also called a “slicer,” this program takes in an STL file and produces a file of commands for a printer to execute, one layer at a time. The slicer has a variety of settings, like the temperature of the nozzle, how thick each layer is, and so on. The slicer’s output will be just for one kind of 3D printer, one particular material, and one CAD model.

For most 3D printers, the instructions that come from the slicer will be in a format called G-code, though some printers use proprietary alternatives. Putting G-code into the printer often involves putting a G-code file on an SD card or USB drive and plugging it into the printer, then selecting the file from the printer’s on-screen menu. Some printers also use a Wi-Fi connection to exchange files.

Since this is not primarily a book about 3D printing, we are not going to go more deeply into the process of printing. If you need more background, we’ve suggested some books and other resources in the “Learning More” section at the end of the chapter.

You may be lucky enough to have a printer at home. Many public libraries have printers available for patron use, typically after some basic training and perhaps for a small fee. If you are a student, your school might have some printers, too. Make: magazine routinely reviews printers if you want some advice on buying one. There are decent ones now for under $500; read reviews, and know your limitations if you are thinking about saving money with a kit. We have designed the models so they will fit on the smaller end of consumer printers (ones about 150 mm in each dimension).




Materials

All of the models in the book will print fine in basic PLA (polylactic acid), one of the cheapest and most common 3D printing materials, which is typically made from corn or sugar cane. You can buy basic PLA for about $15 a kilogram, which would probably be enough to print everything in the book with some left over.

For aesthetics, we used translucent or transparent PLA for some prints, which tends to be a little pricier, or transparent PETG (polyethylene terephthalate glycol, a modified formulation of the plastic commonly used for soda bottles) which can be a little harder to work with. Some models were printed with “silk PLA,” which is PLA with additives that give it an almost metallic shine. It also helps to hide the layer lines and give a smoother-looking finish (Figure 3-6).

[image: Sample 3D prints. A pile of herringbone planetary gears in varoius colors of PLA, the right angle model in translucent PETG, and a shiny 3D surface in silk PLA.]
FIGURE 3-6: Three prints (L to R): in basic PLA, PETG, and silk PLA




Printing Tips

In some cases, we have found it best to “vase print” the models. Various 3D printing slicing programs might also call the setting to make this happen “spiral vase” or “spiralize outer contour.” Whatever it is called, the print is created as a hollow “vase” with a solid bottom, no infill, and open top. This makes printing faster and uses less material, but only works for certain types of models.

Many of the models were printed “on their sides” so that surface detail is printed on the vertical (or near-vertical) surfaces (Figure 3-7). Vase printing “sideways” was used to get some of the higher-resolution surfaces in this book. You may need to play around with the best way to orient the models for your printer.

[image: A 3D print consisting of a sine and cosine wave at right angles to each other, held in a hand.]
FIGURE 3-7: A vase print


These models can be printed on a small consumer-level 3D printer and no heated bed. We generally tried to limit all of the models to a maximum dimension of 100 mm to ensure that they are easy to print, even on smaller printers. (Some of the photographed models were scaled up beyond that for demonstration purposes.) Many of these models are scaled to have a minimum feature size no smaller than 1 mm.

If your printer has a nozzle larger than 0.5 mm, you might want to scale up these models a little. We do not recommend scaling most of them any smaller, since you may find some features disappear or otherwise become too small to print. In the cases where we have used features small enough for the printer’s line width to matter, we have included a variable (usually called “thick” to denote the thickness of the model in the x/y plane) in the OpenSCAD source that allows you to customize the value to match your machine. As a rule, the minimum thickness of the model in the horizontal direction should be at least twice your extrusion width, and exactly four times your extrusion width is often ideal. Your slicer may default your extrusion width to somewhere between your nozzle diameter and a bit bigger than that.

You should not have to use support for any of the models (at least for the orientations and functions we used). Note that you may need to rotate some of the models in your slicing software to avoid that, though.




If You Do Not Have a 3D Printer

If you do not have a 3D printer and want to have the models somehow, you have several options. First, you can always just simulate the models in OpenSCAD. It is not as good as having the physical models, but probably an improvement on just counting on the illustrations in this book. Of course, that only works for models that do not fit into another piece, since OpenSCAD can only open one file at a time.

Where possible, we have also included an option to generate a 2D shape from the OpenSCAD models. These will generally need to be printed on a paper printer, then cut out and folded. We will explain how to use this option on the relevant models as we discuss each of them.

The next cheapest option is to find a friend who does have a printer. All the models are designed to work on a basic consumer 3D printer without support. If your school has a makerspace, you might be able to print some of them there. It is a fair amount of printing, though, to make all the models for the book, so be sure you understand that when you ask. Failing that, you could send a set of the STLs to a service bureau (people who print things for others commercially) but that would be expensive.



Chapter Key Points

In this chapter, we introduced the basic mechanics of OpenSCAD and of 3D printing. We went through some of the peculiarities of OpenSCAD, relative to the programming languages like C or Java which it otherwise closely resembles. There are two general types of models for this book, which can either be edited in OpenSCAD directly or edited through the Customizer function in OpenSCAD. We gave an example of each, which also gave us the opportunity to go through other OpenSCAD structures in a bit more detail. Finally, we covered some options for readers that may not have easy access to a 3D printer.



Terminology and Symbols


	•  OpenSCAD

	•  STL

	•  .scad file






Learning More

If 3D printing is new to you, there are various resources that might be helpful. The 2020 second edition of our book Mastering 3D Printing from Apress might be a good place to start. We have various training resources linked on our website, nonscriptum.com, including courses on LinkedIn Learning.

Our 2021 Make: Geometry book has three chapters introducing OpenSCAD in more depth, with a focus on how to use it to encourage basic geometrical reasoning. If you are teaching calculus with a geometrical focus, you might want to start there.

For OpenSCAD itself, we suggest the online documentation at openscad.org as a place to start. The main developer of OpenSCAD, Marius Kintel, co-authored a book on learning to program with OpenSCAD (Gohde and Kintel, Programming with OpenSCAD: A Beginner’s Guide to Coding 3D Printable Objects, No Starch Press, 2021). We suggest you look at some of the simpler examples available in OpenSCAD under File > Examples if you want to learn more. If coding is also new for you, you might get started with the Gohde and Kintel book. Alternatively, look into one of the many resources on basics of coding in the C or Javascript programming languages, which are probably the closest matches.






4 DERIVATIVES: THE BASICS

Calculus is all about figuring out how something is changing, or how it has accumulated changes for a period of time. The ideas apply to all kinds of changes, like pressure going up or down in a gas or stock prices rising and falling. Newton mostly talked about actual, physical motion. In all these cases, the goal of using calculus is typically to get insight into a system that is changing.

To this point in the book, we have stuck to counting LEGO bricks. But where do the continuous curves for the derivative model in Chapter 2 come from? And how do we generalize that? In this chapter, we start to answer that question and work through a few cases. To do that, we are going to use the derivative-integral model from Chapter 2 (Figures 2-8 and 2-9). First, we talk about how to create the model, and discuss why it is designed the way it is. Over the course of the chapter, we create this model for a variety of curves, and see what we can learn about a curve and its derivative.


The Derivative-Integral Model

The OpenSCAD model derivativeintegral.scad (which we called the “right-angle model” in Chapter 2) uses the Customizer capability of OpenSCAD to store the equations we use as examples in this book. When you open the model and click “Preview,” the Customizer window will appear. (If it does not, go to the View menu and uncheck Hide Customizer.) The Customizer window should look something like Figure 4-1.

[image: Customizer window showing variables for derivative-integral model. Variables listed in text as well.]
FIGURE 4-1: The Customizer window for derivative_integral.scad



Model Parameters

There are a number of parameters for this model that let you use it to explore the relationships between a function and its derivative, or between an integral and the function it is integrating. It’s a little complicated, so first we will list the parameters and then go through what they do in some detail.


MATERIALS NEEDED FOR THIS CHAPTER:


	•  LEGO or equivalent baseplate

	•  About 70 identical LEGO bricks (We used 2×2 bricks, but any size is fine as long as they are the same as each other.)

	•  Paper and scissors, if you elect to paper-print models vs. 3D print them



3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. Download instructions are in the text.


	•  derivativeintegral.scad Prints right-angle derivative/integral models




This interface shows you the following parameters (which we will detail in what follows):

xmin: The lowest value of x you want to plot

xmax: The highest value of x you want to plot

xmark: How far the marks every xunit mm along the x axis stick out, mm

xunit: The length of one unit along the x axis, mm. Controls the model’s scale. The default value of zero creates a model that is 100 mm long

steps: How many values to calculate along each curve. Higher numbers will be smoother, slower to calculate.

thick: How thick the model is, mm

c: An offset we will discuss in Chapter 6

func: The function you are differentiating (pulldown menu).

The variables flip, vasewidth, and base are used to add functionality we use in Chapter 7. Leave them at their defaults for now.


USING OTHER LEGO BRICKS

You might have different LEGO bricks you would like to use to create these models. If you used LEGO bricks other than 2×2 bricks, you will need to adjust these numbers. If you used 2×4 bricks end-on, this will still work.

For example, if you want to eliminate the 9.6/16 factor and have a slope of exactly 2, it is possible to construct LEGO units that are as tall (ignoring the bumps on top) as they are wide by adding thinner “plate” pieces to the taller bricks.

These plates are 1/3 the height of a brick, and stacking two plates and one brick (or five plates) will give you a height of 16 mm, which is equal to the width. You would then need to create your own custom function (rather than using one of the options in the func pulldown menu) though.


In some cases, we may need to change some other values, in which case we will directly edit the model. We will note for each model which variables need to be changed from their defaults.

First, let’s create the model in Chapter 2 that lines up with the LEGO brick models. 2×2 LEGO bricks are 9.6 mm tall and 16 mm wide. As we saw in Chapter 2, the derivative of f(x)=x2isdf(x)dx=2x.

If we want the derivative to fit a straight line of LEGO bricks that is rising with a slope of 2*[9.6/16], the function for the original curve will be:

f(x)=(9.6/16)x2

and for the derivative,

df(x)dx=2(9.6/16)x

Our LEGO brick example goes from x=0 to x=4, so we’ll use the Customizer to set the corresponding variables:

   xmin: 0
   xmax: 4

By default, derivative_integral.scad will produce a model with an x axis that is 100 mm long. This is a reasonable size for most 3D printers. The model is printed vertically, to produce the best print quality and to make it compatible with pairs of functions that both include positive and negative values. In order to match the bricks though, we need to make sure that the units on the x axis are exactly the width of our bricks, or 16 mm. The xunit variable lets us control this. The default value of zero allows the code to choose the size of the units based on xmin and xmax, but we can give it a different value to get the desired scale. For this example, we are using:

   xunit: 16

Note that to maintain this scale, avoid scaling the model in your slicer. We recommend always using the xunit variable to set the scale of your functions, rather than scaling the model in your slicer, because scaling in the slicer may create printability issues. Specifically, the thick variable controls the thickness of the model, and scaling down the thickness may result in features that are too thin to print.

Alternatively, if you scale up the model in your slicer, the marks that stick out to show the units along the x axis may become unprintable without support. These features stick out horizontally, creating unsupported overhangs. These can be printed without problems as long as they don’t stick out more than half of your extrusion width, which is why the default value of xmark is 0.2 mm. This value should only be changed if you are using a printer with an unusual nozzle diameter, or you can set it to zero if you want to eliminate these markings entirely.

Finally, we need to choose the function that matches our bricks. If we scroll down in the func menu, the very last item is: "9.6/16*x∧2(lego)", which is indeed the correct equation. Once you have done all that, render the model.



Testing Your Derivatives

When you preview the model, you will see that one side of it turns pink (Figure 4-2). If you write your own custom functions, you might find that there will be a transparent pink version of the curve that does not match at all (Figure 4-3).

[image: A 3D printed model has two curves at right angles to each other. The one on the left is shows the curve y = x. The one on the right shows y = x squared over 2. The whole model is shaded pink.]
FIGURE 4-2: Pink shadowing on the model


[image: As in Figure 4-2, but the shaded areas no longer match the model. On the left, shows a curve with half the previous value, but the shaded area is unchanged from the previous image. On the right, the model looks the same as in the previous image, but the shaded area shows half the value.]
FIGURE 4-3: A model with derivative and curve equations that do not match


Note that in Chapter 3 we used OpenSCAD’s default color scheme, which is called “Cornfield.” The pink color is hard to see there, so in our examples that talk about the pink overlay, we will change to the “Tomorrow” color scheme. To change color schemes in OpenSCAD, go to the menu item OpenSCAD > Preferences, and in the “3D View” section, select “Tomorrow”.


CUSTOMIZER WORKAROUNDS

The Customizer is convenient to use, but it does have some limitations that you might need to skirt if you want to experiment with the model beyond what we have explained here. Note that if you make any changes using the Customizer, the values in the Customizer will take precedence for all of those variables (even if you subsequently change them in the code), until you close and re-open the file. If you want to adjust a variable in the code instead, the simplest thing to do is add a “+ 0” to the value. This makes the variable assignment an expression, and will cause the Customizer to ignore that variable henceforth.


The model requires that you put in a pair of OpenSCAD functions: f(x) and d(x). For examples pre-built for this book, the Customizer just requires you to select one parameter (func) which then populates both f(x) and d(x). The model then draws out the two functions as given.

However, it also creates the shadowy pink part by using techniques that we discuss further in Chapter 8 to estimate the derivative of f(x) numerically (without needing to know the equation for d(x)) and show it alongside the graph of that curve. Likewise, the integral of the d(x) function you provide will be calculated numerically and shown alongside the f(x) curve. If you’ve done your algebra correctly, the pink curve should follow the model very closely.

As we will see in Chapter 8, this estimate is not always perfect. We will learn in Chapter 6 why offsets like the one in Figure 4-3 occur (and most of the time will not be an issue). But it can be a helpful “sanity check” to see if your calculations are off. The pink overlays do not affect the print in any way, and will disappear when you render the model for exporting. For now, leave the “c” variable option in the Customizer at its default (checked) value. We’ll talk in later chapters about what that parameter does.



Plotting Curves and Derivatives Not in the Customizer

If you want to plot an f(x) and d(x) that are not ones already in this book, you will need to make sure that custom is selected in the Customizer menu, then change two lines in the model that define custom_f(x) and custom_d(x). The defaults are:


   function custom_f(x) = pow(x, 2) / 2;
   function custom_d(x) = x;

That is, f(x)=x22 and df(x)dx=x.

Change those two functions to your desired function/derivative pair, and choose custom in the Customizer func pulldown menu (as shown back in Figure 4-1). The math functions available in OpenSCAD are similar to those in the C/Python/Java programming languages. Details are in the OpenSCAD documentation at openscad.org. Note that you will also need to set appropriate values for your range of the x variable (xmin and xmax).



Paper Models

As you have presumably already surmised, you can use OpenSCAD on its own as a simulator if you don’t have a 3D printer. However, if you do not have a 3D printer and still want physical models to work with in upcoming chapters, it is also possible to create paper versions of these models. To do that, you need to set the thick variable to zero. When you do that, instead of producing a 3D printable model, you get a flat pattern intended to be printed on a 2D paper printer.

When you render this model, you no longer have the option to export it as an STL. Export it in a 2D format instead. The 2D formats OpenSCAD supports are DXF, SVG, and PDF. Of these, the SVG — or Scalable Vector Graphics —format usually works best. This is a common web format for vector graphics, and you should be able to open and print it in your computer’s web browser. The PDF option may work as well, but your model may go off the page or be covered by other information that OpenSCAD includes in its PDF files.

Once you have printed the paper model, you need to cut it out and fold a crease down the centerline. Turn this crease into a 90-degree fold to reproduce the 3D printed model. Which way you need to fold it will depend on your functions, and where each one has negative and positive values. Go back to OpenSCAD and preview (not render) the same model to see what the model should look like in 3D, and adjust the direction of your 90-degree folds to match. In other words, you will turn negative parts of your model so that they are below the axis and positive ones above.

We show an example in Figures 4-4 and 4-5, using the sine and cosine right-angle 3D printed model that we will get to later in the chapter (shown in Figures 4-8 and 4-9). It is shown as it is off the (paper) printer in Figure 4-4, and then as folded in Figure 4-5. This model is an example of how a paper model can be folded to show positive and negative in both axes.

[image: A paper print that will become a sine and cosine curve at right angles to each other. The paper has perpendicular lines to guide right-angle folding.]
FIGURE 4-4: A paper model, printed and cut out


[image: The paper model in the previous figure, but now with a series of 90-degree folds down the center. The paper now forms two intersecting planes at right angles to each other, one with a sine wave and the other with a cosine wave.]
FIGURE 4-5: The same model, folded




Instantaneous Slope

In Chapter 2, we built LEGO brick walls to relate a curve and its derivative and integral. We did not really talk about what would happen if we looked at that wall from really far away, where all the little changes from one column of bricks to another would blur together and look continuous. But if we zoom back in again to just looking at, say, the difference between two successive LEGO brick columns, at the point where we jumped from one column to another, we could think of that as the instantaneous change in the height of the wall. But what is the “instantaneous” slope at a particular point on a smooth curve?



Tangent Lines

Imagine drawing a line from the center of the top of one column to the center of the top of the next. (See Figure 2-7, which we are showing again here as Figure 4-6.) That line would not follow a curve between the points, like the red one in Figure 4-7. However, we can imagine a line parallel to that line (see Figure 4-7) that would just barely touch the curve at some point. That line (the blue line in Figure 4-7) is said to be tangent to the curve at that point.

[image: A wall of columns of yellow LEGO bricks rising as the square of their position, with a 3D print in front. The 3D print has two flat surfaces at right angles. One lines up with the curve made by the brick wall, the other would line up with the differences (not shown here).]
FIGURE 4-6: (Same as Figure 2-7). Showing a curve passing through the top center of columns in an x-squared LEGO brick wall.


[image: An upward-opening parabola is centered on the y axis. A blue line is tangent to it (touching it at only one point). A red line parallel to the blue line intersects the parabola in two places on either side of the point where it meets the blue line. The lower point of intersection is at the origin, and is labelled with an x. The upper point is labeled as having the coordinates x+delta x, and f of x plus delta x.]
FIGURE 4-7: Visualizing slope


Imagine a straight line like the blue one in Figure 4-7 moving along a slider so that it always just touched the curve at one point. That tangent represents the curve’s slope at the particular point where it touches the curve. (Of course, if the “curve” was a straight line, it would have the same slope everywhere, and the “curve” and its tangent line would be the same line.) As the two points defining the red line get closer and closer together, the red line will get closer to the tangent line. As we saw in Chapter 2, the derivative of our curve at that point is this slope, as the two points defining it get infinitesimally close together.

Let’s get the value of two points on our curve, f(x): a first point, x, and then one a small increment in x above that (say, the next column in our LEGO brick wall). We will call this small increment Δx (pronounced “delta x”). When we go along a curve from x to x+ Δx, the height of the curve goes from f(x) to f(x+Δx), as shown in Figure 4-7. The red line in Figure 4-7 is passing through our points x and x+Δx. The blue line is parallel to the red line, and is just tangent to the curve at some point between x and x+Δx.

First, observe that since the red line and blue line are parallel to each other, they have the same slope. Since the slope of the line connecting these two points is the change in the function divided by the change in x, we get

Slope=f(x+Δx)−f(x)Δx

If for instance f(x)=x2 (as shown in Figure 4-7) then

f(x+Δx)−f(x)=(x+Δx)2−x2+2xΔx+(Δx)2−x2

And, since the x2 terms cancel out, we get:

Slope=f(x+Δx)−f(x)Δx=(x+Δx)2−x2Δx                              =x2+2xΔx+(Δx)2−x2Δx=2x+Δx

Since we are assuming that Δx is very small, the slope of this line becomes the instantaneous slope of the curve at that point (also, as it happens, the slope of the tangent line to that point, as the blue line and red line in Figure 4-7 get closer and closer to each other). In this case, if f(x)=x2, the slope of the tangent line becomes 2x as Δx gets really small.

We talked about this in Chapter 2, when we discussed limits. As we saw there, when x becomes so small as to approach a limit of zero, we start to call it dx. Seventeenth-century terms for this tiny increment were infinitesimal, or differential.

We can compute a local slope for most functions that do not go to infinity or do something else awkward; more about some of those cases when we talk about L’Hôpital’s rule in Chapter 5. We call this instantaneous slope the derivative of f(x) with respect to x, and write it like this:

df(x)dx



The Mean Value Theorem

What we have just shown is an intuitive way of proving the Mean Value Theorem, a key tenet of calculus. If you are interested in seeing other ways to go about it, do an internet search on the phrase “Proof Mean Value Theorem”. There are several versions of this theorem out there that have been added to over time by different mathematicians.

The most fundamental version, though, says that if I have two points a and b on a curve f(x), then at some point c between a and b, the tangent line to f(x) will be parallel to the line directly connecting a and b (the secant line). We saw this in Figure 4-7, where the red line is the secant line and the blue line is the tangent line. We can write this as the following equation:

df(c)dx=f(b)−f(a)b−a

Or in layman’s terms, suppose it took you exactly an hour to go from one town to another 60 miles away. That means the average speed was 60 miles an hour, but that does not mean that the speed was always exactly that. In order for the speed to average out to 60 miles per hour, you could not have been going faster than that the whole time, and you could not have been going slower the whole time. This means that, in going between faster and slower speeds, there had to be at least one spot on the road where you were going exactly 60 miles per hour. It could be this only happened once, because you might have started out at zero, and been speeding up the entire time.

We do not know exactly where this point is, but if we start to move a and b closer and closer together, we can narrow it down. We will revisit this in Chapter 6 to see how it ties in with other properties of integrals. This only applies if the curve can be differentiated everywhere between a and b —which means that it has no holes where there is no value, no kinks where the derivative becomes discontinuous, and nowhere where the value briefly zips up to infinity.



Examples

Now that we have a little more theoretical background about ways to think about slope, let’s move beyond our one example using f(x)=x2. First, we’ll look at what happens when we use some power of x other than 2. Then we look at periodic and exponentially-growing functions to see what their derivatives look like.


Derivatives of Other Powers of x

If you were to follow a similar derivation process for higher powers of x, it turns out that the process we just went through to find the derivative of x2 generalizes for all powers of x:

d(xn)dx=nxn−1

Where n is a constant, but not necessarily an integer. (If n is itself a function of x, then things get a little more complicated.) For example, the derivative of

f(x)=x3isd(x3)dx=3x2

Of course, if n = 1, as in f(x)=mx1=mx, the derivative would be d(mx)dx=m, so our derivative would have a constant value, and our curve’s slope would be the same everywhere (a straight line).

What about if n=0? Any nonzero number raised to the zeroth power equals 1. A function that is a constant, f(x)=bx0=b, meaning that the value of the function doesn’t change as the value of x changes, for x not equal to zero. This means that the curve is just a constant. The derivative of a constant is zero, which makes sense since it says that the curve is not changing.

What about when x is in the denominator? If we want to find the derivative of

f(x)=1/x2

the same formula holds, because 1/x2=x−2. This means that df(x)dx=−2/x3.

For another example, try deriving the formula for the derivative of f(x)=4x3 by multiplying out the algebra to get the slope of a line cutting the curve, which is

Slope=4(x+Δx)3−4x3Δx

and then seeing what terms become negligible as Δx becomes very small. Follow the same steps as we used for thef(x)=x2 example in the previous section, multiplying out the terms and seeing what drops out. You should get

d(4x3)dx=12x2

What does that say about multiplying by a constant generally (as we did, for example, in the LEGO-fitting model)? (See the discussion of the chain rule in Chapter 5 for more details.)

Given the Fundamental Theorem we read about in Chapter 2, what do you think the integral of f(x)=nxn−1 will be? In other words, what happens when we try to create the integral from the derivative? What do you think the integral of f(x)=x−1 might be? (Answers in Chapter 6.)

Now, one could do this from first principles every time calculating a derivative came up, but fortunately a lot of other people have created tables of derivatives. Reference books of mathematical tables exist, like the weighty CRC Standard Mathematical Tables and Formulas (we used the 2018 33rd edition, edited by Dan Zwillinger). There are online references too: for instance, a very exhaustive table on Wikipedia. Crowdsourced online references like Wikipedia should always be double-checked, of course, if you are calculating something with real-life consequences. We have a summary of techniques for computing derivatives and integrals, and a few formulas, in Chapter 8.

Obviously, tables of derivatives can’t include every function that might come along, and part of dealing with derivatives is being able to start from something that has already been figured out, and going from there to get the answer for your precise situation. To do that well, it helps to have a sense of roughly what the derivative function should look like, so that you can work out whether your answer is right or not.

First, we will focus primarily on building your intuition to let you do that. In Chapter 5, we introduce some of the computational tricks that come in handy in case your particular function is not in any table. There are more where those came from, and if you will be needing to calculate a wide variety of cases, you might want to consult an exhaustive calculus text, like Thomas’ Calculus (reference at end of the chapter).

In the next section, we will show you what the derivative of a periodic (sine and cosine) function looks like. After that, we will see the special properties of functions that exhibit exponential growth. In those cases, the rate of change is a function of the rate of change, so things can get out of hand quickly! In Chapter 8 we’ll see how exponentials govern things like the spread of viruses in an epidemic.




Sines and Cosines

Sine and cosine functions are waves that repeat at a particular frequency. Many physical phenomena can be represented by these functions, and their derivatives and integrals have properties that make them particularly handy for calculus models. For example, in Chapter 9 we will see how to model the movement of a pendulum or a weight on a spring. We’ve said that calculus lets us understand how things move and change, and sine and cosine functions (and others that we will remind you about later on) are good for thinking about things that change in a periodic way, repeating behavior over and over.

Sine and cosine curves are derivatives/integrals of each other, with some fussing around with the signs. Look at the model in Figures 4-8 and 4-9. As in our previous example, x increases from left to right, and x = 0 is on the far left.

[image: A hand holds a right-angle 3D printed model of sine and cosine curves at 90 degrees to each other. The sine curve is in the vertical direction.]
FIGURE 4-8: Sine curve right-angle model


[image: Rotating the same print in the last figure by 90 degrees gives us a cosine curve in the vertical direction.]
FIGURE 4-9: SAME MODEL AS FIGURE 4-8 BUT ROTATED 90 DEGREES AWAY FROM THE VIEWER


We will get into this more in Chapters 9 and 13. For now, we suggest you follow along with us intuitively. Basically you can do the same thing as we did to find the slope of a curve that is a power of x, looking at the difference in slope between sin(x) and sin⁡(x+Δx) as Δx gets very small. The messy part is that you use some “trigonometric identities” (Chapter 13) and a relationship called l’Hôpital’s Rule (Chapter 5) to make sense of what you have. You can search online for “Proof of Derivatives of Sine and Cosine” when you feel ready to walk through one. There is a nice one in the Khan Academy, khanacademy.org, if you want to go through that at this point.

Figure 4-8 shows a model of a sin(x) curve starting at x = 0. Then it starts to fall, comes back to zero, reaches a minimum, comes back to zero again, and then repeats. If we think about the derivative of a sine function, its rate of change will start out pretty high, become zero as it comes to a maximum, and then go negative as it falls. It turns out, this is a cosine curve (Figure 4-9). It turns out that the derivative of sin⁡(x)=cos⁡(x).

To create this model, use derivativeintegral.scad with the following parameters. Note that the model in Figures 4-8 and 4-9 was printed big for display purposes. We suggest using xunit = 0 to autocalculate the scale.

   func (pulldown menu) = “sin(x)”
   xmin = 0
   xmax = 7
   xunit = 0

Try out the manipulation of the model in Figures 4-8 and 4-9 as follows. If you line up the model in Figure 4-8 so that you have a sine curve facing you, and turn the top away from you 90 degrees, you get the view in Figure 4-9. This is a cosine curve, derivative of the sine curve. But, what happens if you turn it another 90 degrees in the same direction? You get a negative sine curve, which is the derivative of a cosine curve. You can keep turning the model 90 degrees away from you as many times as you want, taking the second, third, and fourth derivative, since the functions are periodic.

Turning the top of the model toward you 90 degrees at a time gives subsequent integrals of integrals. There is a catch for integrals, though. If we start off with a sine curve and turn the model 90 degrees toward us, we get a negative cosine curve. That curve starts at -1. If we add up the area under a sine curve, though, it starts out at zero. We solve this by adding -1 to the integral to sync things up. We will talk about these offsets more in Chapter 6. As we talked about with the LEGO brick wall example, the sum of the bricks depends on where you start counting.

We printed the sine and cosine curves here with the same amplitude, but if we were plotting sin(ax) (multiplying x by a constant, amounting to changing the frequency of the wave), the derivative would be


d(sin⁡(ax))dx=a⁢ cos⁡ (ax)

and the integral would be scaled correspondingly, as we will see in Chapter 6. You would need to scale the model appropriately. For this model, we just kept a = 1 to make a point.


DEGREES, RADIANS, AND PI

OpenSCAD assumes that angles are in degrees (shown by the symbol ° following a number). 360° makes a whole circle; a rotation of 180° points us in the opposite direction (half a circle). 360° was chosen (most likely by the ancient Babylonians) because it is easy to divide into halves, thirds, fifths, etc.

Sometimes it is more useful to be able to think about fractions of a circle in terms of the fraction of the circle’s perimeter (or circumference) you have traversed. The unit of that measurement is the radian, which is based solely on values in nature, like pi. 2π radians take us around a whole circle. Imagine we have a circle with a radius = 1 in some units. The circumference of that circle would be 2πr, where r is the radius.

Since the radius is 1, the circumference is just 2π. If we had a wedge of the circle with a 45° angle at the center of the circle, it would have gone through 45/360ths of a circle, which translates to 1/8th of a circle. If the circumference is 2π, then 2π/8 = π/4. An angle of 45° is thus the same as an angle of π/4 radians. 90° is π/2 radians, and 180° is π. And of course, 360° is 2π radians.

In general, the formula to convert is:

radians=degrees*2π/360∘,or,more⁢ simply, radians=degrees*π/180∘.

Or degrees = radians *180∘/π.

If you use a calculator or computer program to compute the ratios in this chapter and beyond, be sure you know whether it is using degrees or radians. OpenSCAD uses degrees, but most other computer languages use radians. Calculators that include trigonometric functions usually let you switch between degree and radian modes. Google’s calculator uses radians by default.


This model has been built with the conversion from degrees (which OpenSCAD uses for angles — see the sidebar) already built-in. For this model, the x axis (and thus the values of xmax and xmin) is in radians. If you were to create a custom sinusoid function, you would need to do the same conversion to degrees when using the sin(), cos(), and tan() functions. Trying to take a derivative of a sinusoid function in degrees will give you an answer that is off by a factor of 180/π.

Some advice about printing this particular model: it was printed without support, with the side of the model on the right side of Figures 4-8 and 4-9 on the build platform. (In other words, printed in the orientation in which it is created in OpenSCAD.) When we selected xmax, we needed a value that was at least 2π in order to see a full period of the functions. A value of 7 turned out to be good because neither sin(7) nor cos(7) (in radians) is particularly close to zero, which gives the print the best chance of not falling over.

This print works well as a hollow (vase) 3D print on most machines, as shown in the examples in Figures 4-8 and 4-9. You will likely need a brim or a raft to be sure that the print sticks to your platform.



Exponential Growth

So far, we’ve looked at derivatives of functions that grow (or decline) proportional to x to some power. Then, we looked at functions that vary periodically. What about functions that grow (or die out) such that their rate of growth is proportional to their rate of growth? As you might imagine, these functions can get big (or small) very quickly. This makes them a little challenging to represent with LEGO bricks, but let’s try it and see what happens.

These functions in general have the form

f(x)=ax

Where a is a constant. Let’s take a look at the case where a = 2. That is,

f(x)=2x

What does this look like in LEGO bricks starting at x = 0? Any number raised to the zero power is 1. Then successive powers of 2 give us 2, 4, 8, 16, and 32 (Figure 4-10). When we make our LEGO brick derivative columns (Figure 4-11) we note something interesting: the derivative (blue) is just the same as the original curve (red), but offset. How much should it be offset? With all of our LEGO brick derivative examples, we have been aligning each stack that represents the difference between two values with the gap between them. As we saw in our discussion of the Mean Value Theorem, this value represents the actual derivative at some point between them, but not necessarily right in the middle. As a fun fact, if we carried this out for a total of 36 columns of bricks, the highest line would reach past the moon, 384,000 km away.

[image: A wall of columns of red LEGO bricks on a baseplate. The height of each column is a power of 2, starting at 2 to the zero power, which equals 1, up through 32.]
FIGURE 4-10: Powers of 2. (1, 2, 4, 8, 16, 32)


[image: The same wall with a wall of differences in front of it. The differences are also powers of 2, offset by one.]
FIGURE 4-11: Derivative of powers of 2 curve (1, 2, 4, 8, 16) compared to original


The equation for the derivative of a constant raised to a power is:

d(ax)dx=In(a)ax

where ln(a) is the natural log of a. The natural log of 2 is 0.6931 so the derivative of 2x is just (0.6931)2x. Therefore if we started with the derivative curve and wanted to get back the original, we would need to scale the derivative at any point by 1/0.6931=1.44. See the sidebar to calculate what the offset in this case is between the function 2x and its derivative.

Now, imagine what would happen if there was some number such that the natural log of that number happened to be equal to one. Then, the derivative of that number raised to the x would be the same as its original function, and there would be no offset at all. This number, called Euler’s number, or e, comes up all over the place in calculus (and other areas of mathematics, too). It is named for Leonhard Euler (pronounced “oiler”), who we will meet later in this book. Natural logs are defined such that the natural log of e equals 1:

In(e)=1

That means in turn that natural logs are “base e”, so for example

2=eIn(2)


OFFSET CALCULATION

How would we determine the actual offset between 2x and its derivative? We can use the fact that our original curve, f(x) = 2x has the value 1 when x=0. If our original function and its derivative have the same shape (just scaled by a constant amount), we should be able to offset one to get the other. Note that this is a special property of exponential curves since their derivatives are just a constant multiple of the original function. It isn’t true for all curves.

It turns out that our derivative curve has the value 1 when x=0.528766373, which is consistent with what we are seeing in our LEGO brick construction. That’s the value our original curve had when x=0. Thus that is the offset between the two curves.

If you don’t want to take our word for it, solve this equation to get the value of x where the derivative will be equal to 1:

1=In(2)2x

divide by ln(2) and then take the natural log of both sides:

In(1In(2))=In(2x)=x⁢ In(2)

and solve for x=In(1In(2))In(2)=0.528766373

Again, looks like there are two empty lines here instead of one. If you’re not sure what we just did there, see the later sidebar about logarithms for some pointers on where to go for a refresher.


“Normal” logarithms you may be used to are base 10 and tell us what power we would need to raise 10 to to get our desired number. For example log⁡(10)=1,and⁢  2=10log⁡(2). Since e is going to be our traveling companion frequently for the rest of the book, let’s get acquainted.

Euler’s Number, e

When we study geometry, it is always amazing how many places pi (π) comes up. We usually think of it first as the relationship between the diameter of a circle and its circumference, or the relationship between the square of its radius and its area, but it pops up in all kinds of places. Might there be an equivalent number in calculus? Yes, although it is a little less straightforward. That number is e, Euler’s number. Like π, e is an irrational number. The technical definition of an irrational number is a number that can’t be expressed as the ratio of any two integers; it has a decimal representation that neither terminates nor repeats. (For more, see the Wolfram, 2018 reference at the end of chapter 8.)


LOGARITHMS

We use the rules of manipulating logarithms quite often in this book and will assume you know how to add, subtract, and multiply logarithms, and the relationships to multiplying, dividing, and raising to a power. If you have forgotten how logarithms work, pause here to look up the rules for adding logarithms and so on. Wikipedia has a good review under “Logarithms”. Briefly, if y=ax then log⁡a(y)=x. In words, you would read this as “y equals a raised to the x power” and “log base a of y equals x.”

To talk about natural logs, you might either say so directly, as in, “1 is the natural log of 2.7183.” You might also refer to them as “log base e.” Joan pronounces ln(2) as “Lynne two” like the girl’s name, but has discovered this is not a universal standard beyond Massachusetts. Other people spell out “l-n” and so would say, “el-en 2.” You’ll have to see what the lingo is where you are.

What’s “natural” about a natural log? Very often solutions to equations that describe real physical phenomena, particularly ones that have terms with derivatives (as we will see in Chapters 8 and 9) have solutions that are expressed in terms of e to some power. Sometimes people talk about how long it takes something to grow or decrease by a factor of e, the e-folding time. For example, if I had a box full of microscopic creatures that had a population that increased by e once an hour, plotting the growth would be an exponential curve with an e-folding time of 1 hour (until they consumed everything in the box and started to die out, that is).


To seven digits, e=2.718281, and it is defined by

e=(1−1/n)n as n approaches infinity

When we raise e to a variable power [ex] it is called the exponential function. It comes up all over the place, as we will see throughout the rest of the book. Its fundamental property is that ex is its own derivative and integral. In other words, a function f(x)=ex is both changing and accumulating at ex. It turns out that that is not true for any other number. However, if we have the function:


f(x)=eax

then its derivative is

df(x)dx=aeax

Figure 4-12 shows the derivative-curve pairs for ex symmetrical and aeax showing how the derivative will be scaled by a factor of a (or, if you prefer, how the integral will be scaled by 1a as we will see in Chapter 6). In Figure 4-13, we have shown the comparison between the two models by overlaying them. Note that we are overlaying two different cases here, not overlaying a function and its derivative as we did in our brick models.

[image: Right angle models of exponentials. One is the same on both sides of the model, the has one surface with values on one surface that are half of the corresponding values on the other surface.]
FIGURE 4-12: Exponential and scaled exponential function


To create these two models, use derivativeintegral.scad with the following parameters.

For the unscaled model:

   func (pulldown menu) = "e^x"
   xmin = -1
   xmax = 1
   xunit = 0 (to scale automatically)

For the model where scaled by a factor of a (0.5 in this case):

   func (pulldown menu) = "e^(x / 2)"
   xmin = -1
   xmax = 1
   xunit = 0

You can use the .stl files exp_x.stl and exp_halfx.stl to explore the models shown in Figure 4-13. You will notice that the model for ex is the same on both sides, as expected. The model for ex/2, however, will rise more slowly, and its rate of change is slower still. Figure 4-13 shows the two models overlaid; they were printed in a translucent material and backlit.

[image: The two models in Figure 4-12 overlaid, showing their relative scaling.]
FIGURE 4-13: Overlaying the two models


Exponential Curve Offset

Now, what is the offset between the exponential curve and its derivative? Obviously, since f(x)=ex, there is no offset between those curves; they would just overlay each other. Suppose though that we wanted to see what the offset between the curve ex/2 and its derivative is, to see if the same relationships hold for raising e to a variable power as for raising 2 to a variable power. We can figure that out the same way we did for 2x. That is, if f(x)=ex/2 then

df(x)dx=12ex/2

The curve ex/2 equals 1 when x = 0. When does the derivative equal 1? That will be true when

1=12ex/2

Multiply through by 2:

2=ex/2

Take the natural log of both sides:

In(2)=x/2, or the derivative equals 1 when x=In(2) or about 1.4.

Now print two copies of the following model from derivativeintegral.scad using these parameters:

   func (pulldown menu) = "e^(x / 2)"
   xmin = -2
   xmax = 2
   xunit = 0

In Figure 4-14 we can see that the overlap happens such that the derivative curve is offset by about x = 1.4. (The two pieces are the same; we have just turned one so that the derivative is pointing upward.) Our curve runs from −2 to +2, so this offset will be about 1.4/4=35% of the x dimension. This offsetting is a special property of exponential curves, because of the fact that their derivatives are just scaled versions of the original curve.

[image: Two identical models like the uneven one in Figure 4-12. They are offset to show equal values between the larger-value curve and the smaller-value one.]
FIGURE 4-14: Offset of exponential curve and its derivative





Experiments to Try

Now try out a few exponential curve models on your own. How will the derivative and integral of e−3x scale, compared to ex? You can try changing the function to find out. The inverse of raising e (or any number, for that matter) to a power is to take the logarithm to find out what number a base has been raised to. If we are using “base e” (as opposed to base 10) to solve problems, it is convenient to use “natural logs” or the ln(x) function, which are logarithms base e. In other words, In(ex)=x; or even more simply, since e1=e,In(e)=1.. Use custom functions in derivativeintegral.scad to visualize whether your algebra is right. You will need to pick values of xmin and xmax that work well with the derivative and original curves. See the detailed discussion of this model earlier in the chapter for other parameters you might need to tweak for a given case.



Chapter Key Points

In this chapter, we took a deeper dive into derivatives, understanding them as the instantaneous rate of change of a function. We have shown how to think about a derivative as a generalized slope of a curve, and how to derive the equation for a derivative for a function that is a power of x. We also explored derivatives of periodic, sinusoidal functions and of exponentially-growing functions. Finally, we introduced Euler’s number, e, and the special features of the derivatives of exponential functions.



Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Degrees, e.g. 360°

	•  Derivative, df(x)dx

	•  Euler’s number, e

	•  Logarithm, log⁡(x)

	•  Natural log, In(x)

	•  Radians

	•  Square, cube, and other roots, and expressing them as fractional powers

	•  Trigonometric functions sine and cosine, sin(x) and cos(x)
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5 USING AND CALCULATING DERIVATIVES

In the last chapter, we were introduced to derivatives in some detail, and thought about them as equations describing the instantaneous slope at any point of a curve. Then, we saw a few special cases. In this chapter, we will build on that background to do a few things. First, we explore what a derivative tells you about the curve it describes. We also look at how to think about “higher derivatives” — how the rate of change of a curve is itself changing. We can use this information to tell if a curve is coming to a maximum or minimum point, or perhaps changing direction. As a practical matter, we can use derivatives as a clue to how to draw a curve reasonably accurately.

The latter part of the chapter focuses on expanding our toolkit of ways to find the derivative of functions. This section (“Calculating Derivatives”) is some fairly heavy algebra. If you want to stay at the intuitive level for now, you can skip it and come back to it when we start using the material in later chapters.


Maxima, Minima, Inflection Points

Back in Chapter 2, we introduced models (Figures 2-7 through 2-9) that graphed a curve and its derivative (or a curve and its integral, depending on how you looked at it) at right angles to one another. In Figure 5-1, we have plotted the function

[image: A right angle derivative-integral 3D printed model, showing a parabola and its straight line derivative at 90 degrees from each other.]
FIGURE 5-1: Minimum of a function and its derivative


f(x)=x22−92

such that positive would point away from you, and, at right angles, its derivative,

df(x)dx=x

Now, when we look at these together, we can see something interesting: that the derivative goes to zero when the function is at its minimum. In this section we will see how to find out if a curve is going through a critical point, where it is a minimum, maximum, or at an inflection point, where its derivative changes sign.


MATERIALS NEEDED FOR THIS CHAPTER:


	•  Paper and scissors, if you elect to paper-print models vs. 3D print them



3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. Download instructions are in the text.


	•  derivativeintegral.scad Prints right-angle derivative/integral models

	•  triangleMeshSurface.scad Creates 3D surfaces




Try out the manipulation of the model in Figure 5-1 we just described and observe how the minimum of a curve and its derivative going to zero coincide. You can explore the model by opening the file derivativeintegral.scad in OpenSCAD with these values:

   xmin = -3;
   xmax = 2;
   func (pulldown menu) = "x^2 / 2 - 4.5"
   xunit = 0;

Where a curve is flat, and therefore (at least briefly) not changing its value, its derivative is zero. Where the derivative is positive, the value of the curve is increasing, and where it is negative the value of the curve is decreasing (or getting more negative).

If you have a level spot in a curve where it transitions from decreasing to increasing, that is the definition of a (local) minimum. In this particular case, we see that the derivative (the straight line in background) starts off negative (although gradually getting less and less so) and then goes positive. In other words, the derivative reflects the fact that the function is getting more negative, and then (after the derivative goes through zero) gradually starts increasing. Our curve will therefore have a minimum when the derivative becomes zero, going from negative to positive.


Second Derivatives

How the derivative changes is the derivative of the derivative — the rate of change of the derivative — otherwise known as the second derivative. In the case of the minimum in Figure 5-1, the second derivative is just a constant (equal to 1), the slope of the straight line of the first derivative.

We write second derivatives in a way that looks like we are squaring something to remind ourselves that we are doing something twice. In this case, it looks like this:

d2f(x)dx2=1

You can convince yourself that a curve will have a minimum where the derivative goes from negative to positive when it passes through zero, or, in other words, when the second derivative is negative. Take the model in Figure 5-1 and flip it around so that the derivative is going negative to see this. We show it in that orientation in Figure 5-2, and will revisit it when we talk about integrals in Chapter 6.

[image: The same model as in Figure 5-1, viewed with the derivative in front.]
FIGURE 5-2: The model in Figure 5-1 flipped around




Inflection Points

What happens if the second derivative of a function is zero, or if perhaps it briefly goes to infinity (if the curve becomes vertical at that point)? It depends a little on what the curve and first derivative are doing. If the first derivative is always zero, that implies that the function is a constant (because a constant does not change). Then a second derivative of zero just confirms that the function was a constant.

If, however, the second derivative passes through zero and changes sign when it does (positive to negative or negative to positive), this will be a local maximum or minimum of the first derivative. This means that the original curve has an inflection point at this location — a point where the curve briefly becomes straight as the curvature changes directions.

For example, as we saw in Chapter 4, the derivative of sin(x) is cos(x). The derivative of cos(x) (and therefore the second derivative of sin(x)) is -sin(x). We can see this in Figure 5-3, where we show the model sin(x) (top), its derivative cos(x) (center), and then its second derivative, –sin(x) (bottom). You can see that as the sine curve goes from negative to positive, the curvature changes. Those points are inflection points, since the second derivative is changing sign (in the opposite direction from the original curve). (The fact that the function passes through zero itself there is not a requirement.)

[image: A sine-cosine right angle model is shown with the sine curve vertical, then turned 90 degrees to have cosine vertical, then turned 90 degrees more to have the sine vertical again, but now upside-down, so that it has become a negative sine wave. A sine-cosine right angle model is shown with the sine curve vertical, then turned 90 degrees to have cosine vertical, then turned 90 degrees more to have the sine vertical again, but now upside-down, so that it has become a negative sine wave. A sine-cosine right angle model is shown with the sine curve vertical, then turned 90 degrees to have cosine vertical, then turned 90 degrees more to have the sine vertical again, but now upside-down, so that it has become a negative sine wave.]
FIGURE 5-3: Sine (top), cosine (middle), and negative sine (bottom)


This is the same sine curve model that we created in Chapter 4. Because of the way that sine curves and their derivatives cycle around, we can just keep turning the top part of the model away from you to get subsequent derivatives.

To create this model, use derivativeintegral.scad with the following parameters. Note that the model shown in Figure 5-3 was printed big for display purposes. We suggest using xunit = 0 to autocalculate the scale.

   func (pulldown menu) = “sin(x)”
   xmin = 0
   xmax = 7
   xunit = 0



Other Inflection Point Situations

There can also be inflection points when the second derivative instantaneously goes infinite, if, for example, the original curve is briefly vertical there. A good example is the cube root of x,f(x)=x3. Note that our 3D printed model can’t show something that is becoming infinite, so we need to content ourselves with a graph (Figure 5-4).

[image: A cube root curve starts off in the negative x, negative y quadrant of a graph, initially climbing shallowly. The curve climbs nearly vertically near the origin, then begins to climb more slowly again in the positive x, positive y quadrant.]
FIGURE 5-4: Cube root function


The key thing is that the second derivative has to change sign at the inflection, but not necessarily go through zero. The cube root of x can also be written as x1/3. Its derivative uses the same formula we saw for raising x to an integer power in Chapter 4. We multiply by the exponent and then subtract 1 from the exponent, to give us:

d(x1/3)dx=13x2/3

and doing this process again gives us a second derivative of:

d2(x1/3)dx2=−29x5/3

The original curve is smooth at x = 0, but all its derivatives are undefined there.



Sketching a Curve from Its Derivatives

There is a cute way to remember what the sign of the second derivative tells you with emoji-like symbols (Figure 5-5). Joan learned this back in the Paleozoic in high school and still quickly sketches it if she gets confused. The eyes show the sign of the second derivative, and the mouth shows the curvature of the function (minimum, maximum, or inflection). The last one of course could be shown several ways, but this one might help you keep track of the crucial fact that the second derivative has to change sign, not necessarily go through zero. The second derivative may not even technically exist at the inflection point, for example, if the curve is vertical there. It can of course also go from negative to positive, but you can get the idea from these three.

[image: Three cartoon faces are shown. The first has two plus signs for eyes and a smile shaped like an open-upward parabola. The second has two minus signs for eyes and a frown shaped like a downward-opening parabola. The last has a minus then plus for eyes, and a curve that changes from open-downward to open-upward to make a sort of smirk]
FIGURE 5-5: Aids for remembering curvature


People also remember the difference between the first two by thinking that you frown when you are feeling negative and smile when your life (or math class) is going in the positive direction. We could push the analogy to the breaking point and say we get a little cross-eyed when we hit a life inflection point, but perhaps that is a bridge too far…

If you want to get some intuition about these relationships, armed with Figure 5-5, try the following. There’s an example of each at the end of the chapter. (There is no one right answer, of course, since an infinite number of curves fit the bill.)


	1. Sketch a curve that has a derivative with this pattern: positive, then negative, then positive again. Roughly sketch what the first and second derivative look like, too. Does the curve have maxima or minima, and can you tell if it has inflection points from the information given?

	2. Draw a curve with an inflection point whose second derivative is undefined at that point. Sketch the function as well as its first and second derivatives.

	3. Sketch out a curve that has a maximum or minimum. Sketch the curve’s first and second derivatives, too.



Typically, the value of a function changes slowly near a maximum or minimum, since the derivative (rate of change) is near zero. At inflection points, the function can change quickly since the first derivative may or may not be zero at inflections. One example to think about is the length of day over the course of the year when you are away from the equator. The day length changes slowly near its maximum at the summer solstice and minimum at the winter solstice, and much faster near the spring and fall equinoxes (inflection points).



Calculating Derivatives

To this point, we have avoided having a lot of algebra and chugging through proofs to give you some intuition. For the next several sections, we will show you some tools that will allow you to calculate a derivative curve. If you want to keep to the more philosophical road, you can skip these. However, we do use some of these manipulations in later chapters where we do some actual calculations.


The Chain Rule

One really handy thing to know is the chain rule, so called because you can “chain together” a lot of small pieces of calculation to make something complicated into smaller pieces you know how to calculate. The key thing to know here is that you can manipulate derivatives sort of like fractions to split them up into manageable parts. For instance, we could write:

df(x)dx=df(x)dxdudu=df(x)dududx

What are we doing here? We are multiplying by dudu, which, like anything (except zero or infinity) divided by itself, is just equal to 1. When we rearrange, though, we can create an intermediary function, u(x), that we can construct to be more convenient to differentiate than the original was. In other words, we break up the original calculation, which maybe we did not know how to do right off the bat, into two smaller ones. Let’s work through an example to see how this might work and why you might want to apparently add more complication.

Suppose we had the function

f(x)=sin⁡2(x)

which is how we write sin(x) times sin(x). We could look it up in a table of derivatives, of course, but let’s try working out this one from first principles. We know how to take the derivative of something squared. We just don’t know what to do (yet) when the “something” is not just the variable we are integrating with respect to.

Bearing in mind we can treat these derivative terms like fractions, let’s try

d(sin⁡2(x))dx=d(sin⁡2(x))⁢ ⁢d(sin⁡(x))d(sin⁡(x))dx

What is d(sin⁡2(x))d(sin⁡(x))? It’s no different than the derivative of x2 with respect to x. The key leap here is that we think of sin(x) as the variable we are squaring.

d(sin⁡2(x))d(sin⁡(x))=2⁢ sin⁡(x)

And from Chapter 4 we know that

d(sin⁡(x))dx=cos⁡(x)

We can just combine these last three equations to get

d(sin2⁡(x))dx=2sin⁡(x)cos⁡(x)

If you are trying to find the derivative of a more complicated function, you can just keep chaining calculations with intermediate variables like this until you get to a simple-enough basic function that you can look up. It does not always work, but between the ideas in this section and the next, you should be able to find the derivative of many common functions. Alternatively, you can always try to find a more extensive derivative table or online solver, too. But it often helps to be able to check by doing this after the fact if you see the answer in an integral table.



Derivatives of Products and Quotients

Sometimes you might want to take the derivative of two functions multiplied together, or divided by each other. We want to know how these combinations of functions change, too.

Let’s say that our first function is f(x) and the second one, g(x). Call the change in f(x), df and change in g(x), dg. To make things less messy, we’ll refer to f(x) and g(x) as just f and g from here on out in this section.


Derivative of a Product

Let’s make a picture of what the difference in the product of two functions might look like (Figure 5-6). We can see that the change is the red and blue strips on the top and the right side of the picture. The purple square in the upper right is df times dg. As df and dg get smaller and smaller, this will get very small relative to the other terms.

[image: A rectangle is f+df wide and g+dg tall. The f and g values are large, and the df and dg values are small. A thin red strip along the top is dg tall and f wide. A similiar blue strip along one side is g tall and df wide. Where these strips meet, there is a smaller purple rectangle that is df by dg.]
FIGURE 5-6: Visualizing the derivative of a product


All we really need to do to see the change in the product f(x)g(x) is to multiply the two functions after they have changed, and subtract off the original.

d(fg)dx=(f+dfdx)(g+dgdx)−fg

If we multiply out the first part,

d(fg)dx=fg+gdfdx+fdgdx+dfdxdgdx−fg

The fg−fg terms cancel out. Now, what about the other terms? As we discussed in Chapter 2, we can imagine making these small changes (or differentials) smaller and smaller, until they are almost zero. If we multiply two very small numbers (each much less than one), their product will be really small even compared to them. So, we will ignore this df times dg term, since when we are taking a derivative we are interested in what happens as the differentials get really tiny, and this term would vanish. From that reasoning, we will assume that when we multiply together the changes in the two functions

dfdxdgdx

the product will be so small we can ignore it, leaving us with

d(fg)dx=gdfdx+fdgdx

Thus, the derivative of a product is the sum of each of the functions times the derivative of the other.



Derivative of a Quotient

It’s a little hard to think about the derivative of a quotient. You have one quantity that’s changing, and you’re dividing it by another quantity that is also changing. You might think of it as the change in the ratio of two things. Imagine for instance you had data on the popularity of the name “Alice” for the last 100 years, and you also had the same data for the name “Bob”.

If we wanted to know how the ratio of Alices to Bobs was changing over time, we would be looking at the derivative of the quotient of the two. If the name Alice was getting more popular or the popularity of the name Bob was dropping, the ratio would be increasing. If both happened at the same time, it would increase faster, and the derivative of the quotient would be very high.

To figure out the change in a quotient, we can do something similar to what we did to find the change in a product. That is, divide one function by another after each has changed, and then subtract off the quotient of the original values. It is a little messy though:

d(fg)dx=f+dfdxg+dgdx−fg

Having that term in the denominator is nasty. However, it turns out that if you multiply top and bottom by (g−dgdx) we can make some things go away.

d(fg)dx=(f+dfdx)  (g−dgdx)(g+dgdx)  (g−dgdx)−fg=fg−fdgdx+gdfdx−dfdgdxdxg2−(dgdx)2−fg

Once again, as df and dg get smaller and smaller and our “change” becomes a differential, the terms that are a square of a derivative can safely be ignored since they get smaller faster than other terms, as we talked about in Chapter 2’s discussion of limits. Combining our fractions and getting rid of these small terms, we get

d(fg)dx=gdfdx−fdgdxg2

which is the standard formula for the derivative of a quotient. If you followed us all the way through that last algebra maze, you may have wondered how we knew to do all those little tricks along the way. For example, why on earth did it occur to us to multiply top and bottom by (g−dgdx) The short answer is “experience.” The longer and (hopefully) more useful answer is that there are a lot of little tools like that — bits of algebra manipulation that come in handy very often in these settings.

In this particular case, we were exploiting the fact that (a+b)(a-b) is equal to a2+b2 since the two other terms you get when you multiply that out, ab and –ab, cancel out. Multiplying top and bottom of a term by something that amounts to 1 is a common algebra trick in calculus. We will stop and point these out as we go, and accumulate some of the common ones in Chapter 13. If you learn a few of these handy transformations and when to apply them you can make your computational life easier.



L’Hôpital’s Rule

Suppose that you happened to have a function that was the ratio of two other functions. If the function on the bottom and the top both happened to go to zero at the same time somewhere, you might have an undefined hole in your overall function. This sort of thing comes up a lot in mathematical models of real-life things, and the real-life equivalent of the (possibly imperfect) model does no such thing. What to do?

Sometimes L’Hôpital’s Rule can work around this. The rule is named after French mathematician Guillaume de l’Hôpital (1661-1704, pronounced “low-p-tal”), who worked a little after Newton and developed quite a few extensions to his work. There remain some controversies over who invented what. Being that as it may, his Rule seems a little bit magic and requires some messy algebra to prove. Let's see what it says, look at an application, and then give an intuitive way to think about why it works.

The rule says this: suppose I have the ratio of two functions, say f(x)g(x) which, at some point x=a becomes undefined because the ratio becomes either 00 or ∞∞ (infinity over infinity) at that point. Let’s approximate the value of the functions as the limit of the ratio of their two derivatives at point x = a. As an equation (see Chapter 2 for an explanation of the concept of a limit):

f(a)g(a)=limx→adf(x)dxdg(x)dx

For example, the function

sin⁡c(x)=sin⁡(x)x

(pronounced “sink”) comes up a lot in signal processing. When x = 0, the function inconveniently goes to 00. If we apply L’Hôpital’s Rule, the derivative of sin(x) is cos(x). The derivative of x=1. The limit of cos(x) as x goes to 0 is 1. Thus sin⁡c(0)=11=1. This smoothly fits in with the rest of the function.

Figure 5-7 graphs two functions and their quotient. The red line is the function f(x)=−1.5sin⁡(x−1). The blue line is g(x)=x3−1. The purple line is their quotient, with g(x)=x3−1 in the denominator. We show that this is undefined at x=1 with an open circle.

[image: Three curves are shown on an x-y plane. The red curve is an offset cosine of x function, which varies smoothly. A blue curve goes as x cubed, and heads off to infinity. The red and blue curves cross at x = 1, where they both have values of zero. A purple curve is the quotient of the two. An empty circle interrupting this curve at x = 1 indicates that the value is undefined at that point.]
FIGURE 5-7: Two functions (red and blue) and their quotient (purple)


Figure 5-8 next shows the derivatives of the two functions and the quotient of the derivatives. The derivative of the numerator (red line) is

[image: Three new curves are shown on an x-y plane. These are the derivatives of the curves in the previous figure. The red curve is an offset sine of x function, which varies smoothly. A blue curve is an upward-opening parabola with a vertex at the origin. The purple curve representing their quotient heads off toward negative infinity at the origin. However, both derivatives are nonzero finite numbers at x = 1. A filled circle shows the quotient curve's value at x = 1.]
FIGURE 5-8: Derivatives of the functions (red, blue) and quotient (purple) of the derivatives


df(x)dx=−1.5cos⁡(x−1)

The derivative of the denominator (blue line) is

dg(x)dx=3x2

The quotient of the derivatives (purple line) is perfectly well-behaved at x=1.

Finally, Figure 5-9 just shows the two quotients, so that you can see that the quotient of the functions and of their derivatives do indeed cross at that point (with the quotient of the original functions not existing right at that point).

[image: The purple quotient curves from the two previous figures are overlaid, showing that they cross at x = 1, where the first one was undefined.]
FIGURE 5-9: Function quotients (dark purple) and derivative quotients (lighter)


Note that this only works if the top and bottom of the function are both zero or both infinity at the particular point, and if both functions have a derivative that is continuous through this point. You can apply the rule repeatedly as long as this continues to be true.

Why does it work? We can intuit that a derivative can be approximated as a tangent line (Chapter 4) at a given point. The ratios of these tangents can give us an approximation to the ratio of the values themselves, since each tangent line is the change in the function divided by the change in x (or whatever variable we are using). If the changes in x are the same, you get the ratio of the changes in the functions.

If we are approaching zero, you are looking at the difference between the functions and zero, and that gives you the ratio of the functions. If you would like a more complete proof (pretty simple for the zero case, more complicated for the infinite one) check it out in Thomas Calculus, or other calculus textbooks.



Other Ways of Writing Derivatives

You might think that with math being very precise and all there would only be one way to write any given symbol. Not at all. Derivatives in particular have evolved several different conventions. In this book, we use the one that looks like a fraction, which we feel emphasizes the geometrical nature of derivatives better as the change in a function as one variable changes. This notation is usually credited to Leibniz, who developed some of the same ideas as Newton at about the same time (controversies about this were rampant then).

Newton, and physicists and mathematicians in his tradition, tend to like prime notation, which uses one apostrophe (prime) for a first derivative, two for a second, and so on. The following are equivalent:

df(x)dx=f′(x)

and

d2f(x)dx2=f′′(x)

Sometimes people just write f′,f′′,..., and you’re just supposed to figure out what variable they are talking about from context (typically time, but not always). Just to add to the fun, physicists often call the first derivative with respect to time “f dot”, the second derivative with respect to time “f double dot”, and so on, and put a dot (or multiple dots) over the f.

The notation for the second derivative seems inconsistent at first glance. Why put the “2” on the d on the top and on the x in the bottom? What we are trying to say is “differentiate twice, and both times with respect to x.” Note that if we wanted to square the entire derivative, we would write something like this:

(df(x)dx)2

which is not the same thing. If you like, you could think of it as

ddx(df(x)dx)

to see why the squares seem at first glance to be in inconsistent places.

One last note: you might see a derivative that looks like this:

∂f(x,y)∂x

This is called a partial derivative, for functions that depend on more than one variable, which we explore in the next section. To calculate them, you hold other variables constant and then see how the function changes with respect to just one variable, given the fixed values for the other variable(s). Sometimes partial derivatives are denoted with a subscript instead, like this:

fx(x,y)

or sometimes just fx. There are of course also higher partial derivatives, ones that look at changes in multiple variables, and so on for tools to look at how many-dimensional systems are put together. You will see them often in equations for complicated systems like flow of fluid, atmospheric science, and similar modeling applications.



Partial Derivatives

Now that you have seen how a derivative shows us how a curve changes, you might wonder how to think about a surface that changes in two or more variables. For the moment, let’s say that we have a surface whose height (in the z direction) varies as a function f(x, y) of two variables, x and y. We can think of variation along a surface as being made up of a change of the surface as x changes combined with the change in the surface as y changes.

To get the change in the surface as x changes, we just hold y constant. This is equivalent to making a slice through a surface along a plane of constant y, and seeing how f(x, y) varies with x along that slice. This is called the partial derivative with respect to x, and is written with a curly letter “d” versus the regular “d” used for ordinary derivatives. It looks like this:

∂f(x,y)∂x

In the same way, to get the change as just y changes, we hold x constant. This is the partial derivative with respect to y, and is written like this:

∂f(x,y)∂y

Sometimes, people use the notation fx(x,y) and fy(x,y) for partial derivatives of a function with respect to x and y, particularly if you are writing on a whiteboard or are of the physicist persuasion.

Figure 5-10 shows a model of a surface and the partial derivatives with respect to each of the axes. We have created a curve-derivative pair (just like in Figures 5-1, 5-2, and 5-3) for the partial derivatives with respect to x and to y.

[image: A curved surface is shown meeting two flat, vertical surfaces. The edge where each flat surface meets the curved one forms a different sinusoidal curve. On the left and right, each of these two curves is shown width a right angle model of that curve and its derivative. Below each, another view shows another view, in which the derivative curves (which are also sinusoids) can be seen more clearly.]
FIGURE 5-10: Top row, left: a slice of the curve with y held constant; right: slice of the curve with x held constant. Bottom row, left: the model turned so the derivative with respect to x is shown; right: with respect to y.


The top row of Figure 5-10 shows a slice of the curve with y held constant on the left, and a slice of the curve with x held constant on the right. Each of these blue curves is half of a derivative-integral model. The lower row of Figure 5-10 focuses on the derivative side of the right-angle model, tilting the surface so the other half is visible. The derivative with respect to x is on the left, and with respect to y on the right.


Modeling the Surface

The surface in Figure 5-10 represents the function

f(x,y)=−cos⁡(x)sin⁡(y)+c

where C is just a constant offset to make it a little easier to print. As we saw earlier in the chapter, the derivative of sin(x) with respect to x is cos(x) and the derivative of cos(x) is -sin(x). We have to be a little careful to keep track of the negative sign on our surface, too. To create the surface, use the triangleMeshSurface.scad model with:

   unit = 20;
   range = unit * [4, 5];
   function f(x, y) = unit * (-cos(x / unit * 180 / PI) * sin(y / unit * 180 / PI) + 1.5);

Next, we need to find the equations for the partial derivatives so we can make a corresponding right-angle derivative-curve model for each one. When we take a partial derivative with respect to one of the variables, we hold the other variable constant. So, when we take the partial derivative with respect to y, we will make x some constant value. We make x a constant for the partial derivative with respect to y. When we figure out the partial derivatives, we get

∂f(x,y)∂x=sin⁡(x)sin⁡(y)for⁢ ⁢⁢⁢some⁢ cons⁢tant⁢  value⁢ ⁢of⁢  y∂f(x,y)∂y=−cos⁡(x)cos⁡(y)for⁢ ⁢⁢⁢some⁢ cons⁢tant⁢  value⁢ ⁢of⁢  x

In the top row of Figure 5-10, the origin (x = 0, y = 0) is in the far corner away from you, and all values of x and y are positive.



Modeling the Partial Derivatives

To create the function/derivative pairs on two sides of the surface, you will need to use derivativeintegral.scad twice, or use the .stl files noted in the following paragraphs to print them. The derivativeintegral.scad model expects to take the derivative of the first variable listed, so we switched the order of x and y in some of the function calls to be taking the correct derivative.

If you are 3D printing these models, note that all of these derivative-integral pairs are generated to print the common axis vertically. In some cases you may want to rotate the print in your slicing software to have a more stable contact area with the platform, or to minimize overhangs.

To print the derivative with respect to x, with y = 5, use partial_y=5.stl or set the following parameters in derivativeintegral.scad:

   func (pulldown menu) = "partial_y=5"
   xmin = 0
   xmax = 4
   xunit = 20

Because derivativeintegral.scad only uses the x variable, and because we are holding y constant, this option uses a hard-coded value of 5 where the y variable should appear.

For the derivative with respect to y with x = 0, use partial_x=0.stl. You can also generate this using the parameters below. Note that because derivativeintegral.scad calls the differentiating variable x, we had to rename our y variable to x, and hard-code the value of the real x variable as we did with y above.

   func (pulldown menu) = "partial_x=0"
   xmin = 0
   xmax = 5
   xunit = 20

There is not a good way to visualize all three models (the surface and the two derivatives) together in software.



Higher-Order Partial Derivatives

Partial derivatives come up all the time in many equations of physical properties, such as the equations for fluid flow and heat transfer, where many different variables interact in complicated ways. The rules work more or less the same way as for ordinary derivatives, and second and higher derivatives are computed the same way within one variable. There are “cross derivatives” where one computes the derivative in one variable and then in the other, which requires some care to keep straight. Those look like this:

∂2f(x,y)∂x⁢ ∂y⁢ or⁢ fxy(x,y)

Inverting (integrating) partial derivatives creates its own special issues, as you might imagine, which are also beyond what we will explore in this book. We include them here mostly so that you know what you are looking at, should you encounter them in the wild.

In Chapters 8 and 9 we talk about numerical methods for solving equations with ordinary derivatives; partial differential equations are usually solved that way too, with more complexity. Global weather simulations are doing numerical solutions of millions of partial differential equations at once to simulate the entire atmosphere, a small chunk of air at a time!




Chapter Key Points

In this chapter, we took a deeper dive into derivatives, understanding them as the instantaneous rate of change of a function. We also explored how to think about the rate of change of the derivative, or second (and higher) derivatives. We looked at the geometrical implications for a curve of various features of its derivative, in particular how first and second derivatives can predict the curvature and critical points (minima, maxima, and inflection points) of the original curve. To allow us to calculate derivatives based on some of the standard forms we might find in integral tables, we learned about the Chain Rule and the formulas for derivatives of a product and a quotient.

We then learned about a classic tool — L’Hôpital’s Rule — which underlies some of modern calculus and has useful features that can be exploited in calculations. We closed with a discussion of other symbols that might be used for some of the math covered in this chapter, and a little guide to know whether we are dealing with other kinds of derivatives that might require us to know more than we have in hand at the moment.

Finally, we had a quick introduction to partial derivatives, and various ways they are written. Even though we will not explore them further in this book, now you can recognize them in the wild.



Terminology and Symbols

Here are some terms from the chapter you can look up in the references at the end of the chapter and elsewhere for more in-depth information:


	•  Chain Rule

	•  Derivative and first, second, third… derivatives, df(x)dx,d2f(x)dx2,...orf′,f′′,...

	•  Derivative of a product and a quotient

	•  Inflection point and relation to first and second derivative

	•  L’Hôpital’s Rule

	•  Maximum of a curve

	•  Minimum of a curve

	•  Partial derivative, ∂f(x,y)∂x or fx(x,y) or fx

	•  Sinc function, sin⁡(x)x






Exercise Answers

Here are the answers to the questions from the “Sketching a Curve From Its Derivative” section of this chapter. Note that there are an infinite number of curves that meet these criteria. These answers are just given as examples.

Sketch a curve that has a derivative with this pattern: positive, then negative, then positive again. Roughly sketch what the first and second derivative look like, too. Does the curve have maxima or minima, and can you tell if it has inflection points from the information given?

Answer: In Figure 5-11 we see the function (red curve) has a maximum, inflection point, and minimum. Its derivative (blue) crosses zero twice, and itself has a minimum. Its second derivative (green) is steadily increasing, but is zero when x = 0.

[image: Example curve is a curve like an S on its side, with local maximum for negative x and a mirrored local minimum for positive x. The first derivative is an upward-opening parabola that crosses the y axis at x and -x, with its minimum at x = 0. The second derivative is a line with positive slope, crossing through the origin.]
FIGURE 5-11: Curve (red), first derivative (blue), second derivative (green)


Draw a curve with an inflection point whose second derivative is undefined at that point. Sketch the function as well as its first and second derivatives.

Answer: In Figure 5-12 we see a continuous curve (red) which has a briefly-vertical inflection point. The derivative (blue) and second derivative (green) are both undefined there.

[image: Example curve falls steeply and then rises vertically in the positive x, negative y quadrant, before curving back downward. Its derivative is small except at this steep inflection point, where it climbs rapidly to  briefly becomes infinite, before rapidly falling back to its original value. Its second derivative drops rapidly form zero toward negative infinity near the original curve's inflection point, then drops rapidly from positive infinity back toward zero.]
FIGURE 5-12: Curve (red), first derivative (blue), second derivative (green)


Sketch out a curve that has a maximum or minimum. Sketch the curve’s first and second derivatives, too.

Answer: In Figure 5-13 we see a curve that has a maximum. Its first derivative (blue) is steadily decreasing, and its second derivative is constant and equal to -1. Our “face” in Figure 5-5 tells us that the second derivative should be negative, given that we have a maximum and not a minimum.

[image: Example curve is a downward-opening parabola. Its first derivative is a line with negative slope, and second derivative is a negative constant.]
FIGURE 5-13: Curve (red), first derivative (blue), second derivative (green)
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6 INTEGRALS: THE BASICS

A typical calculus course (or set of courses) is broken up into a part on derivatives and related topics (“differential calculus”) followed by a course about integrals (“integral calculus”). As we saw in Chapter 1, this distinction is arbitrary since the two are just inverses. It’s sort of like teaching addition and subtraction separately and calling them “additive arithmetic” and “subtractive arithmetic.”

Part of the reason for the traditional split is that integrals can be fussier to compute than derivatives. Some integrals have to have extensive algebra done on them to get them into a form that can be integrated. You can look up formulas for many of them in “integral tables” like those in the intimidating CRC Standard Mathematical Tables and Formulas (we used the 33rd edition from 2018, edited by Zwillinger), or search “integral tables” on Wikipedia. We’re not going to derive those in this chapter or prove to you that each of these many integrals work. We will, however, try to give you intuition about what is going on so that you can understand what an integral is, geometrically, and are able to deconstruct a few interesting cases.

Like Chapters 4 and 5, which introduce derivative concepts in the first chapter and then more detail and algebra in the next, we have a pair of chapters about integrals. This chapter introduces the concepts and a few simple examples about computing area under a curve and averages. Chapter 7 (and 13) cover applications related to computing volume of a 3D object, as well as detailed discussions of some algebra-heavy tricks of the trade. If you want more formal proofs than we give here, you can find them in any standard text that covers integral calculus. We are partial to Thomas, Hass, Heil, and Weir’s 2018 text, Thomas’ Calculus, 14th Edition.


What Is an Integral?

We can think of an integral as the area under a curve, or the accumulation of a quantity as it changes over time. If we have a continuous curve, and we want to find the area underneath it, we have to decide where to start adding up the area. If we ask how much water is needed to fill a cylindrical water tank, the answer depends on how much water is in there already. In other words, we need to know the starting level of water. If we specify where we are going to start and stop keeping track of the water level or whatever else we are accumulating, we call the calculation a definite integral, and we get a single value out of it.


MATERIALS


	•  LEGO or equivalent baseplate

	•  About 70 identical LEGO bricks (We used 2×2 bricks, but any size is fine as long as they are the same as each other and stackable.)

	•  Paper and scissors, if you elect to paper-print models vs. 3D print them



3D PRINTABLE MODELS

The following 3D printable model is used in this chapter (instructions on how to download models are in Chapter 3).


	•  derivativeintegral.scad Creates right-angle derivative/ integralmodels




Sometimes, though, we just want a function that tells us how much water we might need to fill a tank starting at one arbitrary level and ending at another. We call this an indefinite integral. Since we don’t know where we plan to start and end, to show that uncertainty, we always add an arbitrary constant amount to the function we get when we compute an indefinite integral. You will see “+ C” after the formula for integrals. Because taking the integral of a derivative gives you back the original function (plus or minus a constant), indefinite integrals are sometimes called antiderivatives.



Assembling an Integral

In Chapter 1, we saw that the Fundamental Theorem of Calculus tells us that taking a derivative and integrating are inverse operations. That is, doing one and then the other gets you back to where you started (except, as we will see, for a constant). We structure this chapter largely parallel to Chapter 4, using the equivalent examples. That way, you can compare these two chapters and see how the relationships between a curve and its derivative mirror that between a curve and its integral.

Let’s explore how this constant offset might come about. Say that we start off with a LEGO brick wall that represents f(x)=x,, like the red wall in Figure 6-1. Let’s accumulate the integral behind it in yellow. The yellow wall is the cumulative sum of the columns in the red wall to that point.

[image: Two walls of LEGO bricks are on a baseplate. The shorter, red one has columns that rise one brick taller per column, starting at zero. The columns in the second yellow row is the running sum of the red row.]
FIGURE 6-1: A LEGO brick wall that rises one brick at a time (red, 0, 1, 2, 3, 4, 5) and its integral (yellow, 0, 1, 3, 6, 10, 15)


If we were to add up all the bricks in the red curve, we would get a column equal to the last column of the integral wall, as we would expect (Figure 6-2).

[image: LEGO bricks on a baseplate as in the previous figure. All of the red bricks have been moved into a single column, which is the same height as the final column in the yellow wall.]
FIGURE 6-2: Sum of the red wall in Figure 6-1 (15 bricks), same as the highest column of the integral


Now suppose we cut off the first three points of the red curve and started it at x = 3 instead of at x = 0. What does the integral look like now? The first point of the curve we are adding up is 3; then we add 4 to that to get 7, and add 5 to get 12 (Figure 6-3).

[image: LEGO bricks on a baseplate as in Figure 6-1. The first two columns of each wall have been set aside. 3 bricks in total have been removed from the red wall, and so each of the remaining columns in the yellow wall has been shortened by three. The removed bricks are shown in the background.]
FIGURE 6-3: Red wall (3, 4, 5) cutting off the first two nonzero points. Integral (yellow, 0, 3, 7, 12) has been trimmed by offsets in back.


Notice what we have taken off the integral curve (offset on the left of Figure 6-3): an offset of 3, once the curve had built up to that. That is the total amount that has been taken off the function (red) curve.

Now suppose we started our red curve two points earlier, at x=−2 instead of at x = 0. What does the integral look like now? The first point of the curve we are adding up is −2; then we add −1 to that to get −3. Then we add zero to that, to stay at -3. Then we add 1 to get -2; add 2 to get 0; add 3 to get 3; and add 4 to get 7 (Figure 6-4).

[image: The LEGO brick rows of Figure 6-1, now extended in the negative direction. The red wall begins with a value of negative 2, and has a total of 3 red bricks, so once again, the bricks toward the end of the yellow wall are 3 bricks shorter than in the original.]
FIGURE 6-4: The function (red, -2, -1, 0, 1, 2, 3, 4, 5) extended down to x = -2, and corresponding integral (yellow, –2, -3, -3, -2, 0, 3, 7, 12)


Now then: Let’s compare the values of the integral for our three cases (Table 6-1). You’ll notice that the difference between the integrals in the first two cases at any given point is 3.





	x

	-2

	-1

	0

	1

	2

	3

	4

	5






	Sum (integral) starting at x = 0

	 

	 

	0

	1

	3

	6

	10

	15




	Sum (integral) starting at x = 3

	 

	 

	 

	 

	 

	3

	7

	12




	Sum (integral) starting at x = -2

	-2

	-3

	-3

	-2

	0

	3

	7

	12






TABLE 6-1: Cumulative sum for f(x)=x


Remember that the last column is the accumulated sum of all the values to that point, depending on where we started. So for instance in the first case, the integral is equal to 15 at x = 5. In the second case, it is equal to 12.

Suppose we wanted to see what the sum between x = 0 and x = 5 was for the third case. Just subtract off the sum at x = 0 (the negative part of the curve we added in the third example) from the sum at x = 5. That works out to 12−(−3)=15, just like we got in the original case.




The Second Part of the Fundamental Theorem of Calculus

You might be thinking that this is obvious, and it is! But it can feel a little subtle. The fact that you can get the integral from a starting point to an ending point by subtracting one from the other is otherwise known as the second part of the Fundamental Theorem of Calculus, and it looks much scarier in calculus notation than in LEGO bricks.

As we just saw, where we start and end our integral matters, if we are trying to come up with a number for the integral of a function. In Chapter 1, we learned a lot about the first part of the Fundamental Theorem of Calculus — that derivatives and integrals are inverses of each other. The second part says we can find out the value of the integral of a function over a particular range. To do that, we evaluate the integral of the function at the upper and lower endpoints and subtract one from the other, giving us the value of the integral over the desired range. We will see examples of this a little later in the chapter, and at the same time learn the limitations of our LEGO experiments.

Meanwhile, a practical analogy is that if you want to know how much water you put into a tank between 2 and 3 PM, you will need to subtract off what was there at 2 PM from the final value at 3 PM. If we don’t know when we are starting and ending, we use an indefinite integral, about which more in a little bit.




Computing Integrals

Integrals often look a little strange upon first glance. Integrals are shown as a lengthened letter “S”, which you can think of as reminding you that you are summing everything inside. (Historically, it was just how the letter was written in Newton and Leibniz’s time — check out handwritten items from the 1600s.) For example, the definite integral

∫abf(x)ⅆx

would be read aloud as “the integral from a to b of f(x) with respect to x.” Or, to think about it another way, we want to sum up the area under the curve f(x), adding up from one endpoint (x=a) to another (x=b).

The "dx" is usually written at the end, to act as sort of a bracket along with the integral sign. Some disciplines, though, like high-energy physics, like to write the dx first. This isn’t “wrong,” but reflects a slightly different way of thinking about it. Sometimes, instead of just “a” and “b”, people will write out x = a to be clearer, but it can get cluttered and that’s not the most common convention. People talk about what is between an integral sign and the dx (or dt, or d-any-other-variable) as being “in the integral” or “under the integral sign” although that isn’t what one sees looking at the symbol. (“Under the integral” can also mean an integral inside another integral.)

Now let’s see how we would write what we did with our LEGO bricks in the last section, where the red curve represented f(x)=x. In all three cases, b = 5. The lower limit b was 0 for the first case, 3 for the second, and -2 for the third. The integrals for the three cases would be written like this:

∫05xⅆx∫35xⅆx∫−25xⅆx


Indefinite Integrals (Antiderivatives)

In Chapter 4’s section on derivatives of powers of x, we learned that the derivative of f(x)=x2 is just 2x. Since taking a derivative and integrating are inverses of each other, it stands to reason that if we integrate f(x)=2x, we will get x2. Or alternatively, if we integrate f(x)=x, our integral will be x22.

We can write this in general as

∫xⅆx=x22+c

You can see that we added a “+ C” to our answer, and we have not specified a beginning or endpoint. This is the indefinite integral, or antiderivative. Why do we need the + C? If we take the derivative of a constant, it adds zero to the total. We lose information when we take a derivative, since it just tells us how a curve is changing between two points. If we take the integral of f(x)=x2 or f(x)=x2+10, we get the derivative equal to 2x in both cases.

To put it in a more concrete way, if we are filling a tank so that the level of water rises one inch a minute, we can’t tell if we are filling an empty tank or one with 100 inches in it already just by knowing the derivative (rate of filling).

However, we do have the values at the end of the integrals for our cases in the last section. Let’s try computing our three brick cases with the formula for the integral of f(x)=x.

∫05xⅆx=522−0=12.5∫35xⅆx=522−322=8∫−25xⅆx=522−(−2)22=10.5

What is going on here? That’s not the answer we got with our bricks (Table 6-1). The problem is that our little brick demonstration is really approximating the integral between the two bricks of the original (red) curve. You may have noticed that we always place our brick curve and derivative offset by half a brick from each other. There isn’t any good way to show fractional bricks. What we are really seeing is the integral at a value halfway between the number represented by each brick (Figure 6-5), or

5.522−(−0.5)22=155.522−2.522=125.522−(−2.5)22=12

[image: The same walls as Figure 6-1, as viewed from above. An axis along the base of the columns of bricks has been drawn in, with numbers centered on the center of each red brick. Columns in the yellow wall representing the integral fall between numbers, so that they begin at one number and end at the next, with their centers aligned to half values.]
FIGURE 6-5: Top view of the case in Figure 6-3, showing the middle of each brick on the original curve (red) lining up with x−0.5 on the left and x+0.5 on the right


In this particular case, we used a point 0.5 below the first value and 0.5 above the last value to compute a numerical value. Figure 6-5 shows why that is. This example shows the curve and integral in Figure 6-1, with the beginning and end of the integral marked. The curve is going from x = 0 to x = 5. You can see that, including the “stack” of zero bricks centered at zero on the number line, we are actually counting up bricks starting from -0.5 and going to 5.5 on the number line in Figure 6-5.

You may recall that in earlier chapters, we warned that we had created special cases that happened to work out to whole numbers for our brick models. Because our original curve was a straight line, our approximate value falls exactly between our whole-number original curve values, but this will not be the case for all functions. In general, brick results will only be approximate because of these issues, but the overall concept remains valid. In Chapter 8, we’ll show you some ways to narrow this window down further when calculating derivatives and integrals numerically.

If you recall our discussion of the Mean Value Theorem in Chapter 4, you will be able to see why we need to use these values that are offset by 0.5. This is also why we offset the integral stacks by half a brick from those representing the original curve when we build the brick models. Of course, as the Mean Value Theorem tells us, the offset won't always be exactly 0.5, but the answer will be correct at some point between the two values.

If we were to graph the integral of f(x)=2x, as we did in Chapter 1, we can use an offset of 0.5 to graph the odd-numbered points on the curve (1, 3, 5, 7) in Figure 6-6, and then the integral values will fall on the even boundaries and indeed be squares (1, 4, 9, 16) since their centers also fall on integer values, as labeled in Figure 6-6.

[image: A new pair red and yellow walls with another overlaid number line. This time the centers of the red columns fall on the half values of the number line, and the yellow columns' centers are aligned with the whole numbers.]
FIGURE 6-6: Curve of f(x)=2x[red,1,3,5,7] and its integral (yellow, 1, 4, 9, 16)





Area Under a Curve

It is probably obvious, but still worth saying, that our brick examples are telling us that an integral is the area under the original curve. If we have only part of a curve, we can still get the area under part of it by subtracting the integral values at the beginning and end of a curve, as the second part of the Fundamental Theorem tells us.



Area of a Region

Suppose, though, that we have a situation not quite as tidy as the one in the previous section, where we could construct cross-sections that were rectangles that we could neatly add up. Suppose instead that we wanted to evaluate the area bounded by two curves, like f(x)=x2[red] and f(x)= 5−2x2 (blue) for −1≤x≤1 (Figure 6-7). You can see the overlap (which extends beyond where we are going to compute it).

[image: An upward-opening parabola is filled in red. A downward-facing one is filled in blue. The overlap interior area, roughly shaped like an oval with points on the long sides where the curves cross, is shaded in purple.]
FIGURE 6-7: Area between two curves


We could integrate each of these separately, and subtract one from the other, being careful about signs. Or we could just integrate f(x)=5−2x2 −x2=5−3x2. Try this out and see if you get the same answer each way. Note that for this example, we have to be careful to keep x within a range in which the two curves do not cross. Beyond those points, the difference we calculate will give us a negative number, so we would be adding negative area to our total. Depending on what you are trying to accomplish by thinking about the area, this negative area might not make any sense, and you might need to just ignore those sections instead.



Computing an Average

One application of integrals is finding an average of a complicated curve. If the integral adds up the area under a curve, then to find the average value of the entire curve over some interval, we just have to divide the definite integral by the length of that interval. The average value of f(x) can be written this way:

Average⁢ of⁢ f(x)⁢= 1b−a∫abf(x)ⅆx


THE MEAN VALUE THEOREM, REPRISED

In Chapter 4, we introduced to the Mean Value Theorem. We learned that the value of the slope of the tangent to a curve — the curve’s instantaneous slope — is also the value of its derivative at that point. We used that in Figure 4-7 to deduce that if we have two points on a curve, a and b, the slope of the line connecting a and b must be equal to the derivative at some point c between them. This is usually written

df(c)dx=f(b)−f(a)b−a

The right-hand side of this equation can also be thought of as the average slope of the curve between the two endpoints, or the average of the derivative of the curve between those points. Another way to think about the Mean Value Theorem is to say that the curve will have a derivative equal to the average slope at some point.

If the curve is a straight line, the derivative will be a constant, equal to the slope of the line. If the derivative is not the same everywhere, it must have values both higher and lower than the average slope. If the derivative is continuous, though, there will be some point between a and b where the derivative is equal to the average. We can’t tell which point exactly, but it gives us some bounds on the behavior of the curve. If you think of points a and b getting closer together, eventually the tangent and the line connecting points a and b become the same thing (and their slopes are equal to the derivative value at that point).

Can we use some similar reasoning for integrals? In the last section, we saw that we can express the average of a function in terms of its integral. There should be a point c where the value of f(c) will be equal to its average over the interval between a and b. However, c can be anywhere between a and b, not necessarily halfway between. This is the Mean Value Theorem for integrals:

1b−a∫abf(x)ⅆx=f(c)

Being able to come at a useful theorem two different ways is a good way to see that all the ideas are consistent. The Mean Value Theorem lets us think about derivatives as the instantaneous slope of a curve, and translating it to integrals as well lets us tie in the Fundamental Theorem. It has also played a part in proving many other powerful theorems, such as the Fundamental Theorem itself, as well as L’Hôpital’s Rule.


Let’s try it out with f(x)=x from x=0 to x=4. The answer should be that the average is 2.

Average⁢ of⁢f(x)=1b−a∫abf(x)ⅆx=14−0∫04f(x)ⅆx=14(422−0)=2

If this is confusing, think about how you would find the average of a list of numbers, like 1, 2, 3. If we add them up and then divide by the number of numbers, we would get 1+2+3 = 6, and dividing by 3 gives us an average of 2, which is correct. This works because each number in the list counts as one value, but when you average a continuous function, you have to sample the function in some systematic way. You get a bigger set of samples and a higher total, so you need to divide by the number of samples.

We are just doing the same with our integral, but we are breaking the curve into a (nearly) infinite number of (nearly) infinitely short segments, each with a length of dx. As usual, dx is a value that is so small that the value of the curve over that length can be considered to be constant. So if we are averaging the values of f(x) from x=a to x=b, we are totaling up b−adx pieces and dividing the total by b−adx. In the Mean Value Theorem, Reprised sidebar (earlier in this chapter), we can see an application of this as well.



3D Printing Integrals

In the last two chapters, we looked at 3D printed models that were pairs of either a curve and its derivative, or a curve and its indefinite integral. If we think of it as a curve and its integral, we had to pick one value of the + C constant to be able to print it. For the derivativeintegral.scad model shown in Figure 6-8, the curve, f(x)=x, is parallel to the ground. Its integral, shown vertically, is x2/2+ + C. We picked the constant equal to zero, so that the integral value would start at zero. If you think of the curve increasing steadily with x, with positive f(x) toward you, you would expect the area under it to be proportional to x2.

[image: A 3D printed right-angle model showing a curve and its integral. The curve is a diagonal line with a positive slope, and its integral is an open-upward parabola.]
FIGURE 6-8: Curve and integral


Suppose, though, that the curve we are integrating has negative values. We can take area away just like we can add area; you can think of it as cumulative assets over time. Sometimes you might make money, and sometimes have a loss; the integral would be the sum of your profits and losses over some defined time period.

Let’s say our function is a negative-slope straight line that starts in positive territory (Figure 6-9). In this model, the cumulative area under the function starts out at zero (implying a + C offset since our function started off above zero). The integral reaches a maximum where the function goes through zero, and turns downward when it crosses into negative values. If this continued, the integral would eventually go negative as well, but we ended our model before this point to keep it easy to print.

[image: Another right angle derivative-integral model. This one has a diagonal line sloping downward, and its integral is a downward-open parabola.]
FIGURE 6-9: Integral of curve with negative slope


The model in Figure 6-8 is the same as that in Figure 4-2, and the model in Figure 6-9 is the same as that in Figure 5-2. This helps make our point that you can use the same models to think about function/integral pairs and derivative/function pairs. Parameters to create these models where they appear in earlier chapters. These models can be constructed with paper instead of 3D printed, as described in Chapter 4.

If you are creating an integral/derivative pair with derivativeintegral.scad, the integrated function (with an appropriate + C) will be f(x), and the original function, d(x).



Integrals of Powers of x

What about all powers of x, though? In Chapter 4 we found that

df(xn)dx=nxn−1

Think about how to take this backwards to start at a derivative and find what function would generate it (or, in other words, to integrate). If taking the derivative of xn involves dropping the power of x by 1 and multiplying by n, it follows that integrating (to get back to the same place) would raise the power of x by 1 and divide by the new exponent. Indeed, this is the case:

∫xn−1dx=1nxn+c

However, a new problem arises that we didn’t have in the derivative formula. What happens when n = 0? Or to put it another way, what is the integral of x−1, otherwise known as 1/x? Anything raised to the zero power is 1, so if we try to think about inverting the process of taking the derivative of x0=1, we get a derivative of 0. So that doesn’t get us to an integral of x–1. It turns out that this is an exception, and we can more correctly write a pair of equations:

∫xn−1dx=1nxn+c,for⁢  n⁢  ≠0, and∫x−1dx−In(|x|)+c,x≠0
Where ln(x) is the natural log of x, the logarithm of x based on Euler’s number, e, which we introduced in Chapter 4. The derivative of ln(x) is indeed 1x so the Fundamental Theorem remains valid. Note that since ln(x)is only defined for x>0, and in addition we can’t divide by zero, we need to have additional constraints on the n = 0 case. The vertical lines around x in the second integral mean absolute value of x.

One thing that might feel a little strange is that you need to think about an equals sign a little differently in calculus than you might have in algebra. Although the two sides of an equation are in fact equal, the intent is that you read them from left to right. It might help to think about an equals sign here as the word “becomes” rather than as something that shows two sides are equal and that you can do the same things to both sides. It is showing transformation more than equality. Sometimes you lose information during this transformation, as when you take a derivative and need to add a constant if you reverse the process by taking an integral. The process is one-way, like baking, sort of, in that original ingredients are there and in principle you could extract them, but information has been lost or gained.

Note that this formula for integrals applies to powers that are not whole numbers. A square root, for instance, can be expressed as raising the quantity under the square root to the 1/2 power. Since you are adding or subtracting 1 to the power (depending on whether you are integrating or differentiating) you will always have a square root in your answer, too. Less-predictable things happen for other non-integer powers, and you will see pages of entries for special square-root cases that come up in integrals. When we talk about integrating by parts in Chapter 13, we will talk about ways to wrangle our way around some of these special cases.



Integrals of Sine and Cosine

As we saw in Chapter 4, sines and cosines are derivatives of each other (with signs to keep track of). If we were to create the model shown in Figures 4-8 and 4-9, and just rotate it the opposite way (Figures 6-10 and 6-11) we would be integrating.

[image: A right-angle cosine and sine model, with the cosine visible.]
FIGURE 6-10: A cosine function


[image: Same model as in Figure 6-10, rotated to make sine visible.]
FIGURE 6-11: Same model as Figure 6-10 rotated 90 degrees toward the viewer


Turning the top of the model towards you 90 degrees at a time gives subsequent integrals of integrals. There is a catch for integrals, though. If we start off with a cosine curve and turn the model 90 degrees toward us, we get a sine curve. That is as it should be, because

∫cos⁡(x)=sin⁡(x)+c

However, if we were to turn the model once more in the same direction, to integrate the sine wave, we would get a negative cosine wave.

∫sin⁡(x)=−cos⁡(x)+c

That curve starts at -1. If we add up the area under a sine curve, though, it starts out at zero. We solve this by adding -1 to the integral to sync things up. This will take care of itself if we evaluate a definite integral, but one has to be careful of the + C term when figuring out an indefinite integral to analyze a real-world problem.

We printed the sine and cosine curves shown in Figures 6-9 and 6-10 with the same amplitude, but if we were plotting sin(ax) (multiplying x by a constant, amounting to changing the frequency of the wave), the integral would be

∫sin⁡(ax)=−1acos⁡(ax)+c

and similarly, the integral of cos(ax) is

∫cos⁡(ax)=1asin⁡(ax)+c

You would need to scale the model appropriately. As in Chapter 4, we printed out the model shown in this section with a=1 to enable rotation in both directions without scaling. See Chapter 4 for the details on printing the model, and experiment with turning it both directions to get an intuition for both the rate of change of the curves and their integrals.



Integrals of Exponentials

In Chapter 4, we saw that the exponential function, f(x)=ex, is its own derivative. Therefore, it is also its own integral (with, as always, a constant offset).

∫exⅆx=ex+c

If the exponent is multiplied by a constant, it multiplies the result, as you might expect. If the constant is negative, the curve is decreasing steeply, and there will probably be some constant offset that reflects the initial value of the system before it started changing.

∫eaxⅆx=1aeax+c

If we make a = 0.5, we have exactly the same case as Figure 4-13.

It is a different story, though, when a is negative. That is a decaying exponential: as x gets bigger, the value of the function gets smaller. The integral accumulates progressively more gradually. You can see this in derivativeintegral.scad by using the Customizer pulldown menu to select "e∧(−2*x)/−2+.5". This will then (automatically) use the functions:

function⁢ f(x)=−exp⁡(−2*x)/2+0.5;function⁢  d(x)⁢ = exp⁡(−2*x);

We added a “+ C” of 0.5 to this indefinite integral to make it start at 0. Use the Customizer to set

x⁢min⁡:0x⁢max⁡:2

and leave other variables at their defaults. The resulting model is shown in Figure 6-12.

[image: Right-angle model with decaying exponential, which is approaching zero, and its integral, which rises quickly from zero at first, but rises more slowly as the value of the original exponential gets smaller.]
FIGURE 6-12: Decaying exponential function (pointing toward you) and its integral (pointing up)




Application: PID Controllers

It is probably clear that integrals are useful when we are adding up something, as we noted with the example of pouring something into a container. However, there are many more abstract uses as well. Many complex mechanical devices use Proportional Integral Derivative (PID) controllers. Devices like servo motors, self-balancing vehicles, and the heaters in 3D printers’ hot ends all often use PID controllers to control a position, angle, or temperature. Usually controllers are trying to keep the measured quantity near a desired value, called the setpoint.

To understand what PID controllers do and why they are so useful, you first need to understand the simpler alternative, known as a bang-bang controller. Let’s use a temperature controller as an example. A bang-bang controller would read the temperature from a sensor, then do a simple test. Is the temperature lower than the setpoint? If the temperature is lower, it turns on a heater to raise the temperature. If the temperature has reached the setpoint, the heater turns off so that the temperature will stop rising. The temperature will then begin to drop because heat is being lost to the environment, and the controller will turn the heater back on to maintain temperature. It is called that because all it can do is turn off and on, with nothing in-between.

The thermostat in your home probably uses bang-bang control. Not only that, but the controller has a “dead zone” of temperatures where it won’t turn the heater (or the air conditioner) on or off. Temperatures within this range are considered close enough, and switching the heating and cooling on and off within this range would just drive up your energy bills without being noticeable. The dead zone also protects the controller from overreacting to random fluctuations. Your thermostat’s sensor might get a bit hotter or colder momentarily if there’s a breeze from someone opening the door to come or go, but the whole house’s temperature does not change that quickly, and will even itself out in a few minutes. If you turned on the heater the moment the door opened, the temperature would overshoot, and it would get too hot.

These systems usually have some kind of transient fluctuations or noisy data. They also have what an engineer would call delay — that is, the sensors do not immediately see the effects from changing the controller’s output. When your heater turns on, it gets hot right in front of the vent quickly, but the rest of the house takes time to warm up. Putting the sensor right in front of the vent would leave the rest of the house too cold. Putting it far away means that some areas get warm faster than the sensor can detect, and the system will overshoot the temperature you set. For your house, this little bit of fluctuation is fine, but some systems need more precision than this. They need some ability to predict changes, and adjust based on expected future values. This is where PID controllers come in.

PID controllers add together three numbers to create a signal that tells a system how to adjust whatever the controller is managing. These are called the proportional, integral, and derivative terms (Figure 6-13). These are proportional to the current value of (say) temperature, its integral, and its derivative. The PID controller will tell the control system to make a change based on a weighted mix of these three terms:

Temperature⁢ change⁢ (future)=Kp*Temperature⁢  difference⁢ from⁢  setpo⁢int⁡ + Ki*Integral+Kd*Derivative

[image: A flowchart of PID controllers. The device being controlled generates a signal, which is subtracted from a desired setpoint. This difference is then piped to three different branches. One branch multiplies the value by Kp. Another branch uses the difference to update an integral, then multiplies the integral by Ki. The third branch uses the difference to update a derivative, then multiplies that derivative by Kd. The results of these three branches are then added together. This sum feeds back to the device being controlled, and the process repeats.]
FIGURE 6-13: The PID controller


Each of these terms is tweaked by multiplying it by a number called its gain (Kp, Ki, and Kd in the preceding equation) to weight the terms differently, based on experiments or experience with this sort of controller. If all goes well, they add up to make the quantity being controlled reach the desired value quickly and smoothly, while keeping overshooting and oscillation to a minimum, as the environment around them changes.

The proportional term is like a more nuanced version of the bang-bang controller. The proportional term lets the system have more than just “too hot” or “too cold” as an input. If the temperature is a lot lower than you want it to be, it turns the heater on full-blast, just like a bang-bang controller would. When the temperature gets closer to the target though, it reduces power to the heater so that the temperature will rise more slowly. For some systems this is enough to solve the problems with a bang-bang controller.

The problem with a well-tuned proportional-only controller, though, is that the temperature will get closer and closer to the setpoint, but will never quite reach it. We say well-tuned, because in addition to a target temperature, a proportional controller also needs a gain setting. If this is tuned too low, the temperature will rise too slowly (following an exponential decay curve), and take a long time to get anywhere near the target temperature. If it’s too high, the controller acts like a bang-bang controller, overshooting and oscillating around the setpoint (settling into a roughly sinusoidal pattern). The proportional gain setting in a PID controller is referred to as Kp.

The PID’s second term tries to correct for this undershoot. By adding up the error over time, the controller can track the integral of the error. If the temperature has been way too low, or a little too low for a long time, it knows that it’'s not providing enough heating power, and can raise the temperature. This requires a second gain setting, referred to as Ki, which controls how much extra heater power to add based on the integral of the error. In the case of an overshoot, of course, the integral would begin to decrease, and eventually go negative. The proportional and integral terms, multiplied by their respective gain settings, are added together, and one might partially cancel the other if one is positive and the other is negative.

A controller that only uses the P and I terms can solve the problem a P-only controller has of never reaching the target temperature. The new problem is that the integral term can get really big when you start trying to heat a cold room, or if you change the system’s target temperature before the system can catch up. This, again, can cause overshoots. You could just set Ki really low to prevent this, but then you lose most of the advantage. It still takes a long time to reach the target temperature. That’s where the derivative term comes in.

The third part of the controller is the derivative controller, and it too has its own gain setting, Kd. The derivative part of the controller monitors how quickly the temperature is changing. If the temperature is near the setpoint and rising quickly, you can predict that it’s about to overshoot. The Kd parameter can be tuned to reduce the power when the temperature is rising too quickly, and add power when it’s falling quickly, to help the temperature stabilize faster.

Other types of devices using PID controllers, like motors trying to hold a position or balance a vehicle’s rider, may not have the same delay to deal with, but they do have to contend with momentum. Once you get the motor turning or the rider tipping, you may need to stop powering the motor early or give it some power in the other direction to keep it from turning too far.

You might wonder how we would know the equations for the derivative and integral. We do not — but we can compute them based on data. Starting up a system like this obviously takes some thought, too. Philosophically, it’s not that different from how we created derivatives and integrals from LEGO bricks in Chapter 1.



Experiments to Try

Now that you have seen examples of various types of integrals, you can use derivativeintegral.scad to test out your ability to compute various integrals. First try out computing a definite integral manually. Then, you can use OpenSCAD to see if you computed the equation for the integral correctly. Remember that to check an integral, custom_d(x) is the original function, and custom_f(x) is the integral. xmin and xmax are what we were calling a and b, respectively. For example, this is what these changes would look like for the model in Figure 6-12, had we used a custom function for it.

function⁢  custom⁢−f(x)=0.5+(−1/2)*exp⁡(−2*x);function⁢  custom⁢−d(x)=exp⁡(−2*x);x⁢min⁡=0;x⁢max⁡=2;

You will need to pick reasonable values of xmin and xmax so that the model is not tiny or enormous, if you plan to actually 3D print it. As we discussed in Chapter 4, if your calculations are correct, the blue and pink models should overlap completely (Figure 6-14). You can 3D print these models, print them on paper (Chapter 4), or just check them out in OpenSCAD.

[image: Image]
FIGURE 6-14: OpenSCAD curve and derivative models overlapping correctly




Chapter Key Points

In this chapter, we learned a lot of different ways to accumulate quantities. We introduced the idea of definite and indefinite integrals, and we focused on their intuitive meaning and a bit about how to compute them. We learned the second part of the Fundamental Theorem of Calculus, which allows us to get a numerical answer for an integral when we know the endpoints. We also saw specific examples of how to compute simple integrals (for powers of x, sine, cosine, and exponentials). We also learned about useful applications of integrals, like finding the area under a curve, and the average of part of a complicated curve. Finally we saw that the concepts in the last several chapters can be combined in PID controllers, which are used to manage many useful devices.




Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Antiderivative

	•  Definite integral

	•  Indefinite integral

	•  Integral, ∫ ( . ..) dx

	•  PID controller
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7 INTEGRALS AND VOLUME

In the last chapter, we introduced the basics of computing integrals, along with simple examples that mostly looked at applications like area, which are computed in two dimensions. In this chapter, we move up to looking at integrals to compute the volume of a 3D object. We have already seen that you can use an integral to calculate the area under a curve.

If we would like to check our calculations by measuring the area, there are not very good physical ways to do that. There are a lot of physical ways to measure volume, though. Since an integral can be used to compute the area under a curve, it follows that we can also use them to figure out the volume of a solid. There are several different ways to do that, and we will review a few of them in this chapter.

First, we look at special cases that let us treat a 3-dimensional problem more or less like a 2D one, by exploiting some symmetries. Then we generalize a little to show how to create a volume if one or two of its dimensions are each a function of the third dimension. Finally, we look at finding volume under a general surface.

As we did with the second chapter about derivatives, we will also introduce a few of the more algebra-heavy techniques in this second integration chapter. If you want to stay at the more conceptual level, you can take our word for it on the calculations and focus on trying out and playing with the models. If you are reading this book along with or ahead of a traditional course, you might find the bridge between the intuitive approach and the algebraic one useful.


MATERIALS


	•  Way to drip water into a container accurately (lab wash bottle, or other squeeze bottle with a small opening, eye dropper, etc.)

	•  Postal or laboratory scale capable of measuring tenths of a gram or better

	•  A one-cup (or smaller) measuring cup or graduated cylinder, marked in ml or cc

	•  About half a cup of sand, small pebbles, etc

	•  Some thin wire or a few straightened-out fine paperclips



3D PRINTABLE MODELS

The following 3D printable model is used in this chapter (instructions on how to download models are in Chapter 3).


	•  coneOfCylinders.scad Creates a cone made of cylinders

	•  derivativeintegral.scad Creates right-angle derivative/integral models, with an option to create models with fillable volumes (See Chapter 4 for detailed instructions.)

	•  obliqueCone.scad Creates a cone tilted at an angle

	•  revolution.scad Creates a generalized volume of revolution

	•  simpleCone.scad Creates a simple cone

	•  triangleMeshSurface.scad Creates a surface whose height, z, is a function of x and y (See Chapter 3 for detailed instructions)

	•  volumeintegral.scad Creates a model of a volume produced by multiplying two functions, both of which are a function of height



3D COORDINATES

To this point we have only talked about one variable (x), and functions of it (f(x)). Of course, the physical world is made up of three dimensions (four, if you count time). If one variable is a function of another, say, if y is a function of x, f(x)=x2 is equivalent to y=x2. In this chapter, we will begin to use those two forms somewhat interchangeably. If we move to three dimensions, we might have a third variable, z, which might be a function of x and/or y.

The convention on a 3D printer is that x and y are in the plane of the build platform, and z is the vertical dimension (Figure 7-1). OpenSCAD uses this convention as well. The common coordinate system with x, y, and z at right angles to each other is called the Cartesian coordinate system (after René Descartes, who is credited with its first use). All three variables are equal to zero at the point where the axes cross.

[image: A 3D printer with an empty build plate and axes superimposed. The X axis points from left to right along the buildplate, Y points from the front toward the back of the buildplate, and Z points upward from the buildplate.]
FIGURE 7-1: The Cartesian coordinate system


A final thing to note which is particularly important for this chapter is that the 3D printer’s convention of z being in the vertical direction is far from universal. You might need to rotate a model to some orientation that has nothing to do with its mathematical axes to print more easily, as we reviewed briefly in Chapter 3.

Typically, in a one-dimensional problem, the single variable will be called x, regardless of where that direction happens to point in physical space, if the variable is tied to something physical at all. If you have a second dimension dependent on the first, to this point we have just called that f(x) and will either call it that, or y, in this chapter. When a third variable comes along that is a function of the first two, we will call that z(x,y). You can see an example in Figure 7-2, where we have an x-axis pointing downward so that we are consistent with other cones we talk about in the chapter.

In a Cartesian coordinate system, the axes are straight and orthogonal to one another, which means that they cross at right angles. In Chapter 11, we’ll show you some alternative coordinate systems in which one or more of the axes is curved into a circle, which can be more convenient for certain types of problems.




Volumes of Revolution

In a continuous function, we can think about “instantaneous increments to the sum” like the flow of water filling a volume. For convenience, we might split integrals into strips or some other unit to compute, then let those strips, disks, rings, or whatever go infinitely thin. We will start off this chapter with a look at one of the simplest of these techniques, called creating volumes of revolution.

Volumes of revolution are created by sweeping out a 3D shape with a curve (or, to get started, a straight line). We define a curve and sweep it around an axis to enclose a volume. For example, imagine that we are holding one end of a rope. The other end is tied to the top of a pole and we are pulling it taut so that it forms a straight line. If the rope is free to turn and we walk in a circle around the pole (staying a constant distance from the pole’s base), we trace out a cone-shaped volume.

First, we walk through computing the volume of a cone. Then, since you might wonder why we’re getting so excited about being able to compute the volume of just one solid (even if it is an interesting one) we show that this technique generalizes to (almost) any curve that’s swept around a central axis.


Volume of a Cone

Let’s start with a cone with the x-axis going down its center. (Figure 7-2). We can imagine it was created by swinging a rope pinned at x = 0 and y = 0 around the x-axis. (Check out the “3D Coordinates” sidebar for coordinate systems conventions.) We can see that if we took a straight line of slope R/h and cut it off at x = h, the radius at the cone’s base would be R.

[image: A cone. Its point is at the origin, and its axis along the x-axis. A notation halfway along its axis notes that its radius is half its maximum value at half the height of the cone.]
Figure 7-2: Creating a cone-shaped volume of revolution


This is really a 3D object, but the symmetry of the cone around its axis lets us cheat and only worry about two dimensions.



Method of Disks

Now imagine that we split a cone up into a lot of little stacked cylinders, or disks (Figure 7-3). As these disks get shorter and shorter, we will approach a perfect match for the cone. The volume of each of these disks, as we go along the x axis in Figure 7-3, is their height (which will become a tiny increment, dx, as they get smaller) times the area of the base of that cylinder.

[image: Cones approximated by various numbers of cylinders of decreasing radius piled on each other. With just three disks, the shape is only approximate. It is better as the disks get thinner. We show a continuous cone at the end of the sequence of four cones.]
FIGURE 7-3: Successive approximations of a cone with discrete disks


As we go from left to right, we see the cone approximated by three cylinders, then six, then 24. On the far right in blue is a 3D print of the cone they are approximating. We can see that we get closer and closer to the cone as the disks get smaller. Of course, because the printer prints in layers, it too is actually approximating the cone with a series of much smaller cylinders, but they have become so small that the model looks smooth.

How close is the total volume of this stack of disks, compared to the cone? The volume of the one with three disks is very far off — the first disk, one-third the height of the cone, is the same volume as the entire cone. The other two are (1/3)2 and (2/3)2 of the volume of the whole cone, so the stack of three disks has a volume 1 5/9 that of the cone. This way of splitting up an object into disks and adding up the volume of the disks is often called the method of disks. Clearly we need to have as many disks as possible for the approximation to be useful.

If you would like to print them out, the models in Figure 7-3 were generated by the file coneOfCylinders.scad with 3, 6, and 24 slices; the respective STL files are coneOfCylinders=3.stl, coneOfCylinders=6.stl, and coneOfCylinders=24.stl.



Cavalieri’s Principle

Another insight that we can get by looking at the pile of disks is that the volume would stay the same if we were to shift each of those disks over a little, to make an oblique cone instead of a right one (Figure 7-4). The two cones in Figure 7-4 have the same volume as each other. The oblique cone has its top offset 30 mm from the center of its base, and is generated by the OpenSCAD file obliqueCone.scad, with an STL file obliqueCone.stl. The simple cone is available in the files simpleCone.scad and simpleCone.stl. For both prints, each layer was printed as a circle. Only the alignment with the previous layer changed.

[image: A cone, and a cone with the same base and height, but with its top pulled off to one side.]
FIGURE 7-4: Oblique and equivalent right cone


It turns out that as long as you keep the base area and height the same, the volume will stay the same for any pyramidal structure. You can think of a cone as a pyramid with infinitely-many sides. This is called Cavalieri’s Principle, which has a more formal definition for objects that meet a few criteria, as follows:

If we have two objects that we can place on a table and orient so that they have the same height, and if they each have the same cross-sectional area at every height above that table, we know that the volumes are the same.

We can see this in Figure 7-4, for example, where a plane parallel to the ground at any height would cut circles of the same size from each of the cones. Or, we can think of it even more simply with a stack of pennies (Figure 7-5). If some of the pennies are pushed around, the total volume of the pennies in the pile will not change.

[image: Two stacks of pennies. One is a straight, tidy pile, while the other has each penny offset from the last, so that the stack curves to one side.]
FIGURE 7-5: Two stacks of pennies


If you would like a more general discussion of Cavalieri’s Principle and the relationships among the volumes of various solids, you might want to check out our 2021 book, Make: Geometry. In the chapter about volume, we discuss the ratios of various radially-symmetric shapes based on their radii and heights, and talk about when you can also use Cavalieri’s Principle to predict the volume of a complicated shape based on a simpler, equivalent one. You could try pushing the 3D printed cones in Figure 7-4 under water in a measuring cup and see if they displace the same volume, although it might be tricky since the prints will float with any reasonable infill settings.




Calculating with Method of Disks

So far, we have gotten away without writing out an integral for this volume, but let’s do the algebra to see what creating a volume of revolution looks like. For a cone oriented like the one in Figure 7-2, we will be adding up these infinitesimal disks. Each disk has a volume equal to its base area A(x), times its infinitesimal height, dx. To get the total volume, add up these disks from the point of the cone (at x=0, where the area is also 0) to the base (x=h, where the radius is R and the cross-sectional area is πR2).

The radius of the disks changes linearly from zero at the cone’s point to R at its base. The distance we travel along the cone from the point to the base is h. Therefore the radius at any particular point is Rxh. The integral, then, looks like this:

Cone⁢  Volume⁢ =∫0hA(x)⁢dx=∫0hπ(Rhx)2dx=π(Rh)2x33|0h
Where A(x) is the cross-sectional area, proportional to x2, h is the height of the cone, and R is the maximum radius of the cone at the base where x=h. Note that the symbol "|h0" means that we should evaluate our answer in the x-dimension at x=0 and x=h. When we do that, we get

Cone⁢ Volume⁢= π(Rh)2h33−0=π3R2h

The final answer is the familiar formula for the volume of a cone, which is one-third of the base area (πR2) times the height. In Chapter 11, we will introduce an alternative way of slicing up a cone, called Method of Shells.



Volumes of Other Solids of Revolution

You can make a lot of different volumes by sweeping a curve along a defined path, and the concept comes in handy quite often. The curve you are moving (like the straight line to create the cone) is called a generatrix, or, sometimes, a generator. The path that defines the motion (like the circle that forms the base of the cone) is called a directrix (Figure 7-6). We could also think of the line down the center of the cone as the directrix, and a circle of steadily-increasing radius as the generatrix. Thinking about whether you can create a solid in this way might suggest means to find its volume by the techniques in this section, if the solid can be created in this way at all.

[image: A cone. Its point is at the origin, and its axis along the x-axis. A wedge has been taken out of it from tip to base. The line running along the edge of this slice, from the tip to a point on the perimeter of the cone's base, is labeled “generatrix.” An curved arrow following the circumference of the base shows rotating this line about the point of the cone to sweep out the cone. This curved arrow is labeled “directrix.”]
FIGURE 7-6: Generatrix and directrix


Now think back to how we found the equation for the radius of each disk when we used the method of disks to compute the volume of a cone. We saw that the area of each little disk would be the radius of the cone at that point squared times pi, like any other disk, and to get volume we multiplied by the thickness of each disk d(x). The exciting point here is that the straight line is not special. In that case we had the radius of each disk equal to

f(x)=Rxh

and the volume of the cone was the sum of all these disks, as the radius of them varied as we integrated (added them up) along the axis of the cone.

The process we used for the straight line applies to other curves, too. We slice the volume up into disks, and add them up. Instead of increasing linearly, they can vary arbitrarily, as some function of x (as long as we are creating a smooth volume of revolution). Also, instead of integrating from x=0 to x=h, the height of the cone, we can also integrate from one arbitrary point on the curve to another. So the volume inside a solid of revolution is

volume⁢= ∫abA(x)ⅆx=∫abπ(f(x))2dx

And thus is not limited to just cones generated by straight lines. You can compute the volume under any curve (with a few restrictions we talk about in the next section) when it is swept around the axis of rotation. Imagine the solids we 3D print in the next section split into a pile of disks, as we did in Figure 7-3 for a cone, to help you internalize this.



Revolution Models

The model revolution.scad lets you visualize the shape generated by sweeping the area under a curve. The shape is printed with a hole down the center, so it has to be a function that does not get too close to zero. Like the cone in Figure 7-6, your curve might start at zero, but it needs to get away from zero fairly quickly. Otherwise, a significant part of the shape might not be printable. In fact, if the curve were to drop below zero, not only would the print be disconnected, but that part of the shape would technically be negative volume.

To see what a cone looks like generated this way, you can create one with these parameters (Figure 7-7):

[image: A 3D print consisting of a cone and a separate piece shaped like a line running along the cone's side to its base, then along the base to its center. A wire runs through the center of the cone, pinning the ends to the line to it, so that it can be swept around the cone, following its surface.]
FIGURE 7-7: Cone


   function f(x) = x;
   xmin = 0;
   xmax = 2;

You will need to connect the two pieces comprising the model with something like a bit of thin wire or a straightened-out fine paperclip. Imagine that the area under the curve to the center is solid and sweeping through the model. The equation for the volume of this cone would be:

Volume=∫02A(x)ⅆx=∫02πx2ⅆx=πx33|02=8π3=8.38

The model revolution.scad scales all dimensions by the variable xunit, which is the number of millimeters each unit in x represents. In this case, it was set equal to 30, so we need to multiply our answer by (30⁢ mm)3, which is 27,000⁢  mm3, or 27 cubic centimeters. Thus the volume of this model is about 226 cubic centimeters.

Next, in Figure 7-8 we see what happens if we sweep out an exponential function from -2 to 0. To do that, set the model’s parameters as follows:

   function f(x) = exp(x);
   xmin = -2;
   xmax = 0;

[image: Another 3D print like the previous figure. Instead of a straight line from the cone's tip to its base, this one is shaped like an exponential curve. The resulting shape 3D shape inside flares outward, like the end of a trumpet.]
FIGURE 7-8: Exponential volume of revolution


The equation for the volume of this solid of revolution would be

Volume⁢=∫abA(x)dx=∫−20π(ex)dx=∫−20πe2xdx=12πe2x|−20=1.57−0.0029=1.54

Remember that if we square an exponential, we just multiply the exponent by 2. To get it in cubic centimeters, multiply by 27 as we described for the cone. The answer is about 42 cubic centimeters.

Finally, try out the volume from rotating a cube root function (Figure 7-9) by setting the model’s parameters as follows:

[image: Another 3D print like the previous two figures. In this one, the curve follows a cube root function. The resulting 3D shape looks like a parabolic dome.]
FIGURE 7-9: Cube root volume of revolution


   function f(x) = pow(x, 3);
   xmin = 0;
   xmax = 2;

The integral for the cube root case would be

Volume=∫abA(x)dx=∫02π(x1/3))2dx=∫02πx2/3d=π35x5/3|02=3π525/3=5.98

Or, since it was scaled the same as the previous two, about 161 cubic centimeters.



Surfaces of Revolution

It might seem that calculating surface area would be easier than volume, but actually it is a bit more complicated (and algebraically messy). Similar to our volumes of revolution, we can sweep out just a line to create a curve in space. However, these get quite complex quickly, and are beyond the scope of what we want to get into in this book. To understand more, you might consult a text like Thomas’ Calculus, which we reference at the end of the chapter.




Computing Volume of More General Solids

The method of disks is a very simple way of explaining how calculating the volume of an object that can be described with just two variables. The cross-sections, however, do not have to be disks. The model in Figure 7-10 is the same as the derivative-integral model we used in Chapter 4, but now we have added a second copy of the curve we are integrating, and separated them by a known width. This creates a vase that we can fill with water to measure the volume inside — which amounts to measuring the area under this curve. This should be proportional to the integral, which is the curve out to the left side.

[image: A rendering of a different right-angle model. This model takes the basic curve and creates a hollow volume by extruding the curve sideways by a fixed width. The other curve at a right angle represents the volume. A stand has been added so that the model will stand up to fill it with water or sand.]
FIGURE 7-10: Derivative integral model, with volume


There are (at least) two ways to think about calculating the volume of this vase. In the first, you can just observe that the area of its side is the value of the integral curve (outlined in red in Figure 7-10), multiply it by the width, and be done. This is analogous to a prism, which has a volume equal to its base area times its height. If the base is a more complicated shape, say the area under a curve, we can still use this formula, but we need an integral to find the area of the base.

Alternatively, we can think about this as doing the same thing we did with the disks in method of disks, by cutting our complicated shape into thin rectangular “disks” along its x-axis (green rectangles Figure 7-10) with a height of dx, and adding up their volume as we go along. Let’s explore what it takes to do that.


Calculating Volume

In Chapter 4’s discussion of the derivativeintegral.scad model, we mentioned that there were some parameters we would talk about here. The basic model we worked with in Chapter 4 shows a curve and its derivative. In Chapter 6, we used the same model to think about a curve and its integral by calling the original curve d(x), and its integral, f(x).

The model has a few parameters we can change to create two parallel copies of the original curve, separated by vasewidth mm. There is also a base piece added to the bottom of the print so that the model will stand on end and we can test out filling it with water. Checking the variable flip turns the model so that its smaller side is down. In our previous uses of this model, the model is printed with the xmax end down for stability, as that end is usually wider.

The variable base is the thickness of this base in mm. A value of base = 2 should ensure the bottom is closed, sealed, and unlikely to leak. This base will also extend under the integral curve, to help keep the model from tipping over. To create this variation of derivativeintegral.scad, use the Customizer (as we describe in Chapter 4) to select

   sin(x) / 2 + x

in the func dropdown. This will cause the model to use the following functions for the integral and original curve, respectively (the model thinks of them as “function and derivative”):

   f(x) = sin(rad2deg(x)) / 2 + x;
   d(x) = cos(rad2deg(x)) / 2 + 1;

or, “in math” we would write that the area of the sides of our hollow space can be computed as follows:

∫(cos⁡(x)2+1)ⅆx=sin⁡(x)2+x+C

The function rad2deg converts radians to degrees, which is what OpenSCAD’s version of the sin() and cos() functions use. Set the other variables as follows:

   xmin = 0;
   xmax = 7;
   xmark = 0.2; 
   xunit = 0;
   steps = 100;
   thick = .8;
   flip = true;
   vasewidth = 20;
   base = 2;

Note that leaving xunit at its default value of 0 makes the model 100 mm tall. The x axis is vertical, increasing away from the base. The hollow volume on the right of Figure 7-1 has a volume that is proportional to the area under the curve d(x). That means that it should be proportional to the height of the curve on the left, the integral f(x). Let’s try out measuring the volume up to each of the markings on the model and see whether the resulting values follow the integral curve.

Print out the model, and weigh it precisely on a scale that can measure fractions of a gram (like a postal scale). That will give the weight of our model with nothing in the hollow part. Use the scale’s tare function to zero it to this weight, or just subtract it off if you do not have a tare function (Figure 7-11).

[image: The model described in 7-10, 3D printed and placed on a postal scale. The scale has been zeroed out and is reading 0.]
FIGURE 7-11: The integral model


Once you do that, as you fill it with water, you can use the additional weight you measure (in grams) to get the volume of water in cubic centimeters. One gram of water is one cubic centimeter, and also one milliliter. Note that 1 cubic centimeter = 1000 cubic mm, so you need to divide your volume in cubic mm by 1000 to get the numbers in the calculation that follows.

Next, take a laboratory squeeze bottle, an eye dropper, or some other means of dripping water precisely into the hollow part of the model. Drip in just enough water to fill the hollow space up to the first line. Measure it again (being careful not to drip water on your scale or lose any). Write down the new weight (Figure 7-12). Do this again for each of the measurement lines. Just keep adding water and measuring the total to each line.

[image: The model from the previous image, now partially filled with water. The scale is now displaying the weight of the water, not including the weight of the 3D print, as 23.78 grams.]
FIGURE 7-12: Measuring the weight of water farther up


As we add water to the hollow volume, the total amount of water cumulatively so far should be proportional to the height of the integral curve at that point. You can think about this like the method of disks earlier in the chapter, except that we are piling up rectangles instead of disks.




Checking Our Results

Table 7-1 shows the values we got by calculating a prediction for the cumulative area using the integral.

Area=(sin⁡(x)2+x)





	x (scaled, not mm)

	Volume (computed, cubic cm)

	Measured, test #1

	Measured, test #2

	Measured, test #3

	Average, all 3 tests






	0

	0

	 

	 

	 

	 




	1

	5.8

	 

	 

	 

	 




	2

	10.0

	 

	 

	 

	 




	3

	12.5

	 

	 

	 

	 




	4

	14.8

	 

	 

	 

	 




	5

	18.5

	 

	 

	 

	 




	6

	23.9

	 

	 

	 

	 




	7

	29.9

	 

	 

	 

	 






TABLE 7-1: Calculated values of volume


We should note here that x is not in mm, but is scaled so that it is an integer value at each of the marked lines. If we wanted x in mm, we would need to multiply it by 100/(x⁢max⁡−x⁢min⁡). In other words, in this case the x lines are 14.3 mm apart.

To get the volume of the hollow space from the area of the sides, multiply by the parameter vasewidth (20 mm). Our area was in arbitrary units, so to get square millimeters we need to multiply by [100/(x⁢max⁡−x⁢min⁡)]2. Why squared? The original curve is scaled by this factor and then when we integrate, dx is scaled by it as well. Or, if you prefer, think of it as scaling both the x and y dimensions that contribute to the area. The marks on the model are every [100/(x⁢max⁡−x⁢min⁡)]mm, in this case 100/7 = 14.3 mm.

volume⁢ (mm2)=vasewidth(mm)*area(mm2)=20(100x⁢max⁡−xmain)2(sin⁡(x)2+x)

Table 7-1 lists the values we computed for the cumulative volume to that point on the model. The model lists out the x and volume values in OpenSCAD’s console window, too, if you want to check yourself. We have left room on the table so you can copy it, print it out, and do a few test runs to see how close you get.

In Figure 7-12, the integral curve is growing more slowly between the third and fourth marks than it is for some of the others. Because the volume we are integrating is narrow in this section, the amount we are adding to the total volume grows more slowly there. You can also plot out these values and see that they are proportional to the integral part of the model.

You may have noticed the same phenomenon with kitchen measuring cups. These cups are often tapered so that they are more narrow toward the base, which makes them easier to stack. When they are designed this way, marks showing equal increments in volume should be farther apart near the narrow bottom than they are near the wider top (Figure 7-13).

[image: A 500-ml pyrex kitchen measuring cup with a handle and sloping sides, with lines indicating the volume every 50 ml. Because the cup is narrower toward the bottom, these lines are further apart near the bottom, and closer together near the top.]
FIGURE 7-13: A measuring cup




Printing This Model

This model does not really lend itself to doing much with an on-screen simulation, beyond observing it in OpenSCAD. There is no good way to make a paper one that will hold water. There are also a few printing requirements for this model to work well. First, use a transparent printing material to ensure that you can see the water level through the side of the print. PETG is probably the best option, but some formulations of PLA can also be transparent enough. In either case, either use the “natural”" color, or choose a color option that does not have enough pigment added to make it opaque.

OpenSCAD also needs to be configured with a value for the thick parameter that is an even multiple of the 3D printer’s line width setting (normally set in your slicing software). We used a thickness of twice the line width. You can also use four times the line width for a more durable model, though it may be a bit more difficult to read the water level through it.

This model also should not be scaled in your slicer, both because of the wall thickness requirement and because the math it uses is scale-dependent. To make it more mechanically watertight, we also increased the 3D printer extrusion multiplier (called “flow” in Ultimaker Cura and “extrusion multiplier” in PrusaSlicer) to 1.1, since the defaults for most machines result in slight under-extrusion. This under-extrusion usually makes the printer more tolerant of inconsistent filament diameter, making it easier to get a print that looks OK. However, it also makes the walls of prints in transparent materials less transparent due to air captured in the layers, and makes it almost impossible for the print to be watertight.



Integral of a Product or Quotient

Now that we know how to compute the volume of a part that has two identical sides separated by a constant width, let’s try thinking about generalizing that a little. If we were to look down into the open volume of the model we looked at in the previous section, we see that the constant-width separation results in a rectangle at any cross-section (Figure 7-14). The angles stay right angles throughout, and the width of the top and bottom of this rectangle are always the same, but the sides will vary (identically) with height along the hollow space.

[image: A rendering of the model in 7-10 from a different angle emphasizing the rectangular cross-sections of the fillable volume.]
FIGURE 7-14: Cross-section of the volume from previous section


Suppose that is no longer true, and that the length of each pair of sides of the cross-section might vary as a function of their height in the volume. We can think of this as computing the volume of an object whose width, x, is defined by one function, and its length, y, by another. Both length and width are functions of its height, z. The model volumeintegral.scad creates a model like this, using two functions with a minimum value of z = 0 and a maximum value of z = zmax. In the example we work through here, we used

   zmax = 50;
   function x(z) = z/2 + 20;
   function y(z) = (1/50) * (pow(z, 2) + 2500);

The OpenSCAD pow(x, a) function raises the first argument to the power of the second argument, so pow(z, 2) returns z squared.

If we look at the cross-section at any point (Figure 7-15), it’'s just a rectangle that has a two parallel sides the length of each of those functions, and its area at that height is the product of the two functions at that height (value of z).

[image: A hollow vase-like 3D print has two vertical sides, and two sides that represent curves. The cross-section is always rectangular.]
FIGURE 7-15: Volume that is the integral of a product


If you turn the model from side to side, you can see that one is indeed concave and one is convex (Figure 7-16). There is no good way to calculate the volume of such a thing without calculus.

[image: The vase in Figure 7-15 from two other angles, emphasizing each of the two curved sides.]
FIGURE 7-16: The vase model from two directions




Integral of a Quotient

What about integrating a quotient, with one function over the other? For purposes of this discussion, you can think about it as multiplying the first function times one over the function on the bottom, then using the rules for products. Things often get complicated and start involving complicated natural logarithm expressions when you have something in the bottom of the fraction.



Doing the Algebra

Notice that you can’t just integrate each of the functions separately and multiply the answers together. In Chapter 13, where we tie in some of these geometrical ideas to handy algebraic tips and tricks, we will show you something called integration by parts. That lets you manipulate an integral that is a product of two functions until you get several pieces, each of which you can solve (and then add together). We designed these two functions to just use powers of z to make the algebra tractable.

Integrals of products can be very messy once you get away from just powers of a variable though, and the details are treated well in many traditional calculus textbooks. Many complicated integrals have already been solved by other people and are available in integral tables, online and in many calculus books. If you are learning all the ins and outs of the algebra to compute these integrals, then it is a good exercise to derive these from first principles. The integral corresponding to the product modeled in this section is

∫050(z2+20)150(z2+2500)ⅆz

based on the parameters we used in volumeintegral.scad:

   zmax = 50;
   function x(z) = z/2 + 20;
   function y(z) = (1/50) * (pow(z, 2) + 2500);

pulling out the constant and multiplying, we get:

150∫050(12z3+20z2+25002z+50000)ⅆz

If you have an integral that is the sum of several terms, you can integrate each term separately. The long string of terms from multiplying the product can be integrated term by term. Our integral evaluates to

150[18z4+203z3+25004z2+50,000⁢ z]|050

which works out to 113,541 cubic millimeters, or 114 cubic centimeters.



Printing and Experimenting With the Model

The STL file is volumeintegral.stl. Use your slicer’s “vase” setting to print it out. Vase printing means that you print with zero infill and zero top layers. Ultimaker Cura has a box to check called “Spiralize Outer Contour”; PrusaSlicer calls it “Spiral Vase.” These make delicate, single-perimeter prints. It is unlikely, however, that these “vases” will hold water, so we recommend measuring this one by volume instead of by weight. (We optimized for relative ease of calculation versus for sturdiness of base.)

Print the vase, measure out 114 ml (or a little under half a cup, if you want to just be approximate) of sand or pebbles (or something else that does not pack down). Pour it in and see how close you got. The vase dimensions are the outer dimensions, so if you are being precise you will see that the measured value will be a little under the calculated one. (3D prints are not food-safe, so you may not want to use food you plan to consume for this.) Or you can put the model in the sink and pour in 114 ml quickly before it has a chance to leak much.



Volume Under a Surface

In the last section, we generalized away from finding the volume of something created with a revolution to a volume that might be created by the product of two functions. Now let’s think about computing the volume under an arbitrary surface.

Let’s try an example to see how this works, say z = xy for 0≤x≤1 and 0≤y≤2 (Figure 7-17). This requires two integrals, one inside the other. This is called a double integral, because you need to integrate a function that is, itself, an integral.

[image: A 3D printed surface, with a flat bottom and sides that curve up to a point on top. The base is rectangular, but it has no other rectangular cross-sections.]
FIGURE 7-17: Volume we are calculating with a double integral


Where our previous examples integrated along a single axis, breaking up a shape into a series of slices with a thickness of dx and adding up their volumes, now we have a field of blocks like the ones we saw in Chapter 2’s discussion of limits. The base of each block is dx by dy, and the height is determined by the function f(x,y). This is sometimes informally thought of as a "method of french fries", because these thin rectangular prisms resemble what you get when you cut up a potato into fries. If dx and dy weren’t infinitesimal, this would look something like Figure 7-18.

[image: The same surface as in Figure 7-17, but instead of a smooth surface it is made up of a grid of small square blocks of varying heights that approximate the surface.]
FIGURE 7-18: Visualization of a double integral


There is a handy theorem called Fubini’s Theorem that says we can nest integrals to solve this problem, and evaluate each of them in turn. Fubini’s Theorem (and geometrical intuition) also tells us that we can nest the integrals in either order and get the same answer. We think of the integrals as being inside each other, and work from inside to outside. First, integrate with respect to x.

∫02∫01y(x⁢ dx)dy=∫02[x22|01]ydy

Then evaluate the x integral at its endpoints. Next, integrate with respect to y.

=∫02(12−0)ydy=∫02ydy

Likewise, we evaluate at y = 2 and subtract the value at y = 0:

=12y22|02=y24|02=1−0=1

Let’s deconstruct what just happened. First, we integrated xy with respect to x, and then evaluated at the x endpoints, x = 0 and x = 1. Then, we integrated that result (y2) with respect to y, and evaluated at the y endpoints, y = 0 and y = 2.

You can think of doing a double integral as integrating slices in one variable, then collecting up those slices when you integrate with the other variable to get a volume. The order is not important (as Fubini’s Theorem tells us). Figure 7-17 was generated with the file triangleMeshSurface.scad with the the following parameter values:

   res = 1;
   range = [50, 100];
   f(x, y) = x * y / 50;

which work out to scaled versions of the x and y integral limits.

See Example 1 in Chapter 3 for a detailed discussion of how this model works. Note that we have scaled the dimensions up by a factor of 50 to bring the model up to a reasonable size for printing. If we had instead used range = [1, 2] to generate the model at actual size (in millimeters), we could have simply scaled it up in our slicer to print it. However, with the default value of res = 1, there would only be a few triangles creating the top surface. We would have needed to set that to res = 0.02 to get the same surface smoothness shown, and then scaled the model in our slicer.

Go back and take a look at the limit model in Chapter 2 (Figure 2-2). In that case, we had a surface broken into boxes that were square on the bottom and the height of the surface tall. As these rectangular boxes get smaller and smaller, there is a closer and closer match to the exact volume under the surface. Along the same lines, you might want to imagine the model as made up of rectangular solids dx by dy at their base, and the height of the function tall. Adding up the volume of these small rectangles x direction first or y direction first will still give you the same volume, no matter which way you do your count.

This way of computing a volume works if you are just computing volume under a surface that is a function of two variables over a flat plane (like the one in Figure 7-18). If you have more complicated shapes in 3D, you need to think through how the boundaries of the space you are calculating are defined, and you might have functions in those boundaries, too. That is more complicated than we want to get in this book, but any multivariable calculus book should have a jumping-off point for you to look into it.



Chapter Key Points

In this chapter, we introduced how to do more complex integrals to deal with multiple dimensions and ways to make multiple-dimensional problems collapse down to single-variable ones. We also looked at more general methods for computing volume of a solid, or under a surface. Through all this though, we need to keep in mind that there are many more types of integrals — for example, ones that figure out how long a curve is from end to end. We will pick up some of these as we go along and add some more tools to our toolbox that we need to do some of those ideas justice.




Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Cavalieri’s Principle

	•  Directrix, generatrix (or generator)

	•  Double integral, ∫∫f(x,y)ⅆx⁢  dy

	•  Fubini’s Theorem

	•  Integral of product or quotient

	•  Method of disks

	•  Surface of revolution

	•  Volume of revolution





References


	Thomas, G. B., Hass, J., Heil, C., & Weir, M. D. (2018). Thomas' Calculus (14th ed.). Pearson.

	Zwillinger, D. (Ed.). (2018). CRC Standard Mathematical Tables and Formulas (33rd ed.). CRC Press.








8 MODELING EXPONENTIAL GROWTH AND DECAY

This chapter is an interlude between learning about derivatives and integrals, and using them together to do interesting things. In this chapter, we take some of the ideas about limits in Chapter 2 and apply them to good ways of approximating derivatives and integrals in computer programs (and thus in the models that form the basis of our 3D prints). We will show some ways of computing a derivative or integral even if you do not know how to get an equation for it. We also will give you some intuition about when you can use some estimating techniques and when they are likely to fail.

The models in some of the previous chapters were already using some of these techniques, but now we will look at the problems that can arise, and mathematical insights we can get from these problems. There are some artificial intelligence programs that can try to solve an equation the way that a human being would — by trying to find an exact solution. More often, though, computers handle solving equations in a way that takes advantage of their ability to perform many simple calculations very quickly.

To have a computer calculate derivatives and integrals, we typically approximate them as tiny, but finite, steps in the relevant variables. Solving an equation this way is typically called a numerical solution (as opposed to a symbolically-calculated analytical, or closed-form, one). One advantage of numerical solutions is that many equations do not have a nice and tidy analytical solution, and using numerical techniques is the only practical option. When we develop 3D printed models in this book, we are using these discretized equations to make our models, instead of the algebra in the original equations.


Ordinary Differential Equations

In this chapter, we are going to show you how to use and discretize two common equations. First we explore the exponential function, which governs a lot of natural processes like growth and decay. Next we explore the logistic equation, which describes situations where growth is constrained somehow. For those interested in AI and deep-learning neural nets, the equation also comes up in the standard model of a single neuron, which measures how a neuron output corresponds to increased input signal.


3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. (instructions on how to download models are in Chapter 3.)


	•  stepSizeDecay.scad visualizes error in an exponential equation

	•  stepSizeLogistic.scad visualizes error in a logistic equation

	•  triangleMeshSurface.scad visualizes 3D surface as a function of (x, y)




These simple equations have a lot of diverse applications. It is not coincidental that they also have (relatively) simple solutions. This means that the resulting mental models are easier to think about and manipulate than a very complex one might be. A lot of engineering judgment is learning about cases that are easy to solve and seeing if any of them might fit a problem well enough to get some intuition, if not a good-enough solution.

These equations are simple and have actual closed-form solutions that we can write down as an equation. We are going to use them as examples to show how to compute discrete derivatives and integrals, as well as some simple differential equations. It may seem like overkill to use these methods on something you can just solve. The virtue of using something you can solve to learn techniques meant for something more complicated is that you can check yourself to see whether the answers you get from two different methods are consistent.

To keep things from getting too complicated, we will stick to ordinary differential equations, or ODEs to their friends. This is usually spelled out (oh-dee-eee) when said out loud. These equations only have derivatives with respect to one variable.

In case you are wondering if there are also extra-ordinary differential equations, the answer is yes, although they are not called that. Equations that are looking at how multiple variables change in interrelated ways need to use partial derivatives and are called partial differential equations, or PDEs. In Chapter 5 we gave a quick introduction to them, and how to recognize when you are dealing with them.

You might ask, “What about equations with integrals in them?” Such equations do come up, but they are harder to deal with and beyond what we want to do in this book. As you can appreciate from what you have seen thus far, it is not always possible to get a tidy solution for an integral. At the end of this chapter, we describe a process for discretizing an integral.


Exponential Growth or Decay Equation

In Chapter 4, we learned about Euler’s number, e, and saw some of the cool properties of the exponential function ex (that it is its own derivative and integral, for example). Like π in geometry, e is an irrational number that pops up in many places in calculus. There are simple, but realistic, ways to use exponentials to think about how something might grow, decay, or change.

One application that comes up very often is the equation for exponential growth or decay. Exponential functions either get bigger very quickly (exponential growth) for positive values of the exponent, or as the exponent gets more negative, more and more rapidly trend to zero (exponential decay). For example, if some quantity P is an exponential function of time (t), we typically write it like this:

P(t)=P0eat

Since any number raised to the zero power is just 1, P0 is the value of P(t) at time t = 0, and a is just a constant. If the exponent, at, is less than zero, the function will be sinking exponentially toward zero; if it is greater than zero, it will be growing in the positive-t direction, assuming P0 is a positive number, too. Figure 8-1 graphs eat as a function of t, varying values of a from -1 to +1. The red curve is a=1; the blue curve is a=−1. Values increase from blue to red, in the order of colors in the rainbow. The flat yellow line is a = 0, since any number to the zero power is just 1. You can see that as the absolute value of a gets smaller, the curves flatten out more (see the slopes of the orange and green curves versus red and blue ones).

[image: A 2D graph with curves representing parameterized exponentials. Some start out near zero and climb steeply, and others reverse that. All of these cuves have a value of 1 at x = 0. The yellow line, representing e raised to the zero power, has a constant value of 1.]
FIGURE 8-1: Exponential functions


Depending on the application, a can have a variety of names such as growth rate, lapse rate, or decay rate. One example of exponential growth is rabbits breeding in an environment with infinite lettuce.

Sometimes the constant in the exponential is scaled by a characteristic time, like the time over which any particular atom of a particular radioactive isotope has a fifty-percent chance of decaying (the isotope’s half-life). The relationship of the exponential constant to the number of people on average infected by a person with a disease (called R0, usually pronounced “R-naught”) is a bit more complicated. Later in this chapter, we explore some of these applications.

The equation for exponential growth or decay is pretty straightforward. What happens if we take the derivative of both sides of it? We then have a differential equation, which ties together the rate of change of a variable with a function of the same variable. If we start out with

P(t)=P0eat

and take the derivative of both sides, we will get

dP(t)dt=aP0eat

since, as we saw in Chapter 4, the derivative of eat is just aeat. This equation says that if a population’s rate of change over time is proportional to the value of the population (with time always a positive number) you will get exponential growth (if a is positive) or the system will decay to (almost) zero, if a is a negative number.

When you become a fluent calculus user, you will be good at looking at an equation and anticipating what function might solve it. Experience will build your intuition, and we will try to give you some here. Whenever you have a simple equation like this one, which ties together a function and its derivative with just a constant here and there, the odds are good that the solution to the equation will be an exponential.



Radioactive Decay

Radioactive substances turn into other elements, at a rate that is called their half-life. This is defined as the time it takes for half of the radioactive substance to decay. For example, plutonium-238 has a half-life, T, of 87.7 years, after which half of it will have decayed into uranium-234 (which in turn has a half-life of 245,500 years). Every half-life, half of the remaining plutonium-238 will decay to uranium-234, and we can restate this in the form of the equation

P(t)=P0(12)t/T

where P0 is the initial amount of material at time t = 0. For instance, if t = T (the time is one half-life) we multiply the initial amount by half. If the elapsed time is twice the half-life, we divide by 4, and so on.

However, if we want to get the time at which, say, 30% of the amount is left, we need to take the logarithm of each side of our equation. That is a standard way of converting an equation with complicated powers of variables to a linear equation instead. As we touched on in Chapter 2, logarithms can be to any “base.”

We will use base e here and take the natural log, ln (base e) of both sides of our equation for P(t), anticipating that it will make it easier to think about integrals or derivatives later. (See Chapter 4 for a review of manipulating logarithms.) If we remember that multiplying two numbers means we add their logs, we can take the log of both sides of our equation to get

In(P(t))=In(P0)+tTIn(12)

and so, solving for t,

t=T[In(P(t))−In(P0)]+In(12)

Superficially, this does not look like the same sort of exponential decay we talked about in the last section, but we can see in Figure 8-2 that the behavior is the same. As it turns out, functions that raise a number to a power other than e can be solved in ways that wind up introducing natural logs. For cases where that works — like radioactive decay, which goes as a power of 12, or compound interest, which rises as a power of one plus the interest rate, or many other situations where growth increases in tandem with rate of growth — we can use the exponential equation instead.

Figure 8-2 is a conceptual plot of P(t) on the vertical axis, varying with time on the horizontal axis. The red curve represents the time behavior for the highest value of half-life, and the blue one, that of the smallest. The larger the value of the half-life, the more slowly the amount of material decreases.

[image: A 2D graph with curves representing exponential decay with various parameters. All start out at the same initial value, but over time drop down at various rates.]
FIGURE 8-2: P(t) versus time for various values of half-life (red is highest value)




Other Exponentials

If we have an equation involving integrals or derivatives, it will be a lot easier to solve if we can express it in terms of exponential functions. Therefore, it is good to get into the habit of trying to fit an exponential solution to your problem as a first resort. To that end, we will show how radioactive decay would look as an exponential. If we go back to the general equation for exponential decay:

P(t)=P0eat

We know that we want P(T) to be the amount of material after one half life, at time t = T, or to be half of P0. To figure out how to make our equation base e instead, we set the two formulas (one in terms of 12 raised to a power, and the other in terms of e) at time P(T) equal to each other.

P(T)=P012=P0eaT

For this to be true,

1/2=eaT

We take the natural log of both sides to see that

In(1/2)=aT⁢  In(e)=aT

Solving for a, we can see that it is In(1/2)T, or, since In(1/2)=−In(2),

P(t)=P0(1/2)tT=P0e−In(2)tT

Make sure you measure the current time, t, in the same units as the half-life T. Let’s try calculating the amount of plutonium-238 left after two half-lives. We would expect there to just be a quarter left, and indeed if we plug in tT=2 we see that after two half-lives, the fraction remaining is e−2In(2) or 0.25.

The big picture we are painting here is that, even if you are working with a function that is not obviously in terms of an exponential, you might be able to transform your problem into those terms. If we want to integrate or take a derivative of a function that looks like some constant, a, raised to a power x, we can use natural logs to rephrase the problem in terms of base e exponentials. In fact, the standard to take the derivative or integral of ax is to do this. To see what constant value in the exponential would be equivalent, just set them equal to each other.

ax=ebx

Take the natural log of both sides, and take advantage of the fact that In(e)=1.

x⁢ In(a)=bx⁢ In(e)=bx

Therefore,

ax=eIn(a)x

Which makes it straightforward to integrate and differentiate any constant to a power.




The Logistic Equation

Let’s make this a little more interesting by adding another term to the exponential growth equation. We will look at an equation called the logistic equation, attributed to Pierre-François Verhulst in 1838. It looks at how much a population can grow when resources are limited, like rabbits in a field with limited foraging options.

This equation is called the logistic function, and populations that follow it have a characteristic S-shape over time (a sigmoid), growing slowly at first, then growing fast, then leveling off to some limit. Besides rabbits and lettuce in a field, it comes up in many applications ranging from chemistry to economics, including tumor growth (where it is called the “Gompertz curve”).

In Figure 8-3, we plot the time behavior of our rabbits with a progressively larger limit on their growth. Time again goes left to right, and the rabbits grow slowly and then pick up steam for a while. Finally, they approach the upper limit on their growth, where there are enough rabbits in a field so that any more will start to go hungry. The population levels out, and approaches that upper limit. In the curve nearest us, the limit is very low, so the population reaches it almost immediately. In the curve farther away from us with a higher limit, we can see the characteristic sigmoid curve. We can write the logistic equation as:

dP(t)dt=aP(t)[1−P(t)K]

Where

P(t) = the population of rabbits over time

a = the population growth rate if the carrying capacity is unlimited

K = the carrying capacity, or the maximum the population can reach, and

dP(t)dt the rate of change of the population over time.

[image: A 3D print of the logistic equation with various parameters. In the foreground the curve rises gradually to a low steady state. The side of the model farthest from the viewer rises quickly to a higher steady state. This side shows the characteristic S-shape of this function.]
FIGURE 8-3: Logistic equation surface model


When faced with an equation like this, a mathematician might say, “What happens if K is very big or very small?” If K is very big (near infinity), the field will be big, and the term with K on the bottom will not have much effect. It will look like an unlimited field of lettuce for bunnies, and takes us back to plain old exponential growth — that is the curve in the back of Figure 8-3.

But if K is small, there will be a significant effect, and the population will pretty rapidly go to its limit of K. (Numerical methods might do unpredictable things if K is smaller than or close to the initial population size.) This is the curve in the foreground of Figure 8-3.

It turns out that this can be solved analytically, although it is a pretty messy application of separating variables and integrating by parts (Chapter 9). If you want to see the intermediary steps worked out for you, search on “solution logistic equation”.

P(t)=K1+(K/P0−1) e−at

In Figure 8-3, a = 0.2, P0 = 1 (the initial number of rabbits, in some units), and we vary K from 10 to 70, and time from 0 to 60. The part of the model nearest you is the small values of K, and you can see that the solution fairly rapidly tops out at the carrying capacity.

The model in Figure 8-3 is available as surfaceLogistic.stl and was generated by the 3D surface code, triangleMeshSurface.scad, using:

   Pzero = 1;
   a = 0.2; //rate
   function f(x, y) = (y + 10) / (1 + ((y + 10) / Pzero - 1) * exp(-a * x));

The range of x and y are both 0 to 60. If you like, you can change the rate variable a, or the initial value Pzero. Note that K, the carrying capacity, is linearly increased as you go away from the viewer in Figure 8-3 (the y direction), and you can see how the value of K changes how quickly the model goes from growth to a steady state.



Math of Epidemics

An epidemic can spread through a population with remarkable speed, as most of the world saw in the COVID-19 era. Detailed modeling of exactly how that happens is complicated and involves some understanding of how the disease spreads, the time it takes after being exposed for someone to become contagious, and how long they stay that way. However, to make discussions easier, some of that complexity is often hidden in a number called the basic reproduction number, R0, or “R-naught.” It represents the average number of people one infected person is likely to infect in turn.

This is not a purely exponential model, nor a logistics curve, though at various times during an epidemic it might look like either of those. To model this accurately enough to be useful for public-health decisions, a set of equations called the Susceptible-Infected-Recovered (or SIR) models is needed. These are also sometimes called compartmentalized models, since people move between “compartments” where they are susceptible, infected, and then (hopefully) recovered.

Wikipedia has a survey of SIR models (with formulations of the equations) in an article titled, “Compartmental Models.” For a bit more depth, the open-access journal PLOS One has a 2007 article by Breban, Vardavas, and Blower (full citation at end of the chapter). In Chapter 9, we talk about how to solve more than one differential equation at a time. That is what is required to solve these equations, taking into account the dynamics as the susceptible pool becomes more limited as some people become immune.

Let’s just do a thought experiment and ignore all that (necessary) complexity. If we assumed no one was immune, the population was infinite, and everyone was able to go on and infect their set of R0 victims with a fixed incubation time, we get the values in Table 8-1. To capture a bit more reality, sometimes people talk about Re, the “effective” value of R0. This effective value takes into account public health measures to limit the spread of a disease, and the two numbers often get confused. But at any rate, you can see how this type of growth can get out of hand quickly, and why catching an epidemic as soon as possible reaps huge benefits down the line.





	Rounds of incubation

	Newly infected,

R0=2

	Newly infected,

R0=5

	Newly infected,

R0=0.8






	0

	1

	1

	1




	1

	2

	5

	1 (or 0)




	2

	4

	25

	1 (or 0)




	3

	8

	125

	1 (or 0)




	10

	1,024

	9.8 million

	1 (or 0)




	20

	1.05 million

	9.54 × 1013

	1 (or 0)






TABLE 8-1: Number of new infections for various values of R0





Difference Equations

You may have been wondering how we are generating our 3D printable models of derivatives and integrals. In some cases, we have done the relevant algebra offline and used resulting equations as the basis for an OpenSCAD model. In other cases, we have cut up our original curve into small pieces, and are using discrete models (like finer versions of our LEGO bricks) to represent curves.

The derivative-integral model we use throughout this book actually uses both methods. The two curves that are printed are inserted into the code as f(x) and d(x), but the code also generates a numerical derivative of f(x) and a numerical integral of d(x) for you to compare to in OpenSCAD’s preview. You will often see some small, acceptable divergence between these numerically-calculated curves and the ones you entered if you zoom in on the preview. These small divergences happen because of numerical error, and can safely be ignored. However, a large divergence will warn you that you probably made an algebra error which you should correct before you make your physical model.

To compute our models in digital form, for 3D printing and other purposes, we take the differential equations we saw earlier in the chapter and convert them to difference equations instead. Basically, just as we talked about in Chapter 2 with limits, we chop the curve or surface we are talking about into small pieces. However, chopping something continuous into finite pieces introduces inaccuracies. We have to use a lot of the ideas we have talked about so far to do this with as little loss of fidelity as possible.


Brick Model Reprise

If you tried changing the LEGO brick examples in earlier chapters, you might have discovered that the derivative or integral you got was a little off the equation one would compute for it. The models in the last section are a clue to why that is. When we estimated a derivative, we were using a step size of one LEGO brick.

Our derivative is being estimated as the difference between the heights of subsequent columns of bricks, which is the tangent line between the two endpoints of each brick. However, the Mean Value Theorem (Chapter 4) tells us that the tangent line will equal the derivative at some point between the two endpoints, but not exactly in the middle (necessarily). So just as our curve is pretty blocky, so too the derivative and integrals we construct are lower-fidelity. Let’s look at the math that we were modeling with our LEGO bricks a little more explicitly, which will also help us understand how our 3D printed models are made.



Numerical Models of Derivatives

Suppose we had some function of time, f(t), and we wanted to know its derivative. From our discussions of the Mean Value Theorem in Chapter 4 (and the description of the graph in Figure 4-7), we know that the derivative is the slope of the line that is tangent to the curve at any given point. As we saw in that part of Chapter 4, if we are talking about how a function f(t) is changing with time, we might create a short secant line intersecting the curve at a particular time, t, and a short time later, t+Δt. As Δt gets smaller and smaller, and those two points approach each other, this line approaches the tangent line to the curve at point t:

df(t)dt=f(t+Δt)−f(t)Δt

This is, more or less, what we are doing with our LEGO bricks, with the step size of one brick.

In the last section, we saw we could just compute the time behavior of our populations of rabbits or amount of radioactive material since we could solve the problem analytically. However, there are cases where you might not be able to solve the equation so easily. In that case, you can still compute all the other values of f(t) as time increases if you have an equation for the derivative. This is sometimes called an initial value problem, because we know an initial value for a function and its derivative’s time behavior, and thus we can compute subsequent values. Assuming we did, rearranging the last equation gives us this difference equation:

f(t+Δt)=f(t)+Δtdf(t)dt

This is often called Euler’s method, after Leonhard Euler, who lived in the 1700s—the same person as Euler’s Number (Chapter 4, and check out the article "Euler’s Method" in Wikipedia). Note that this equation is recursive — the value of f(t+Δt) at any time is a function of its value a time h earlier, and each step will build on the previous one.

An obvious problem is that you are using values of the derivative one time step in the past, and errors can start to accumulate. As the step size gets smaller, this error becomes smaller, too. Generally speaking, you want your step size to be small relative to the changes in your curve in that variable. If your curve is going violently up and down every increment of 2 in some units, then your step size better be a lot smaller than 2, in the same units.

Actually figuring out the error in general requires understanding series expansions, which we get into in Chapter 11, but experimentally, you can try halving the step size. If the results stay more or less the same, you have probably made it small enough. There are perverse cases where this will not work, but it is worth a try if you have no other means of solving an equation.



Numerical Models of Higher Derivatives

You need at least two points to compute a first derivative. A second derivative requires three points to be able to compute two differences and, subsequently, the difference between those. You can compute a second derivative similarly to the way we estimated a first derivative, but there are various ways of weighting the three points that make them a little better fit to the second derivative. We will get into that in Chapter 9 when we compute the motion of a pendulum.



Error in Numerical Solutions

There are much better approximations one can use that have errors that grow more slowly as you increase the step size. We will not go into them here, but if you want to look up some better alternatives, investigate Runge-Kutta methods; Wolfram Alpha has good descriptions (Wolfram Mathworld, 2018). More advanced methods like these break the step, h, up into fractions and use a weighted average of the values of the function at these intermediary points within a step. These weightings amount to using higher derivatives than just the first to approximate the curve. You can look up estimates of the error of any given method. Many mathematical code languages have modules that use one of these methods, and as a rule you should not have to write your own.



Error, Exponential Equation

Some smooth curves have the perverse feature that a solution with Euler’s method might diverge or oscillate. To show what this looks like, we will solve equation

f(t+Δt)=f(t)+Δtdf(t)dt

using f(t)=eat

and varying the step size. For an exponential function, the derivative is just a times the original function. Combining these, we can get each subsequent step in time by using this function:

ea(t+Δt)=eat+Δt⁢  aeat=(1+aΔt)eat

The result is shown in Figure 8-4 with time increasing from left to right. In the foreground (nearer the bottom of the image) we are using an appropriate step size and the exponential dies out toward the right as one might expect. We have added a vertical offset to the model so that we can see negative overshoots.

But as we increase the step size as we move toward the background of the photo, we begin to see some oscillations and other bad behavior. (You can tell the step size from the width of the first step in each case.) If the product a Δt is greater than 1, you will get big steps that will oscillate in time. For stable behavior, you want to have a small step size such that the product of the decay rate a and the step size Δt is much less than 1.

If we start at t=0, where eat=1, then we would multiply 1 by (1+Δt) to move from time t=0 to time t=0+Δt, and we will keep doing that for each time step, stepping forward by a time increment of t each time. This means that our exponential function after n steps of Δt (assuming we started at t=0 is

eanΔt≈(1+a⁢  Δt)n

where the squiggly equals sign means “approximately equal to.”

To create the model in Figure 8-4, use the file stepSizeDecay.stl to print or view the file. To create it with OpenSCAD, use the file stepSizeDecay.scad. This OpenSCAD model implements the recursive function in the last equation as a function that keeps calling itself with a given step size until it gets to the end of each row. Then the next row is created with a slightly larger step size.

The upside-down triangle on the left side of the top of the model in Figure 8-4 is all the first steps, getting bigger as you go further from the front of the model. The right edge is ragged because the number of steps is not an even multiple of steps from row to row. If you print or view this model, consider what happens if you vary the decay factor a and leave the step size alone. How will the convergence to a stable state change?



Error, Logistic Equation

In Figure 8-5, we used Euler’s method to derive a solution to the logistic equation as we did for the exponential decay equation in Figure 8-4. First, we create a solution to this equation with a “good” step size and then with increasing step sizes until the solution goes unstable. You can see the step size in Figure 8-5; the first step gives a flat spot on the left, bigger as you go toward the back of the photo. In this case, Euler’s method gives us a somewhat messier recursive formula:

P(t+Δt)=P(t)+ΔtdP(t)dt+a⁢ Δ⁢t⁢  P(t)(1−P(t)K)

[image: A 3D print of the result of simulating a decaying exponential with varying step size. Close to the viewer, the curve is broken into many small steps which give a recognizable decaying exponential. Farther from the viewer, the step sizes are bigger. Steps that are too large result in overshoots, which cause the value to oscillate around zero.]
FIGURE 8-4: Plot of decaying exponential, increasing step size away from viewer


or, collecting terms,

P(t+Δt)=P(t)(1+a⁢  Δt)+ΔtdP(t)dt−aΔtK−(P(t))2

For the example in Figure 8-5, the carrying capacity K = 50 and the growth rate a = 0.2.

For the model in Figure 8-5, the step size, Δt, gets bigger as you get farther from the viewer. You can view it with stepSizeLogistic.stl, or change some of the parameters (like the carrying capacity, K) in the OpenSCAD file stepSizeLogistic.scad to see how that changes the function and the stability. How would you expect the behavior of this numerical simulation to change as the carrying capacity changes?

[image: A 3D print of the result of simulating a logistic equation with varying step size. Close to the viewer, the curve is broken into many small steps which give a recognizable decay toward a steady state. Farther from the viewer, the step sizes are bigger. Steps that are too large result in overshoots, which cause the value to oscillate around the steady state.]
FIGURE 8-5: Logistic equation plot varying step size


As a side note, when we make a 3D printed model, the smallest vertical feature we can create is one layer thick (in this case, 0.2 mm), and the slicing process rounds all heights to the nearest multiple of that value. This means that any steps or oscillations with an amplitude smaller than that will not be visible in the print, though it may be possible to see them by zooming in on the model in software.



Numerical Models of Integrals

The fact that we can approximate derivatives by stepping through them leads to an obvious question about whether integrals can be thought of the same way. As it happens, there are methods for this going back to Newton.

In Chapter 6, we learned about the difference between a definite integral (in which we are computing the area under a curve that stretches from some point a to another point b) and an indefinite integral, or antiderivative (where we find the area in the form of a function, but there is uncertainty in the form of a constant offset). Here, since we want to get a number, we are using the definite integral.

At this point, it will probably not surprise you that the first thing we do is to slice up the curve we are taking the integral of into small pieces. The simplest way of doing this uses the trapezoidal rule, illustrated in Figure 8-6 (Wikipedia's article, “Trapezoidal rule,” is a good starting point if this is new to you.)

We could just put a series of boxes under the curve and make them smaller and smaller steps along the curve (as you can see from the dotted-outline boxes). However, if we use a trapezoid instead (shaded areas), it amounts to taking the average height over that small box, and gives us somewhat better results. (Although note that unless the curve is a straight line, the value of the curve at the midpoint is not normally the average of the values at either end.) If you compare the graph on the left of Figure 8-6 with the one on the right, you can see it approaching more and more closely.

[image: Two 2D graphs. One draws four trapezoids to approximate the area under a curve. The other uses eight and the fit to the curve is better than the one fit by four trapezoids.]
FIGURE 8-6: Visualizing the trapezoidal method


Then, we add up all the trapezoids to get the area between the two endpoints. If we have function values f(0),f(1)... and so on, then the integral from 0 to point f(i) will be

∫0if(x)ⅆx≈12Δt[f(0)+2f(1)+2f(2)+...+2f(i−1)+f(i)]

Where ≈ means “approximately equal to”, since the estimate is imprecise. You will note that all but the first and last point are in there twice, since they are the endpoint of the first trapezoid and the start of the second. So we can write the trapezoidal rule a little more neatly as:

∫0if(x)ⅆx≈12Δt[f(0)+f(i)]+Δt[f(1)+f(2)+...+f(i−1)]

There are many more complex (and precise) ways to numerically integrate to get the area under a curve, like Simpson’s Rule (which weights the points differently). The general term for this is numerical quadrature, and you can look up other methods if you need something fancier.



Working with Real Data

One big advantage of using numerical equations is that you can use them to model real data. Of course, the entire field of data science (not to mention statistics and half the other branches of mathematics) exist to show us how to do these analyses to get the proper conclusions.

If you go back to the “Numerical Models of Derivatives” section of this chapter, to see how something is changing over time, you can plot its derivative by calculating:

df(t)dt=f(t+Δt)−f(t)Δt

where Δt is the spacing between data points, assuming they are sampled regularly. Similarly, for regularly-sampled data, you can also find integrals by using Simpson’s Rule (as described in the last section) or another method.

If you are sampling data at irregular intervals this gets a little trickier to do. We will look at the case of a PID controller in Chapter 10. A PID (Proportional Integral Derivative) controller computes the integral and derivative of a time signal that is supposed to be staying near a constant value, such as the temperature of a 3D printer nozzle.



Chapter Key Points

In this chapter, we looked at differential and difference equations and what changes when we are working in discrete steps instead of thinking about a continuous curve. We also realized that when we create a model to 3D print, we need to create a discrete version for our computer models. We saw how it is important to be careful about keeping the step size from getting too big.

We also learned about the exponential decay and logistic equations and how they differ. We looked at how to recognize when something that did not really look like the exponential function might actually be expressed in those terms anyway. This led us into two simple differential equations that set the stage for solving more complex systems in the next chapter.



Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Compound interest

	•  Discretize

	•  Difference equations

	•  Exponential growth model

	•  Exponential decay

	•  Half-life

	•  Euler’s method

	•  Initial value problem

	•  Logistic equation

	•  Numerical quadrature

	•  Runge-Kutta methods

	•  S-curve

	•  Sigmoid

	•  Simpson’s Rule

	•  Trapezoidal rule
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9 MODELING PERIODIC SYSTEMS

Calculus is the mathematics that lets us see how systems move and change. In the last chapter, we looked at things that grew (or died away) with distance, time, or some other variable. Many other systems, though, are periodic: their motion repeats over and over. Planets orbiting around the sun, or the regular swing of a pendulum, are examples of these predictable motions. More subtly, the natural cycles of the number of predators and prey in a field repeats over and over, but in a more complex way.

In this chapter, first we learn more about the math of the most basic repeating systems, those with behaviors over time that trace out sine and cosine curves. We show you how to make a few simple models out of stuff from a junk drawer to prove that the equations work. Then we learn about classic equations that describe an astonishing number of real physical systems, and build some 3D printed models to help us understand and predict the behavior of ecosystems.


Going Around in Circles

The simplest repetitive motion to think about is a point going around and around a circle. Imagine we had a circle with a radius equal to 1, or a unit circle. This circle is drawn so that its center is where an x and y axis cross (Figure 9-1). Imagine a triangle drawn so that its sides are on the x axis and parallel to the y axis, with a vertex somewhere on the circle. Now let’s focus on the angle made between the x axis and hypotenuse of this right triangle.


MATERIALS


	•  Drawing compass

	•  Paper and pencil

	•  Lightweight spring (e.g. a 1" diameter mini Slinky)

	•  Sewing thread

	•  A few washers

	•  Stopwatch (or equivalent phone app)



3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. (Instructions on how to download models are in Chapter 3.)


	•  TriangleMeshSurface.scad visualizes 3D surface as a function of (x, y)

	•  predPreyIntersection.scad visualizes the solution to a set of difference equations as a function of time

	•  phaseSpace.scad visualizes the solution to a set of difference equations as a function of their phase

	•  derivativeintegral.scad Creates a right-angle derivative/integral model




If the length of the hypotenuse (radius of the circle) equals 1, then the x and y coordinates of the central angle are cosine and sine of that angle, respectively. You can prove to yourself that triangles in the upper left and two lower quadrants of the circle have equivalent relationships, except for a sign. The sine will have a positive sign in the upper two quadrants, and negative in the lower two. Cosine, on the other hand, will be positive in the right two quadrants, and negative in the left two. For details of this, check out our 2021 book Make: Geometry, or other geometry or basic trigonometry books or websites.

If we plot out these x and y values versus the central angle, as we continuously increase the central angle of the triangle from zero degrees through a full circle, our x coordinate value would describe a cosine curve, and our y, a sine curve. Sines, cosines, and various ratios of them are collectively called trigonometric functions. Sine and cosine, which are continuous functions, are called sinusoids, or, for reasons that should now be obvious, circular functions. Search online for “unit circle animation” to see how this works for the entire curve.

If you would rather do your own mental animation, imagine the line connecting the origin to the circle (the radial blue line in Figure 9-1) as the minute hand of a clock. If you were to measure the x coordinate of the end of the minute hand each minute over the course of an hour and plot those measurements, what would the shape of the curve be? How about the y coordinate? (Conventionally, mathematicians like to think about sweeping out the unit circle in a counter-clockwise direction so that the central angle is increasing, but the shape of the curve is the same.)

[image: A 2D graph of a circle of radius 1, centered on the origin of an x-y coordinate system. A point on the circle is used as a vertex of a right triangle with sides x and y. The triangle's hypotenuse is a radius of the circle.]
FIGURE 9-1: The unit circle, and coordinates of an arbitrary point



Phase Shifts

If your data is periodic, you know you might be dealing with some combination of sinusoids (sine and/or cosine curves). You might want to assume that your data can be modeled with a function like

x(t)=a⁢  sin⁡(bt+c)

Where a is the curve’s amplitude at its highest point, and b is the curve’s frequency, which has units of 1/time and tells you how often the curve completes a full cycle. For example, if b equals 2 cycles/second, two full cycles of x(t) would happen over one second. We have seen both of these before, in Chapter 4’s introduction to sine and cosine functions.

What is new since the earlier chapters, though, is the parameter c which is a phase shift that starts the curve at a different time. Sine and cosine curves are of course the same thing with values of c, that are 90 degrees (or 2 radians) different in phase, and a 180 degree (or π radians) phase shift gives you the negative version of the same function.

There are some useful systems that can be modeled very well with just a single sinusoid. Many signal processing and other systems add up many different curves to convey information and perform an unimaginable number of other tasks.



Sine and Cosine Derivative Relationships

In Chapter 4, we used the derivativeintegral.scad model shown in Figures 4-8 and 4-9 to show the relationships between sine and cosine functions and their derivatives. Before diving into this section, you might want to revisit the model description around those Figures. We are now going to do more qualitative discussion about how the derivatives of sine and cosine functions relate to each other. If you created it back in Chapter 4, having that model on hand might be helpful for what follows.

If you place a sine and cosine curve next to each other, some relationships are easy to see. First, you will notice that you can shift one over by one quarter of a period (90 degrees, or π/2 radians) to get the other one. Shifting a sine function to the right will give you a cosine curve, and shifting a cosine to the left gives you a sine (Figure 9-2).

[image: A 2D graph of sine and cosine curves, with additional sinusoid curves in-between, to show that an offset of 90 degrees can turn a sine or a cosine onto each other.]
FIGURE 9-2: Shifts to rotate sine, cosine onto each other


When the value of sin(x) = 0, cos(x) will be either +1 or −1, and vice versa. The cosine is +1 when the sine is zero and going upward (when its slope is positive), and −1 when the sine has a value of zero and is going downward (when its slope is negative). Then, as the sine curve reaches a maximum of +1 or a minimum of −1, it flattens out and changes direction. At those points, its slope is zero (as we saw in Chapter 5 when we talked about curve maxima, minima and inflection points). These are the points where the cosine’s value is zero. Table 9-1 summarizes these observations.





	x (radians)

	sin(x)

	Slope of sin(x)

	cos(x)




	0

	0

	increasing

	1




	π/2

	1

	0

	0




	π

	0

	decreasing

	-1




	3π/2

	-1

	0

	0






TABLE 9-1: Sine and cosine


The “Approximating Sine and Cosine” sidebar explores some limiting relationships among sinusoids, lines, and circles, in case you wanted to sketch a sine or cosine curve. Next up, we will see how sinusoids play out in modeling physical systems that repeat their behavior over and over.

If you want to see these concepts with more detailed algebra, you can check out the last few chapters of the book. In Chapter 11, we see a different way of thinking about the unit circle. In Chapter 12, we walk through an algebraic way of approximating and reasoning about sinusoids. Finally, Chapter 13 contains a variety of trigonometric identities, ways to substitute expressions with less-complex ones, that can sometimes make calculation faster.


APPROXIMATING SINE AND COSINE

There is no known way to geometrically construct sinusoids, since they cannot be created with just a compass and ruler, given that their radius of curvature is never constant. However, if you wanted to create a rough guide to use to sketch a sinusoid curve, or to think about some of the geometry of the curves, you can do the following.

First, draw a circle. The radius of this circle will be our basic unit. Now draw another circle of the same radius whose center is times the radius away from the center of the first (Figure 9-3). If the radius of the circle is 1 in some units, then the second circle should also have a radius of 1 and be π units away from it. Next, draw alternating lines of slope equal to 1 (45-degree angle to x axis) crossing the x axis at 0, π, 2π, 3π and so on. As shown by the heavier lines in Figure 9-3, if you roughly follow these lines and circles alternately, you get a sine-like curve.

[image: A 2D graph of a sinusoid has circles tucked into the maxima and minima, and straight lines tangent to the zero crossings of the curve.]
FIGURE 9-3: Sinusoid in relation to circles and lines


If you were to join up these line segments and circular arcs, you would get a curve that would superficially resemble a sine wave. This “Frankenstein” curve jumps abruptly between being straight and curved though, where the sinusoid is continuous. If you drew your Frankenstein curve carefully, you would also notice that it has a slightly shorter period than a real sine curve, because you are cutting out the gaps between the lines and arcs.

The Frankenstein curve would also follow the diagonal lines exactly, until they met the circular arcs and suddenly veered away. The real sine curve is only instantaneously straight at its zero-crossings, and nearly circular right at its maxima and minima. In the space between, the curve is some combination of the two. At the halfway point between them, at x = 45 degrees (π4 radians), the sinusoidal curve (black in Figure 9-4) can be thought of as equal parts straight line (red) and circular arc (blue).

[image: A closeup of the straight line, sine curve, and circles from the previous drawing showing that the sine curve is about halfway between the straight line approximation and circle approximation for sine of 45 degrees.]
FIGURE 9-4: A line, a sine curve, and a circle where all three cross y=sin⁡(π4)


When the cosine has a height of +1, the sine has a slope of +1. At the maxima and minima where the sine becomes level and has a slope of zero, the cosine curve has a value of zero. At the points in between, where both curves are equal parts straight line and circle, the sine and cosine have the same height, and cross each other (Figure 9-5).

[image: 2D graph of sine and cosine curves, showing that the sine has a local maximun or minimum where the cosine crosses zero, and vice versa. Between these points, both curves have values equal to plus or minus the sine of 45 degrees, which is approximately 0.7.]
FIGURE 9-5: Sine (red) and cosine (blue) curves


Or if they are not crossing because one is positive and the other is negative, they instead briefly become parallel to one another, despite the fact that one is in the process of becoming more curved while the other is becoming less so. If you draw a tangent line at the first of these points where the curves cross and check its angle with a protractor, you should get about 35 degrees. The tangent of 35 degrees gives you a slope of just over 0.7. You might also notice that this is the approximate height of both curves at that point. Actually, the slope of each curve is exactly equal to its height at each of these points, though the signs are opposite on half of them.





	Function

	Derivative (with respect to x)




	sin(x)

	cos(x)




	cos(x)

	-sin(x)




	-sin(x)

	-cos(x)




	-cos(x)

	sin(x)






TABLE 9-2: Sine and cosine derivative relationships


The height of the cosine curve has the same sign as the slope of the sine curve at all of these points, and the sign of the sine curve’s height is opposite that of the cosine curve’s slope at all of them. In fact, this rule holds true for any tangent line drawn at any arbitrary point along either curve. The height of the cosine curve is always equal to the slope of the sine curve at the same point, and the slope of a cosine curve is always equal to the height of a negative sine curve. We would expect this, given that the derivative is a curve’s instantaneous slope. These relationships are summarized in Table 9-2.

If you found all this drawing and geometric construction to not quite be your cup of tea, in Chapter 12 we will do a more traditional algebraic derivation of sines and cosines, doing something called a “series expansion.” This will turn the sines and cosines into an infinite series of powers of x, which we can then take derivatives of and think about in other ways.




Simple Harmonic Motion

There are many real-word systems that have some aspect, like their position over time, that approximates a sine or cosine curve. A feature of these curves is that their second derivatives are the negative of the original curve (except, perhaps, for some constants hanging around).

We just saw that we can think of taking a first derivative of a pure sinusoid as shifting the curve by 90 degrees, and thus a second derivative is a shift of 180 degrees. So, just as exponentials are very convenient in equations with a function and its first derivative, so too sinusoids are convenient if we are dealing with a function and its second derivative. For example, if an object’s position and acceleration (second derivative of position) are related in some way, sinusoidal behavior might result.

One special case of this is simple harmonic motion, in which a system’s behavior comes from an equation that ties together the position of an object and its second derivative. Systems like a mass bobbing on a spring, or a pendulum swinging back and forth, are examples of simple harmonic motion. (Note that we are thinking about position varying as a function of time, and we are taking derivatives with respect to time.)

For example, assume we have a heavy ball attached to the side of an ice rink (which, of course, gives us an extremely low-friction surface) by a big spring. If we pull the ball along the ice, we are pulling against the spring. Compressing or extending the spring (ignoring gravity, friction, and other effects) stores energy in the spring. When we let go, this energy is converted into a force on the ball, and the spring pushes or pulls the ball, trying to get back to its neutral position. This force was analyzed by Robert Hooke a little after Newton’s time. Hooke measured that it would be a constant times the distance that the spring is compressed or extended. When this happens, the energy in the spring acts as a “restoring force,” pushing back on the mass. This restoring force is

F=−kx

Where F is the force, x is the distance that the mass has moved from the neutral position, and k is called the spring constant. The spring constant tells us how much a spring resists being compressed. Newton also told us, though, in one of his famous Laws of Motion, that

F=ma

Which we can read as (force) F equals mass (m) times acceleration (a). Of course, the mass is constant in this example, but force, acceleration, and displacement all change over time. We could write force as F(t), acceleration as a(t), and displacement as x(t). We show that explicitly from here on out.

Acceleration, we know, is the second derivative of distance with respect to time. So we can change this last equation to look like this:

F(t)=m⁢  a⁢ (t)=md2x(t)dt2

Setting these two expressions for force equal to each other, dividing both sides by m, and assuming that x(t) is a function of time, t, we get

x(t)=−mkd2x(t)dt2

Now we can see that we have a function and its second derivative being related just by a constant and a change in sign. Where have we seen that before?


Second Order Ordinary Differential Equations

We can interpret the equation at the end of the last section as saying that x(t) will be some function that, if you differentiate it twice, will only differ from the original function by a sign and a constant multiplier. It is a function whose acceleration scales negatively with its value.

This type of equation is called a second order ordinary differential equation. Second order means we have second derivatives, as opposed to the first-order ones we saw in the last chapter. It will be no surprise at this point in the chapter that either sine or cosine will work perfectly here. If we start out with

x(t)=a⁢ cos⁡ (bt+c)

with a, b, and c just being constants, we can guess that we might be able to plug this in to our equation for x(t) and have it work out. The constant a is called the amplitude of a sine wave, the maximum value of the curve, (not to be confused with acceleration, which we will start referring to as dx(t)dt.

The constant b is called the frequency of the wave, and shows you how many cycles of all values of a sine or cosine wave fit into 360 degrees (or 2π radians). Finally, c is the phase of our sine or cosine wave, which might have started before or after time t = 0. We will need the second derivative of this function. The derivatives are

dx(t)dt=−a⁢ b⁢ sin⁡(bt+c),andd2x(t)dt2=−a⁢ b2cos⁡(bt+c)

Let’s go back to the equation for the motion of a spring at the end of the last section:

x(t)=−mkd2x(t)dt2

We now have two different equations for x(t). If we set them equal to each other, we get

x(t)=a⁢ cos⁡ (bt+c)=−m⁢ d2x(t)k⁢ ⁢ dt2

Now substitute the cosine function for the second derivative:

a⁢ cos⁡ (bt+c)=−mk(−a⁢  b2⁢ cos⁡(bt+c))

If we compare the two sides we can see that the a drops out, and the two minus signs on the right cancel out. If b2 equals km, they will also cancel out, making the two sides of the equation match. Therefore,

b=km,sox(t)=a⁢ cos⁡(kmt+c)

Note that we could have equally well used sine. The only difference between cos⁡(bt+c) and sin⁡(bt+c) for this purpose is where we start our oscillation when t = 0, and thus the value of c.

We need to both specify an initial position and one other parameter of the system, like the maximum excursion of the ball on the spring, or the velocity (first derivative of distance) at t = 0. We will define x(t) = 0 as being in the middle of the ball’s travel between x(t)=a and x(t)=−a. We also know that the velocity has to be zero when the mass turns around at each end of its travel, at x equal to plus and minus a.

Let’s say we let go of the ball at x(0)=a, which lets us set the phase offset to c = 0. If we use the fact that we know this system will have a sinusoidal solution, we can see that x(t)=a⁢ cos⁡ (bt) fits all the constraints (because velocity is zero at x(0)=a).

The constant, b, is called a frequency and has units of 1/time, and the constant c is called a phase and is dimensionless (all its units cancel out, leaving it with none). Our original amplitude constant, a, is independent of the other two; we get it from knowing the maximum amplitude of the ball’s oscillation. It will have the same units as x(t). We can substitute now for the constant b in our equation for x(t) to get

x(t)=a⁢ cos⁡ (kmt)

If, at the beginning of our process (at t = 0), we had grabbed the ball and pulled the spring out to its maximum extent and then released it, it would (in the absence of friction or air resistance) slide back and forth over the ice forever. If the ball was heavier, it would take more time to go from one end to the other. If the spring had a higher spring constant, k, then the ball would move back and forth faster. Spring constants are given in force per unit distance, Newtons per meter, N/m. A Newton is in turn kg⁢ mS2. Dividing this by mass and length, we get units of 1s2.

Figure 9-6 shows a model of the behavior of a system like this over time for several values of k/m. Time goes from left to right, x(t) is the vertical axis, and the different curves have different values of k/m. If k is very small or m is very large, there is very little oscillation. But if it is the other way around, then there is very rapid vibration.

[image: A 2D graph showing sinusoids of different frequencies. Higher frequencies complete more cycles in a given amount of time than do sinusoids of lower frequencies.]
FIGURE 9-6: Simple harmonic motion


If k/m is zero, which would be the case if the spring constant was zero, or if the mass, and thus the momentum that the spring must overcome, was infinite, the system will just sit there. You can see that where this parameter is zero (red line), that x(t) is a constant. But if k/m becomes relatively large (purple line) you will have more oscillations in a given period of time.

There are many more examples, such as electrical circuits with a capacitor of capacitance C and inductor of inductance L (and no resistance) that has the current varying in time as 1/LC. A capacitor stores energy as an electric field, but an inductor in a magnetic field. The system (in the idealized absence of resistance) will pass current back and forth between these two types of energy storage.

All these systems are governed by second-order differential equations. A little searching will bring up simulations, such as those at mathlets.org or phet.colorado.edu. You might try playing with these to get insight on the dynamics.



Spring Experiment

We can do an experiment modeling simple harmonic motion of an object on a spring by scrounging around the toybox a bit. Get a light spring (a one-inch-diameter “Slinky Junior” is perfect) and attach a washer or other weight to one end (Figure 9-7). Have a friend hold it (Figure 9-8) or securely attach it to a table top.

[image: A photo of a spring with a metal washer attached to one end.]
FIGURE 9-7: Simple spring setup


[image: A photo of a hand holding the spring and washer from the previous figure. The hand holds the end away from the washer, and the spring is now extended with the weight of the washer stretching it out.]
FIGURE 9-8: Running the experiment


Although this case (a spring pulled down by gravity) is slightly messier to derive, it turns out that the frequency is the same as the side to side spring arrangement. Test it out with different weights. If you really want to be fancy, buy a spring assortment (get very light springs so they will oscillate with a reasonable weight) and vary the spring constant as well. You will also see that if you hold the spring so that only part of it is free to oscillate (a shorter spring) the frequency does not change. There are a lot of variables here that will cause some variation from the expected values, but you should get general qualitative behavior.

You can measure the frequency by counting how many seconds it takes to come back to the same place 10 times. Divide that number by 10 to get the period; 1/period is the frequency. Since it is tricky to exactly capture when the next cycle starts, measuring 10 cycles will be a little more accurate.



Pendulum Experiment

Many physical systems can be modeled with simple harmonic motion. An ideal pendulum that is moving back and forth at small amplitudes has a frequency of g/l, where g is the acceleration due to gravity, also called the gravitational constant (9.8 m/s2 on Earth) and l is the length of the pendulum. This works out to units of 1/time, as it was for the spring. Interestingly the period of a pendulum is independent of its mass.

Deriving the equations of motion for a pendulum are a little messy; if you want to see them in detail, search on “equation of a pendulum.” You can make a very simple pendulum by tying a thin string on a washer, and tying the string to some point where it can swing freely. Vary the mass of the pendulum; the period should not change. If you vary the length, though, the period should decrease proportional to the square root of the length.

First, take two washers and tie them to each end of a piece of string or thread (Figure 9-9). The second washer will keep the upper end in place. Slip the second washer under a book or other weight on a table so that the first washer hangs freely. Move the free washer through an angle from the vertical to get it swinging (Figure 9-10). Technically this only works for small excursions of the pendulum, so don’t get too carried away in pulling too far to one side or the other to get started.

[image: The washer now tied to a piece of string. A second washer has been tied to the other end.]
FIGURE 9-9: Pendulum experiment setup


[image: The piece of string with is now hanging from the edge of a table, with the second washer held down with a book to anchor it. A hand is holding the first washer up to one side with the string taut, ready to release it to swing freely.]
FIGURE 9-10: Pendulum experiment start


If you were weightless in space, how would this look? Search on “weightless pendulum” to see videos of experiments done by astronauts in space. Increase the weight and note that the frequency does not change, assuming you do not inadvertently change the length of the pendulum. Count the frequency as we described for the spring. Very careful setups like this were early ways of measuring gravity, but obviously those experiments need much more controlled experiments than we have here!



Systems of Differential Equations

To this point in the book, we have mostly looked at concepts in isolation. In Chapters 4 and 5, we thought about derivatives, which show how something is moving or changing. In Chapters 6 and 7, we looked at integrals, which show us how to figure out how fast something is adding up. In the last chapter, we were introduced to the idea of a differential equation and its discrete version, the difference equation.

In this chapter, we think about how to deal with systems of more than one equation, each of which include derivatives. Equations like these relate how something is changing (over time, for instance) to other variables, or perhaps tie together how the rates of change of several variables drive each other’s behavior.

Some classic equations can be manipulated algebraically to get a solution. This solution will be an equation with the variables related to each other in some explicit way. We say those have closed-form solutions, and we saw two simple examples in Chapter 8 (which we solved in discrete form just to make the point that we can do that for any equation). Here we will look at equations that give solutions that are periodic, but are not sinusoids.


Reprising the Logistic Equation

In Chapter 8, we looked at the simplest possible differential equation (the exponential growth equation) and then the next step up, the logistic equation, which had a solution that was a combination of a few different exponentials. The logistic equation looked at how a population would grow in a resource-limited environment — say, rabbits in an area with a finite amount of foraging available to them. In real life, though, we often want to look at the outcomes of several different interacting factors all at once. How can we do that?



The Lotka-Volterra Equations

There are a famous pair of differential equations that describe the rise and fall of populations of a predator and its prey in a closed environment over time, like a population of rabbits and foxes in a field. Rabbits like to breed, and foxes like to eat rabbits. How do the populations vary over time, with some simplistic assumptions? These are the Lotka-Volterra equations, named for Alfred J. Lotka and Vito Volterra, who wrote about them independently (for differing applications) in several publications over about 20 years starting in 1910.

It turns out that variations apply in many other circumstances, too, like parasite populations in a host, chemical reactions, and economic theories. The ability to solve several interacting equations at once makes it possible to predict behavior of complicated systems that can’t be modeled with just one equation. It requires a bit more bookkeeping than the single equations we talk about in Chapter 8, but conceptually it is not very different. The Lotka-Volterra equations describe interacting biological systems, like a predator and its prey in a closed ecosystem. Both because the equations loosely model real behavior and because they create a simple model, they are often used to teach about differential equations.

The population of prey, without any predators around, would just be a rate of population growth times the current population. If we then add predators to the system, some of the prey will be eaten. The rate at which the prey are eaten is increased by a large number of predators, because there are more of them hunting for the prey, but it also increases if the prey are more abundant, because the predators have an easier time finding them.



Population Behavior Over Time

The time plot of the predator and prey populations is just a line in 3D (predator, prey, and time) space. We could have made a model in any of three orientations, supporting the curve using each of the axes as a base. But none of these really let you think about the relationships all that easily. Our early attempts at this model also made it easy to lose track of which direction was positive, and how far a value was from zero, in at least one axis. We evolved instead to a model of two intersecting surfaces (Figures 9-11 and 9-12) that we think more clearly shows all three projections (predator, prey, and time) more clearly.

In Figure 9-11 (on the following page), time goes from left to right, the rabbit population is vertical, and the fox population is at right angles, out of the page. As you can see, the solutions are periodic. If you have the ability to print out this model, run your finger along the line that forms the top front to help you intuit the behavior.

[image: The 3D print model of Lotka-Volterra equations, oriented to show variation of prey with time. Five points are lettered. a = start of the curve with prey at a local minimum, b = prey is ramping up gradually, c = prey briefly at a local maximum, d = prey falling sharply, e = prey returns to a minimum. The curve is periodic, although not sinusoidal exactly.]
FIGURE 9-11: Lotka-Volterra equation solution, focused on prey time behavior


In Figure 9-12, we have taken a photo at roughly right angles to Figure 9-11. This view shows mostly the changes in prey. Notice that we have written some letters on Figure 9-11 and 9-12. Now, either follow along with a copy of the model you have printed for yourself, or go back and forth between Figures 9-11 and 9-12. Both figures have five labels — the labels are in the same physical spot on the print in both views, to give you a sense of how the model can be manipulated. In the narration that follows, (a), (b), (c), (d), and (e) refer to those points on the models.

[image: Same model as in Figure 9-11 oriented to show variation of predators with time. The same five points are lettered, but now we see that on this curve, a = start of the curve, with predators falling gradually, b = predators at a local minimum, c = predators ramping up rapidly, d = predators briefly at a maximum, e = predators falling gradually again. The curve is periodic, although not sinusoidal exactly.]
FIGURE 9-12: Lotka-Volterra equation solution, focused on predator time behavior


Beginning in the prey view in Figure 9-11 at point (a), we start off with a small number of rabbits and they multiply, as rabbits do, up to point (c). But if you also pay attention to the fox view (Figure 9-12), you will see that it begins to grow in response, but with a bit of a lag, not until point (b). Then the rabbit population falls, starting at point (c). The fox population gets too big and reaches its maximum (point (d)), then it too begins to fall off. At point (e), the rabbit population levels off at its minimum point, and the cycle repeats from there.

Figure 9-13 shows three views of the same model, looking at the time behavior of rabbits (top of the model on the left), the time behavior of the fox population (top of view of the middle model) and looking down the time axis (foxes along the bottom, rabbits in the vertical). If it bothers you to think of populations of fractional rabbits and foxes, just imagine that we are talking about population in thousands, or millions. We go into that more in the section later in this chapter where we talk about the attofox problem.

[image: The two views in 9-10 and 9-11 side by side, plus a view down the time axis. This last shows that the model is periodic; this model looks like a lopsided oval, or a rounded triangle.]
FIGURE 9-13: Looking at the prey versus time (left), predator versus time (center), and down the time (right) axis




Exploring the Lotka-Volterra Equations

For simplicity’s sake, the equations don’t worry about the time between prey being born and reproducing. The increase in the predator birth rate due to prey population changes is also assumed to happen instantaneously on the model’s timescale. On the other hand, the predators will starve to death if there isn’t enough food for them, so more predators will lead to a higher death rate by starvation. Their numbers will increase again if their population drops below the level at which the prey population is sufficient to sustain them. So, the equation for rate of change in the two populations looks like this:

dxdt=ax−bxydydt=−py+qxy

Where

t = time

x = rabbit population, a function of time

dxdt = rate of change of rabbit population with time

y = fox population, a function of time

dydt = rate of change of fox population with time

a = rabbit population growth rate

b = rate of predation of rabbits

p = starvation rate of foxes

q = rate of fox population growth as a function of available rabbits

All numbers are positive real numbers. That is, there are no negative foxes or rabbits, or backwards growth rates. The equations are truly three-dimensional in (x, y, t), so let’s explore what can be learned by creating and then manipulating a 3D printed model of the time variation of these two populations.

You will notice that we specified an initial condition for x and y. To create this 3D printed model, we have to create points along the line by moving forward in time in discrete steps based on our equations for x and y, as we described in Chapter 8’s discussion of Euler’s method:

Next value of x = Current value of x(t)+Δtdx(t)dt

Next value of y = Old value of y(t)+Δtdy(t)dt

Where Δt is the time step between successive computed values.

And of course, we know dxdt and dydt from

dxdt=ax−bxy⁢  anddydt=−py+qxy

To get things rolling, we also need initial values of x and y. In the next section, we will see what varying those starting values does to the behavior. The behavior of these systems looks like they are some sort of sine or cosine curve, but as we see in the next section, they are not. It is possible for something to be periodic without being a pure sine or cosine curve.



Creating the Models

To try out the models in this chapter for yourself, use the model predPreyIntersection.scad. The parameters a, b, p, q and K (and which we will talk about in later sections) correspond to the Lotka-Volterra coefficients defined in the chapter. To create the variants throughout the chapter, change the variables at the top of the file. Figures 9-11 through 9-13, 9-15, 9-16, and 9-18 through 9-20 show parts created by this model.





	Case

	a

	b

	p

	q

	K

	Starting point




	Baseline,

Figs. 9-11 to 9-13, 9-15 to 9-17, 9-18 (left)

	2/3

	4/3

	1

	1

	0

	[0.6, 0.4]




	Figs. 9-18 (right)

	2/3

	4/3

	1

	1

	0

	[1.5, 0.1]




	Figs. 9-19

	4/3

	4/3

	1

	1

	0

	[0.4, 0.6]




	Figs. 9-20

	2/3

	4/3

	1

	1

	4

	[0.6, 0.4]






TABLE 9-3: Values used in predPreyIntersection.scad model


Later Figures change parameters in ways described in the text. Because these are just parameter changes (changing a few numbers at the top of the file) we are only including the baseline STL file. We encourage you to change these parameters in OpenSCAD and see what happens with the system behavior. Later in the chapter we have a summary table of the parameters used.



Phase Space

This pair of equations has what is called an “implicit” solution. That is, you can’t get a tidy relationship with an x or a y on one side and a function of the other variable on the other. In a later section we show the algebra to get this, which uses a technique called separation of variables. For now, though, let’s just accept that when we do a little algebra we find the following relationship between x and y:

qx−p⁢  In(x)+by−a⁢  In(y)=C

Where is C, just a constant. It’s not pretty, but if we put in values of x and y into this equation we get a surface of possible values of C. If we use the same values of a, b, p, and q as we have so far in this chapter and plot the values of C for each x and y, we get a surface (Figure 9-14). This is called a plot in phase space, showing the relationship of x and y for all time. Figure 9-14 was created in OpenSCAD using the TriangleMeshSurface.scad model. This surface as-is is nearly impossible to print, because of the sharp edges and steep gradients near the edges, so we have not included the details of creating it. (It was also a little clumsy to stuff the closed-form solution into the model.) We’ve discovered, in sources from Wikipedia (look up "Lotka-Volterra equations") to Joan’s venerable undergrad differential equations textbook (Simmons, 1972), that it is common practice to transform this into something more convenient which gives more insight.

[image: A rendering of phase space, showing a gently-varying surface which suddenly goes off to infinity on two edges.]
FIGURE 9-14: Screenshot, original phase space (in OpenSCAD)


Common practice is that one raises both sides to an exponential power, rearranges it, and has the height of the surface plotted in terms of e−C. Plotting this instead still maintains the relationships between x and y (2D projections of the surface onto the (x, y) plane remain the same) but compresses the nasty steep gradients near the edges and expands the area near the stable point. Figure 9-15 shows this (printable!) model for the same rabbit-fox system we have been showing so far. Making a physical model of a mathematical function can give a lot of insight into the structural details and properties of possible transformations.

[image: 3D model of phase space, which looks like a hill graded with height contour lines. The same oval-triangle shape is visible, looking more circular near the hill's apex and more triangular near the base.]
FIGURE 9-15: Phase space baseline print


What does this surface mean? We just said that we are plotting out values of e−C, for each x and y. Lines of constant e−Care lines of constant height, and, as it happens, also the layer lines on the 3D print in Figure 9-15. If this bothers you, see the details of the algebra down in the section in this chapter about separation of variables. A few of the curves are emphasized, with initial values of x and y = [[.4,.6],[.4,1.2],[1.2,0.6],[1.2,2.2]].

Also, if we look at the view of our models in Figure 9-11 that showed the time variation of the predator and prey functions and look at the view down the time axis, we get another clue. The elliptical-ish curves are the same ones we would see if our model was translucent enough to see the bottom of the curves as we look down the time axis. Each of these closed curves is the trace of a cycle of predator and prey populations over time. Since the system is periodic, it will go around and around these orbits, and not jump between them. You can see how this alignment works in Figure 9-16.

[image: The models in Figure 9-13 and 9-15 are aligned to show that looking down the time axis of the model from Figure 9-13 and looking at the lines of constant height on the phase space model give the same curve.]
FIGURE 9-16: Alignment of phase space and time-domain plots




Phase Space Model

Models like the ones in Figures 9-11 and 9-12 are often referred to as time-domain plots, since they show time behavior of the two populations. If you flatten out the time behavior, though, and just graph how (in our case) predator and prey vary with each other for all values of time, that is called phase space. In systems like this, where we have two interacting variables changing over time, phase space plots can show us whether the behavior is periodic (forming closed orbits like the ones on the model in Figure 9-15), or maybe spirals out or inward, or maybe just is all over the place.

The highest point is the stable point, and oscillations get bigger as you get farther from it. The vertical axis does not really have a physical meaning per se, but lets you get a sense of how the system behaves as you go toward and away from the stable point. This is sort of an equivalent of going around a circle for a sinusoid; the fact that we are going around a closed curve that isn’t symmetrical gives us more complex behavior.

That explains one curve on the surface of Figure 9-15, but what makes us jump from one curve to another? And how is the behavior of the curves different? Just looking at the surface, we can see that the curves get tighter and tighter around a maximum point. So, as we go farther from that maximum point the oscillations get bigger. Can we figure out what the value of the two populations are at that maximum point?

The phase space models in Figures 9-15, 9-16, and 9-19 are created by the model phaseSpace.scad. As with the model in Figure 9-11, the only thing that changes for the rest of the chapter is the various parameters. We encourage you to test out how the behavior changes when parameters are varied. Table 9-4 lists the variables used for the cases in this chapter.





	Case

	a

	b

	p

	q

	K

	Starting point




	Baseline,

Figs. 9-13 to 9-15 (computer vectors)

	2/3

	4/3

	1

	1

	0

	[0.6, 0.4]




	Fig. 9-17

	4/3

	4/3

	1

	1

	0

	[0.4, 0.6]






TABLE 9-4: Values used in phaseSpace.scad model




Slope Fields

You can think of these phase space prints as a replacement for plots of the slope field. A slope field is a plot of the tangents to the curves relating (x, y) — our orbits here. Computer programs like Mathematica or Desmos can draw short line segments showing these tangents, which are short lines of slope dxdy at a particular (x, y) point.

To put it another way, if you have an equation for a particular (x, y) you can plug in those x and y values and use that numerical value as the slope of a short line passing through (x, y). Slope fields are used when it is easy to plot the derivatives but perhaps not so easy (or impossible) to solve for actual curves relating x and y.

They are, however, tedious to plot by hand. If you are asked to match a differential equation with its slope field, “sanity check” a few values to see if you are right. Figure 9-17 is the slope field for the baseline equations, which we plotted by using an adapted version of the OpenSCAD surface model. (This was a little convoluted to do, though, and you will want to use a different tool.) The desmos.com package has good tools for complex plotting that are free as of this writing.

[image: A grid of short stright line segments, each tangent to the contour in that part of the phase space plot.]
FIGURE 9-17: Slope field of Lotka-Volterra baseline (created in OpenSCAD)





Stable Point

When we learned about derivatives in Chapter 3, we found out that derivatives are equal to zero at maximum and minimum points. If we set the derivatives in equations and to zero, we get

0=ax−bxy,or0=x(a−by)

For that to be true, either x=0 or y=ab. Similarly, we have

0=−py+qxy, or0=y(−p+qx)

which gives us x=pq and y=0.

Therefore, there are two stable (x, y) points: both populations go extinct at  (x,y) = (0,0) or they oscillate about x=pq and y=ab. In the case we are looking at so far in this chapter, a=23, b=43, p=1 and q=1 so the stable point is (x,y)=(1,12). The farther away we are from this stable point, the bigger the oscillations we will see.

Figure 9-18 shows the time behavior of populations with two different starting points: on the left, (x,y)=(0.6,0.4) and on the right (x,y)=(1.5,0.1). The one on the right has bigger oscillations. On the model in Figure 9-15, it corresponds to a bigger closed curve farther away from the stable point. We’ll call those curves orbits, like orbits of planets around the sun. For printability and to be able to see the zero point, we have added material from each curve down to its respective zero point. Time is increasing away from you here; rabbits increase from right to left, and foxes in the vertical direction.

[image: Two of the periodic models, one with bigger fluctuations than the other.]
FIGURE 9-18: Two time-domain curves with different start times and baseline parameters


The stable point (high point) (pq,ab), is also the average value of x and y over any orbit. This means the velocity farther from the stable point must be higher. It’s a little messy to prove; it involves some tricky substitutions and integrating by parts, which we will see in Chapter 13. If you want to see the proof in all its algebraic glory, do an internet search on a phrase like, “proof Lotka-Volterra average values”.

Whether you choose to do the algebra at some point or not, look at the phase space model and think about how the dynamics of the system change as you change your initial starting conditions. You can notice, in particular, that the maximum and minimum distances in x and in y from the stable point line up for all orbits. If you run a line connecting the maximum and minimum distances y from the stable point and do the same thing in x, the two lines will intersect at the stable point. The shape of orbits goes from nearly-circular near the stable point, to more irregular for orbits that start farther away.




Changing Population Ratios

To get further intuition about the system, we can try changing some of the coefficients a, b, p, and q in the Lotka-Volterra equation. For example, what happens if we double a, the birth rate of the prey species, and keep all the other parameters the same? Figure 9-19 shows the time domain and phase space for the case when a=b=43, and p=q=1.

The stable point is now (1, 1), and the starting point for the time-domain print is (x,y)=(0.4,0.6). As you can see in Figure 9-19, this makes the time domain quite a bit “spikier” than the cases earlier in this chapter which had a rabbit birth rate half of that here. Since the start point is farther from the stable point in this system than it was in the original one the oscillations are bigger.

[image: The periodic model and phase space for another set of parameters. This one has large fluctuations, and the maxima are equal for the predator and prey curves.]
FIGURE 9-19: Time domain and phase space for doubling rabbit birth rate


One last variation on these equations is to ask what happens if the rabbits cannot reproduce without limit, but instead we introduce a carrying capacity limit as we did with the logistics equation in Chapter 8. This might represent a limit on the amount of food available to the rabbits, for example. This changes the Lotka-Volterra equation for rabbits to

dxdt=ax(1−xK)−bxy

Where K is the carrying capacity for rabbits. The resulting system (with the same values for everything except K as Figure 9-11) is shown in Figure 9-20. The increase in the rabbit population will slow as it approaches a maximum, as the rabbits’ food supply becomes more scarce. There are many variations here that can add in different constraints, such as different predators competing for the same prey, and so on. Think about how adding each of these terms might change the time and phase space behavior. You can have many different equations that are interrelated in complex ways and scale the techniques used here to test out your assumptions.

[image: The periodic model with damped oscillation. The fluctuations get smaller in the positive time direction.]
FIGURE 9-20: Constrained Lotka-Volterra


Make the K variable in the models introduced for Figures 9-11 and 9-12 not equal to zero (we used 4 here) and experiment with the baseline or other parameters kept constant. How does the system behave? Thinking as a population biologist, how is the behavior of this ecosystem different from the baseline one? If you want an ambitious project, starting with the repository file for the predator-prey time domain plot, add in a term that takes carrying capacity into account for the prey and predator species, and interpret your result.



Attofox Problem

Any model of reality is at least a little imperfect. These equations have a particular issue that populations recover even from very low values that in real life would probably lead to extinction. If we start off with a value very far from the stable point, we will swing down to correspondingly tiny populations as we orbit around the stable point. This is called the attofox problem by people who study mathematics of systems like this. The prefix “atto” means 10−18 – so an “attofox” would be a hypothetical one-quintillionth of a fox, obviously not useful for starting up a population again!



Separation of Variables

In the earlier section in this chapter where we talked about phase space, we mentioned in passing that we could use a technique called separation of variables to start with the Lotka-Volterra equations and combine them to get the closed-form solution. In this technique, we try to combine our two equations such that we get all the terms in one variable on one side of an equation, and all the terms in another on the other. Then we can integrate both sides to get a closed-form solution, if we are lucky! (If we’re not lucky, then we might have to resort to solving the equation numerically, or seeing whether it fits one of the many special-case solutions that are out there.)

Back in Chapter 5, we learned about the chain rule, which said that we can manipulate ordinary (not partial) derivatives like this:

dydtdxdt=dydx

Given that, we can write, based on the original Lotka-Volterra equations,

dydx=dydtdxdt=−py+qxyax−bxy

If we shuffle that around a little to separate the x and y terms, we get

dydx=y(qx−p)x(a−by)

which rearranges to

a−byydy=(qx−p)xdx

We can integrate both sides of the equation to get

a⁢ In(y)−by+A=qx−p⁢ In(x)+B

Where A and B are constants that we will combine into one constant, C. (The indefinite integral of 1/x is In(x)+C.) Rearranging to get the constant by itself, we get

qx−p⁢  In(x)+by−a⁢  In(y)=C

Or, alternatively, we can take the exponential of both sides of one equation back, to get

ea⁢ In(y)−by+A=eqx−p⁢ In(x)+B

Since eA and eB are just constants, we can combine into another one we’ll call e−C to be consistent with the phase space discussion earlier in this chapter and get

e−c=xpe−qxyae−by

This is what we are actually plotting in our phase-space models, like the ones in Figures 9-15 and 9-19. The height of these phase-space plots are values of e−c, and a given set of values for a, b, p, and q, and initial conditions will cause the system to orbit around at the level of that constant. Notice that this approach does not work for the constrained equation with a carrying capacity added in, because that adds a term that does not separate out. This does not stop us from exploring the time behavior of the system numerically, though, and we could pretty easily plot the slope field.



Chapter Key Points

In this chapter, we covered the idea of using more than one differential equation to describe how several different factors might interact to create complex behavior. We focused particularly on the Lotka-Volterra equations and on the system that they modeled. Periodic systems like these are very commonly encountered in many physical sciences, like biology and chemistry.

You can see how you might add terms for the equations to model different behaviors of an actual system, or a numerical model. Modeling and prediction are some of the core real-world functions of calculus. Not every system has tidy periodic behavior like this one, though!



Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  Lotka-Volterra equations

	•  Dynamical system

	•  Second-order differential equation

	•  Separation of variables

	•  Phase space

	•  Time domain
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10 CALCULUS, CIRCUITS, AND CODE

Like other dynamic systems, the behavior of electronic circuits can be modeled with derivatives and integrals. Or, calculus can be used in algorithms to control real-world robot behavior. In this chapter, we point to a mix of simulated and real electronics for you to try out some of the concepts we have explored to this point.

First, we show how to use the math we have learned in Chapters 8 and 9 to make calculus-based models of common circuit elements. Then, we walk through projects that will let you directly measure and play with acceleration, including building a pendulum with an accelerometer to validate the predictions for pendulum acceleration we made in Chapter 9. We have designed these projects so that no soldering is required, which limits the range of components a little. If you are comfortable soldering, you can make more sophisticated (and probably cheaper) versions of these.

Finally, we give you some pointers on how you might demonstrate a PID controller (Chapter 6). Actually building one is more suited to an undergraduate capstone project than a quick review in a book focused on the math per se, but we give you some ideas that you can expand upon if you are looking for a larger project.

We hope that this mix of simulation and hands-on projects will help you cement the concepts you have learned so far and give you ideas of ambitious things you can invent and try. If you want to apply some of these ideas to costumes that do things when you move, you might be interested in our 2016 book with Lyn Hoge, Practical Fashion Tech.


Programs from repository used in this chapter (see Chapter 3 for location of repository; these files are in the repository folder arduino_demos):


	•  integral_mouse.ino

	•  led_pendulum.ino



Other software needed for projects:


	•  Arduino IDE - arduino.cc/en/software

	•  Adafruit Circuit Playground board definitions (see chapter text for details and links)



Other materials needed for the accelerometer mouse and pendulum projects:


	•  Adafruit Circuit Playground, Classic or Express (Classic will be easier to use for the Arduino programming we show here, but Express is compatible with other programming options, like block code or Python.)

	•  Long (at least 3 feet, 6 feet for yardstick pendulum), flexible microUSB cable. This will attach a Circuit Playground to your computer. It needs microUSB on one end, and whatever type of USB port you have on the other. Note that many microUSB cables are power-only, and you need one that also supports data transfer.

	•  Laptop or desktop computer

	•  Non-conductive ruler (wooden yardstick with a hole at one end is ideal)

	•  Double-stick tape

	•  Something to use as a pivot in the yardstick hole (e.g. a thin screwdriver)

	•  Masking tape that will not mark furniture

	•  (Optional) Adafruit 3915 Circuit Playground Express Enclosure

	•  (Optional) USB battery and some means of securely attaching battery to Circuit Playground enclosure




Chapters after this one are more focused on tying in some of the algebra techniques you will need if you want to move beyond intuition to use calculus to solve problems. If you want to stop at the intuitive level, you may want to just peruse the remaining chapters. However, if you are using this book as a supplement to a traditional class, you will need those later chapters to tie in our approach to the more typical one.


Calculus Models of Circuits

Basic circuits are surprisingly easy to model with a little calculus. A circuit is one or more components attached to each other with something that can conduct electricity (like wire). Circuits might have some behavior that is static and does not vary with time, or they might have components that inherently change in some way. Electricity might be supplied to a circuit in a way that does not change with time (direct current, or DC) or might be sinusoidal (alternating current, or AC).

In this section, we give a brief introduction to using calculus concepts to model individual components. If you want to learn more practical details about these components, you might check out Charles Platt’s book, Make: Electronics (3rd Edition, Make Community LLC, 2021). Our focus in this first section is more about how we can use our newfound calculus tools to model circuits, rather than the details of these parts per se.

This begs the question of why we might want mathematical models in the first place. The short answer is to give yourself predictive ability. You might be able to create simple circuits and monitor them with lab instruments, but it is quicker, cheaper, and faster to design circuits if you can simulate behavior first. For integrated circuits, it is not really feasible to hand-design thousands of components without tools to keep track of the details.


Simulating Circuits

One of the oldest circuit simulation programs for engineers designing circuits is SPICE (Simulation Program with Integrated Circuit Emphasis) which is used, as the name implies, to simulate microcomponents on chips. These programs model physics beyond the basic current flows we talk about in this chapter, and also check thermal issues, magnetic effects, and more. But even if you are going to rely on such programs, you need to be able to interpret what they tell you.

If you just want to see the behavior of some predefined circuits, like the ones we talk about in the first part of this chapter, you can use interactive simulations. There are many freely available online simulations and animations of the dynamics of circuits. We particularly like the simulators at phet.colorado.edu/en/simulations and falstad.com/circuit, and the analysis in the “Circuit Analysis” section at khanacademy.org.

If you want to, you could buy circuit components and monitor them with test equipment. A basic multimeter can show you a static voltage or current, but you really need an oscilloscope to monitor how these values change over time. The reality, though, is that it is a lot of purchase of components for not all that much insight, since the good simulations will let you vary component parameters beyond ranges it would be safe to use with real components. We suggest you watch the simulations and then move on to the more interesting demonstrations (and bigger project ideas) we have for you later in the chapter.



Definitions and Units of Electrical Components

Electricity is all about how charge moves around within a circuit. The fundamental unit of charge is the coulomb (C). It is tied to a physical quantity: the charge on one proton is defined to be 1.602176634×10−9 C. This unit is named after the French military man and engineer Charles-Augustin de Coulomb, who, among other things, discovered attraction and repulsion of opposite charges with several elegant experiments in the late 1700s. The coulomb is buried in the definition of the other, more commonly seen units we define in this section.

Current is the movement of this charge from one place to another. Current is defined as the derivative of charge with respect to time. Its unit is the ampere, usually shortened to “amp” and denoted with a capital A. It is named after André-Marie Ampère, who discovered many of the basic relationships between electricity and magnetism in the early 1800s. The ampere is one of the seven fundamental international system (SI) units. One amp of current results from one coulomb of charge going past a point per second (s):

1 A=1 C / s

Current (confusingly) is usually referred to by the letter I (for current not changing with time) and by lowercase i(t) for time-varying current. Charge, not to be outdone, is typically referred to as Q or q(t). People speaking a lot of different languages contributed to the early days of electromagnetism. The I for current comes from Ampere’s French phrase intensité du courant, or “intensity of current.” If you want to know more about the recent redefinition of the ampere (which used to have a rather indirect base definition) you can read about it at nist.gov/si-redefinition/ampere-present.

Differences in voltage at different points in a circuit make current flow through it. The unit of voltage is a volt, which has the units of energy divided by charge (one volt equals one joule/coulomb). A joule is a unit of energy, or work; in more fundamental units of kilograms, meters, and seconds it is

1 J=kg⁢  m2/s2

Voltages are thought of in terms of differences between two points in a circuit. An analogy is often made to water pressure in a pipe. When there is more pressure at one end of the pipe than at the other, water will flow from the high-pressure side toward the low-pressure side. The rate that the water moves in this analogy is the current. Voltage is usually denoted by V, or v(t) if time-varying. In terms of more basic units, one volt is one joule per coulomb, or sometimes one watt (W, equal to one joule per second) per ampere.

1⁢ V=1⁢ kg  m2/(s3A)=1⁢ J/C=1⁢ W/A

Resistors (Figure 10-1) “resist” the passage of current and will dissipate energy, typically as heat. The unit of resistance is an ohm, symbolized by the Greek letter omega (Ω). (A capital letter R is occasionally used instead, usually in informal contexts, when typing Greek letters is difficult.) A resistor of one ohm will allow one ampere of current through it if a voltage difference of 1 volt is applied across it. A relationship tying together voltage, current and resistance is called Ohm’s Law:

V=IR

named after Georg Simon Ohm, a Bavarian physicist who worked in the early 1800s. In the water pressure analogy, resistance is thought of as the inverse of the size of the pipe. A low-resistance wire is comparable to a large-diameter pipe that allows a lot of water to flow through easily, and a resistor would be a narrower pipe.

The stripes on a resistor like the one in Figure 10-1 tell you how many ohms it is, and the tolerance on that measure. There are many good explanations on how to read this, including Wikipedia’s at (en.wikipedia.org/wiki/Electronic_color_code). Or, you can use an augmented reality app to read it for you. There are several apps on the market that will use your phone’s camera to read these color codes, including ScanR (Android) and ResistorVision (iOS). The squiggly line in Figure 10-1 is the symbol used in circuit diagrams for a resistor; the next few figures also show other components and their symbols.

[image: A resistor, which is shaped like a cylinder with slightly bulbous ends, with metal leads protruding from the ends. The symbol is a line segment with a zig-zag section in the middle.]
FIGURE 10-1: A resistor and its circuit-diagram symbol


Capacitors (Figure 10-2) store charge when a voltage is applied across them. They typically consist of two conductors with an insulator between them. Current does not flow through capacitors, though as we see later in this chapter, changes in voltage can be seen across them. This means that a capacitor blocks constant (direct) current, but will pass alternating current by alternately charging up and discharging its two sides. Note that for larger capacitances, electrolytic capacitors are usually required. These cylindrical components have polarity (meaning they have a positive and negative side that can't be reversed), so they do not work for some applications. There are many variations on the symbol for a polarized capacitor, most of which include a plus sign on the positive side. The capacitors themselves have a marking on the negative side, as well as a shorter lead.

[image: Two capacitors. One looks like a yellow blob with two leads protruding in the same direction from opposite sides. The other looks like a small short black cylinder with two leads protruding from the same end. The symbol has two parallel lines, with a perpendicular line pointing outward from each of them.]
FIGURE 10-2: Capacitors and their circuit-diagram symbol


Capacitance is measured in farads. This honors the English physicist Michael Faraday, who did many early experiments on electricity in the mid-1800s. Faraday did not have formal training, and started out as a chemistry lab assistant. He had limited expertise in doing calculations, but was legendary for his intuitive approach to electromagnetism and clear explanations of phenomena. Had he learned calculus, he might have come up with some of the equations developed by James Clerk Maxwell, building on Faraday’s intuitions (see Chapter 11).

A capacitance (C) of one farad (F) means that one coulomb of charge can be stored with a voltage difference of one volt. In practice, one farad is in the “supercapacitor” range, and you are more likely to see components in thousandths (millifarad, mF) to trillionths (picofarad, pF) of a farad range. One farad in terms of kilograms, meters, seconds, and amperes is

1F=s4A2/(m2kg)

Alternatively, if you want to think about how a capacitor stores charge, this is equivalent to

1⁢ F=1⁢ C/V=1⁢ A⁢ s/V=1⁢ s/Ω

Inductors (Figure 10-3) are components that create a magnetic field when current flows through them. Electromagnets, for example (magnets that create a magnetic field with electric current) are inductors. Unlike electromagnets, which use that magnetic field for other purposes, inductors as electrical components are intended to use that magnetic field to store energy, similar to the way capacitors do. While capacitors resist a change in voltage, inductors resist a change in current, as if they were giving that current “electrical inertia”. An inductor’s ability to do this is measured in units of inductance.

[image: An inductor, which is an enamelled copper wire coiled around a ferrous core. The core, in this case, is donut-shaped. The exposed ends of the coiled wire protrude from one side. The symbol is a straight line interrupted by a series of semi-circular arcs.]
FIGURE 10-3: An inductor and its circuit-diagram symbol


Inductors are usually denoted with an “L”, for Heinrich Lenz, who in the early 1800s did some of the fundamental analysis about how they work. Notwithstanding that, the unit of inductance is the henry (H), named after Joseph Henry, an American contemporary of Faraday who discovered inductance at about the same time as Faraday did.

If a current is changing by one ampere per second, a 1 henry inductor will cause a change of 1 volt across the inductor. Like the farad, a 1H inductor is not commonly encountered, and you will most often see mH or µH. An inductor looks a lot like a resistor to alternating current, but with a higher resistance for higher frequencies, which means that it has no resistance to direct current (once its magnetic field stabilizes). One henry in terms of kilograms, meters, seconds, and amperes is

1⁢ H=1⁢kg⁢  m2/(s2A2)

Alternatively,

1 ⁢H=1 V s/A=1 s2/F=Ω⁢ s=1 J/A2

This final relationship to joules and amps defines the behavior of electromagnets, and their ability to perform work, or to use work to produce electric current. Because electromagnets convert between current and magnetic fields, they are used in electric motors and generators, which means that those devices also have inductance.

You might wonder why we broke down the units of these various quantities into quantities like meters and kilograms, which might not seem to have much to do with electricity. If you think about the dimensional analysis we did back in Chapter 2, this makes it easier for us to compare what on the surface might seem to be very different components and analyze circuits that combine one or more of them at the same time. The next section will show an example. Table 10-1 summarizes some of these relationships we use as cross-checks shortly.





	What it measures

	Unit and symbol

	In SI fundamental units

	Equivalent units






	Time (t)

	second (s)

	s

	s




	charge (Q, q(t))

	coulomb (C)

	A s

	C / s




	current (I, i(t))

	ampere (A)

	A

	A s




	resistance (R)

	ohm (Ω)

	kg  m2/(s3A2)

	V / A




	voltage (V, v(t))

	volt (V)

	kg  m2/(s3A)

	A Ω




	capacitance (C)

	farad (F)

	s4A2/(m2kg)

	s / Ω




	inductance (L)

	henry (H)

	kg  m2/(s2A2)

	Ω s






TABLE 10-1: Units summary




Resistor, Capacitor, and Inductor Circuits

Components are useful when we combine them into circuits to do something. First, we look at an RC circuit, where the RC stands for resistor-capacitor. In a circuit like this, we start with a charged-up capacitor and create a loop by attaching both ends of a resistor to it. The voltage across the resistor (and also the current flowing through it) will decay exponentially, just like the exponential decay examples in Chapter 8. This gives us a clue about what math might be involved!

Next, we look at an LC circuit, made up of an inductor and capacitor. A capacitor will become charged up in the presence of a steady voltage, but an oscillating current will make it alternately charge up and dissipate charge. (Current does not cross a capacitor.) An inductor, on the other hand, blocks alternating current but allows a constant current through. An LC circuit will produce a sinusoidal voltage and current, just like the pendulum and other periodic systems we saw in Chapter 9.

Capacitors and inductors are called nonlinear components, because they respond to current through them in a way that is not generally a straight line relationship. Resistors, on the other hand, can always be thought of as linear components (assuming you are not worrying about some non-ideal physical aspects).

Let’s get into some of the calculus behind these (simplified) results. You might want to fire up one of the simulators we mentioned earlier in the chapter, and use them to follow along in this section.



RC Circuits

In the section defining components, we saw that the current created by a discharging capacitor is proportional to the voltage across the capacitor, which varies over time. We can write this as the following relationship:

i(t)=Cdv(t)dt

(Remember that i means “current” here, not the square root of -1.) To avoid confusion, electrical engineers often use j for imaginary numbers, to the chagrin of mathematicians. We also saw that the current through a resistor is governed by Ohm’s Law. We have a time-varying current now, which complicates things, but at any given moment in time across a small part of the circuit (say, at the resistor) we can still write

i=vR

Suppose we have a circuit with just one resistor and capacitor, otherwise known as an RC circuit. Let’s assume that the capacitor had some charge on it, V0, when we connected the resistor and capacitor together (Figure 10-4). As we saw in the “Definitions and Units” section, a capacitor will discharge or charge depending on the rest of the circuit. In this case, with no other source of voltage and a resistor to dissipate energy, the voltage across the capacitor will decrease. But how quickly, and by how much?

A rule called Kirchhoff’s Law says that if we go around a loop of a circuit like the one in Figure 10-4, all the voltages have to add up to zero, since we can’t create energy from nowhere. (Gustav Kirchhoff was a German physicist in the mid-1800s who developed a lot of modern circuit theory.) This also has the implication, called Kirchhoff’s Current Law (called KCL by its friends) that if we pick one point in a circuit, the sum of the currents heading into that point has to be zero. By convention, circuits pick one direction to be “positive” current flow, such as all the currents into a node; the signs will come out in the calculation. If we look, for instance, at point A in Figure 10-4, KCL tells us that current flowing out of the capacitor and the current flowing into the resistor have to sum to zero.

Cdv(t)dt+v(t)R=0

[image: A circuit diagram consisting of the symbols for a capacitor and a resistor, with lines representing wires with right angle bends connecting the ends to make a loop. A point at one of these corners is labelled with a capital letter A.]
FIGURE 10-4: An RC circuit


Let’s check the units first to be sure we are right. The first term is in units of farad-volts per second. We saw in the previous section that a farad is a coulomb/volt. So we wind up with coulombs per second, or amperes (which we expect for current). The second term is just Ohm’s Law, which again gives us amperes. Rearranging that a little, we get

dv(t)dt=−1RCv(t)

Which we saw in Chapter 8 can be solved with this exponential:

v(t)=V0e−t/RC

Where V0 is the initial voltage. Checking units again, we find that the RC denominator in the exponent is in units of farads times ohms. Looking back at the previous section, we see that every unit cancels out except seconds, giving us time in the numerator and denominator of our exponents.

This result says that if we have a charged-up capacitor and we let it discharge across a resistor, the voltage across the resistor will decay exponentially, faster for lower-valued resistors or capacitors. Figure 10-5 graphs this relationship for values of RC between 0.5 and 8 seconds, and V0=5V.

[image: A 2D graph showing curves for various values of RC. All values produce an exponential decay curve, but larger for RC values, the voltage falls off more slowly. Values fary from RC = 0.5 seconds to 8 seconds.]
FIGURE 10-5: Voltage over time, various values of RC


The bottom line here is that we can indeed solve a real problem “in the wild” with the techniques in Chapter 8. RC circuits might seem very simple, but they have real uses, like capacitive touch sensors.



Capacitive Touch Sensing

Capacitive sensors are a common application of RC circuits. They can be used for touch-sensitive buttons and controls, as well as for things like fluid level sensing. Most smartphone touch screens and laptop trackpads also work by using an array of these sensors to detect where a finger is touching them.

The Adafruit Circuit Playground board, which we use for projects later in this chapter, has conductive pads around its perimeter (Figure 10-6). These are designed to be connected to conductive wire for wearable tech applications, or to alligator clips. Some of them are programmable, and those can be configured to be capacitive touch sensors.

[image: Circuit Playground circuit board. The board is round, and has 14 connector holes and 10 LEDs around its circumference. Other chips, two connectors and two buttons are also visible.]
FIGURE 10-6: Adafruit Circuit Playground Classic


You may have noticed that you can’t activate these touch surfaces using a fingernail or a simple hard plastic stylus like you can with a resistive touch screen. However, a light touch with a bare fingertip can be detected very accurately. This detection works through thin layers like a latex glove, but thicker winter gloves will block detection unless they are made with special conductive fibers. Similarly, a stylus requires conductive material in the tip to be able to activate these screens, usually in the form of a carbon-filled plastic or rubber material that will not scratch the screen.

These sensors work by detecting changes in the sensor’s capacitance. Your body is mildly electrically conductive, and is made up of much more of that conductive material than is the pad of the sensor. When you touch your finger to it, your soft fingertip conforms to the surface, creating a (relatively) large surface area with a much smaller gap between the two. This works like the two plates of a capacitor. To the circuit, your body looks like a plate connected to ground that the sensor capacitively couples to when you touch it.

The closer your finger gets, and the more you press down, squeezing your finger against the surface and increasing the contact area, the stronger this capacitive coupling gets. You are effectively increasing the capacitance. As the capacitance increases, it takes more energy to charge it, which means that more current has to flow through the resistor.

You can measure the capacitance by measuring how quickly the voltage across the capacitor is changing. Because the change in voltage follows an exponential decay curve, there are two methods a microcontroller can use to sense capacitance.

First, you could sense it by reading the analog voltage after it has had a fixed amount of time to decay. The more it decays in that amount of time, the lower the capacitance.

Second, you can sense it by timing how long the voltage takes to reach a fixed threshold voltage, like the point where a microcontroller’s digital pins switch between seeing it as a high or low voltage. Using this method, a high capacitance takes longer to read than a lower one, but it can be done on any microcontroller pin that can be used as an input, not just the ones that can read analog voltages.

Most microcontrollers even have internal resistors that you can use as the R in the RC circuit, so that you can do touch sensing with no external components required. The Circuit Playground and Circuit Playground Express that we see later in this chapter use this method to provide touch sensing functionality.

In reality, the voltage decay is not this clean, for a number of reasons. Your body may also act as an antenna, picking up other sources of varying voltage that will add noise to the signal. Your pulse also causes variations in your body’s capacitance. If you experiment with capacitive sensing, you will also likely notice that it behaves quite differently when the device is powered by a battery (either its own battery or by being plugged into a laptop that is running on battery power) versus when it is powered from a wall charger, or connected to a computer that is plugged in. The reasons for this lie in the difference between the “floating” ground found in battery-powered circuits and the earth ground used by wall-powered ones.



LC Circuits

If we have an inductor and a capacitor in a circuit, we create an interesting situation where the inductor blocks alternating current, but allows a direct current through. The capacitor, on the other hand, does not transmit a constant current and will charge up (or dissipate its charge) instead. If the capacitor is charged initially, it will start to dissipate current, creating a magnetic field in the inductor. Once the capacitor is discharged, the stored energy in the inductor’s magnetic field will induce a current in the circuit, charging up the capacitor again in reverse.

If we assume that there is no significant resistance in the circuit, then this cycle will repeat indefinitely (Figure 10-7). This is called a harmonic oscillator, an electrical equivalent to the simple harmonic motion we met in Chapter 9’s pendulum and mass on a spring. Let’s see how the math for this works out.

[image: A circuit diagram consisting of the symbols for a capacitor and an inductor, with lines representing wires with right angle bends connecting the ends to make a loop. Next to the diagram is a photo of these components connected in the same way.]
FIGURE 10-7: An LC circuit


The voltage across an inductor depends on how quickly the current through it is changing. We can write this as

V(t)=Ldi(t)dt

For a capacitor, we saw that the relationship was

Cdv(t)dt=i(t)

This is a little mathematically inconvenient, because we would like to either sum the voltages or current (using one of Kirchhoff's Laws) to find the circuit solution, and we have derivatives of one or the other. However, we know how to handle that now, by integrating one of them. Let’s integrate both sides of the capacitor equation, and substitute the result into Kirchoff’s voltage law that says that the sum of the voltage across the capacitor and that across the inductor must be zero.

voltage across inductor + voltage across capacitor = 0

Which is:

Ldi(t)dt+1C∫i(t)dt=0

This integral is even more mathematically inconvenient. But, from Chapter 1, we know that taking a derivative and integrating are inverses. If we take the derivative with respect to time of both terms, we get a second derivative in the inductor term, and get rid of our integral sign in the capacitor term:

Ld2i(t)dt2+1Ci(t)=0

Now, if we divide through by L, we get

d2i(t)dt2=−1CLi(t)

If we look back at Chapter 9, we see that this is exactly the same as the equation we found governing pendulums or masses on springs. (You can see this in the falstad.com/circuit simulation we mentioned earlier.) We know that the behavior will be a sinusoidal function of time, with a frequency of 1/CL, and a maximum amplitude i0.

i(t)=i0cos((1/CL) t+c)

If we look back at the equations relating the voltage and current for the inductor and capacitor, we see that in the case of the capacitor, the voltage is the derivative of the current, and the other way around for the inductor. Remember from earlier chapters that the integral (and derivative) of a cosine wave is a sine wave. A sine wave is just a cosine wave 90 degrees (or π/2 radians) out of phase. Thus the voltage will have a 90 degree phase shift from the current. The voltage across the inductor and capacitor will be synchronized with the same phase as each other (and similarly, the current).

The phase c will depend on the system conditions when we start measuring at time t = 0. Figure 10-8 plots this variation of current and voltage at the capacitor, with c = 0.

[image: A cosine curve.]
FIGURE 10-8: Time behavior of current in an LC circuit





RL and RLC Circuits

As you might expect, a circuit consisting of an inductor and resistor has a similar behavior to that of one with a resistor and a capacitor. That is, if energy is stored in the inductor, it will dissipate with the current across the resistor decreasing exponentially:

i=i0e−(Rt/L)

The bigger the resistor, or the smaller the inductor, the more slowly the stored energy will decay away from its initial value. If we do our units check, we can see that R/L has units of ohms/henry, which works out to 1/time (as we would want, to cancel out the time dependence).

Things get a little more complicated if you have (more realistically) some resistance in your LC circuit (and thus an RLC circuit). All real-world LC circuits are really RLC circuits, since the components themselves will have some internal resistance. The system will still oscillate, but will be damped exponentially. That means that the system current and voltage amplitude will get smaller with time, but oscillations will continue (Figure 10-9).

[image: The same cosine curve as in 10-8, but the amplitude decreases from left to right, following an exponential decay curve.]
FIGURE 10-9: Damped oscillations


The derivation of this is complicated and uses some concepts in Chapters 11 and 12. If you are interested, you might read those chapters and then look at the Khan Academy or other derivations of the system. Of course, real systems will also depend on the details of the circuit in question, whether the components are all in one loop with each other (in series) or in several interconnected loops (in parallel) and other factors.




Filters

Variations on the circuits we have seen in this section are built into electronic systems as filters. As we have seen, capacitors block continuous current, and will allow higher frequencies of time-varying current to pass; inductors are somewhat the reverse. Combinations of resistors, capacitors, and inductors can be used to let desired ranges of frequencies through one part of a circuit and into the rest of it. Filters that only let continuous or low-frequency current through are called low-pass filters; ones that only let higher frequencies through are called high-pass filters; and ones that just let a narrow band of frequencies through are called, not surprisingly, band-pass filters.



Accelerometers and Gyroscopes

Now, let’s move on to somewhat more sophisticated electronic devices that we can use to directly measure acceleration in a straight line, or rotation about an axis. These measurements are made, respectively, by an accelerometer and a gyroscope. We create two projects that use built-in accelerometers in the Circuit Playground and Circuit Playground Express processors. Each of these boards have three accelerometers, one on each axis.

An accelerometer has a tiny mass inside, connected with tiny springs, and it measures the movement of that mass against the springs very precisely in the x, y, and z axes to tell us how it is accelerating. If we graph the acceleration that our accelerometer detects, the data is a little noisy. It looks like the accelerometer is shaking a little bit when it is standing still. Some of this may be tiny vibrations (like sound waves) of the mass, and some of it might be electrical noise.

Gyroscopes are not built-in to these processors, but can be purchased as add-on boards. Gyroscopes measure rotation about an axis. We do not explore gyroscopes further here, but if you are looking at managing rotating objects you will encounter them and can research processors and compatible add-on components.

These components are fun to use in projects that make something you can wear light up when you move at all, or perhaps when you move a certain way. We describe two projects in the rest of this chapter for Circuit Playgrounds. You can see a lot of related project ideas for the Circuit Playground boards by searching on “Circuit Playground projects” at learn.adafruit.com.

A few notes about safety are in order at this point. As a rule, we always suggest that you wash your hands after handling electronic components, and avoid eating and drinking while working with them, in case any components contain lead or other materials it is unwise to ingest. Components marked “RoHS” meet a European standard for avoiding toxic materials, but we always feel it is prudent to be cautious in case you use some older or off-brand parts in your projects. Similarly, we demonstrate our projects plugged into a USB power source. If you use batteries instead, avoid situations where you might drop and damage one.



Accelerometer Mouse

A computer mouse is designed to measure its own physical movement, so that that movement can be translated to movement of the cursor on the screen. The most common design uses an optical flow sensor. These sensors use a tiny camera that matches up subsequent images. It finds the offset between the two images to see how far it moves over a short time period. This difference in position divided by the time difference gives a velocity (or, if you prefer, the derivative of the position). The standard interface for optical computer mice assumes that the mouse will output a velocity to the computer. The computer will then integrate this speed over time to determine where to place the cursor on the screen.

Instead of deriving speed by taking a derivative of position, we can go the other direction and try integrating measurements of acceleration. We have written code to try this out on an Adafruit Circuit Playground (Classic or Express). These microcontroller boards have a built-in accelerometer and a pair of buttons that can be read from within the program. The code is in the same Github repository as the 3D printable models (see Chapter 3), in a folder named arduino_demos.

Adafruit’s software library includes an implementation of the Human Interface Device (HID) mouse class, which means we can make it look like a regular mouse to a computer (which expects a velocity). Also, both circuit boards have a flat, smooth bottom that we can slide around a desk. Putting one in a plastic case makes this even more convenient, and reduces the risk of damaging it (Figure 10-10). As we will see, this is not a terribly accurate mouse. However, trying to calibrate it in the real world is a useful example of the kinds of problems that arise using these sensors.

[image: A Circuit Playground board attached to a USB cable and enclosed in a clear plastic case with holes for the connectors.]
FIGURE 10-10: Circuit Playground in Adafruit case




Setting up a Circuit Playground Classic or Express

A Circuit Playground (Figures 10-6 and 10-10) is a board containing a microcontroller, sensors, and programmable LED lights. There are two versions: the Classic and Express. They are similar, but have a few differences that affect how we use them for our demonstrations. Notably, the accelerometer orientation is rotated relative to the microUSB port differently in the two boards.

Both the Classic and Express boards are supported by the Arduino development environment. To program in this environment, you need to write code for the microcontroller on a computer (Mac, Linux, or Windows) and then download that code over a USB cable to the board (in this case, the Circuit Playground). Adafruit provides many software library routines to do the heavy lifting of interfacing with the components. If you are new to Arduino processors, to get started take a look at learn.adafruit.com, and search on the board you are using (“Circuit Playground Classic” or “Circuit Playground Express”) for ideas and suggestions on getting started.

The Circuit Playground Express can also be programmed with Microsoft MakeCode, Java, or Python. For compatibility with the Classic, we describe the Arduino coding process here. For historical reasons, Arduino programs are often called sketches. If you want more detail about the Arduino software environment, check out Massimo Banzi and Michael Shiloh’s book, Getting Started with Arduino, 4th Edition.

Assuming you are going the Arduino-compatible route, here are the basic steps. The software is updated from time to time, so you might need to check the documentation links in this section from time to time. Before you can load a sketch on any Circuit Playground, you need to do the following things on your laptop or desktop (Mac, Windows, or Linux):


	•  Load the Arduino software (the “Integrated Development Environment”, or IDE). You can find it at arduino.cc/en/software.

	•  Install and launch the Arduino software. For Windows, a serial port driver is required as well. See learn.adafruit.com/adafruit-arduino-ide-setup/windows-driver-installation for details. (Mac and Linux do not need this.)

	•  Plug in your Circuit Playground through its microUSB port and your computer’s USB port. Note that many microUSB cables are power-only, and you need one that also supports data transfer.

	•  Once you have the software running, you will need to select the correct board and port from the Arduino IDE Tools menu as follows.

	°  Click on the Tools menu, then go down to Board (it might name a board, or it might just say “Board”), then select Board Manager from the sub-menu. This will allow you to add software specific to your board. Your computer might already have this, or future versions of the Arduino IDE might automatically set them up. But it will not hurt to check for updates in any case.

	°  If you have a Circuit Playground Classic, search on “Arduino AVR” and click install on the list that comes up.

	°  If you have a Circuit Playground Express, search on “Arduino SAMD” and click install on the list that comes up.

	°  Either way, wait for the install or update to complete, then click “close.”

	°  Go to the Board sub-menu again and select the board you are using, which should now appear in the list of boards.

	°  Finally, open the Tools menu again, and choose the Port sub-menu. This will list one or more serial ports available on your computer. If one of them says “Circuit Playground,” choose that one. If not, you may have to check which one disappears when you disconnect the board and then re-open the menu. If nothing appears in the Port sub-menu, or if the options don’t change when you unplug the board and re-open it, you may need to try a different USB cable. For the Circuit Playground Express, you can also try updating the bootloader, as explained at learn.adafruit.com/adafruit-circuit-playground-express/updating-the-bootloader.



	•  Download one of the sketches for this chapter’s demonstrations from our Github repository, folder arduino_demos (see Chapter 3). You should now be able to open it and download it.

	•  This code makes use of the Adafruit Circuit Playground library, which you have to install in your copy of the Arduino software. Open the Sketch menu and choose Manage Libraries at the top of the Include Library sub-menu to open the library manager. Use the search bar to find “Adafruit Circuit Playground”, and install the most recent version.

	•  To compile, download it onto the board, and run it, see the “Getting Started” Arduino guide at docs.arduino.cc/software/ide-v1/tutorials/Environment, or look at some of the documentation for Circuit Playground at learn.adafruit.com.

	•  If you need a web-based environment (to run on a Chromebook, for instance) you can read about alternatives at support.arduino.cc/hc/en-us/articles/360016495639-Use-Arduino-with-Chromebook.






Arduino Sketch Structure

The Arduino software uses “sketches” in a version of C/C++, made up of two main functions:

void setup()
   void loop()

The setup() function runs once, at the start of the program. It initializes the board. The loop() function runs until a condition telling it to exit is encountered. By default it will get to the bottom of the loop() function and just go back to the top if there is no return() statement. If you are unfamiliar with C++, we recommend you find an appropriate-level tutorial before starting. If you are familiar with Java or Python you should be working in no time.

A Circuit Playground Express can also be programmed with a Python dialect called “Circuit Python.” To use it, you need to do some setup, as described at learn.adafruit.com/adafruit-circuit-playground-express/circuitpython-quickstart. You can also use drag-and-drop Microsoft MakeCode. To keep our project compatible with Circuit Playground Classic, though, we have stuck to the traditional Arduino C++ version.



Algorithm for the Accelerometer Mouse

Back in Chapter 8, we learned how to take a derivative numerically, and we mentioned in passing that you could do the same thing with an integral. We do not have a function to work with here, as we did in Chapter 8. Instead, we just have discrete acceleration data points. But, that is really what we got by evaluating a function at specified values anyway.

The Circuit Playground acts as a mouse by first reading data from the axes in the plane of your desktop (the x and y planes). Since small vibrations make this data fluctuate, we take SAMPLE acceleration readings and average them. This gives us the average acceleration over the time spanning SAMPLE readings, aaverage(t). The variable SAMPLE is defaulted to 10 in the sketch integral_mouse.ino, shown in a sidebar. Setting SAMPLE to a lower value makes the mouse more responsive, but also makes it more prone to drifting.

The program also records the difference in time from the last sample of the previous set of SAMPLE number of points to the last of this set of SAMPLE points. We call this time difference Δt. Because the processor is doing other things besides just tracking the acceleration, this Δt may be slightly different from one sample set to the next.

The time for, say, our default of 10 samples, Δt, is small compared to the time a human takes to move the mouse. Thus, just as we did in Chapters 8 and 9 to approximate derivatives with their discrete approximations, we can get a rough value of the velocity by approximating integrating the acceleration with respect to time. We do that by taking the product of the average acceleration and the time difference, or

v(t)=∫a(t)dt≈aaverage(t)Δt

Velocity, v(t), is the integral of acceleration with respect to time. The units work out: by multiplying the acceleration (m/s2) that we measure by the time between samples (s), we get units of velocity (m/s). This is a very simplistic way to do this, and there are many more sophisticated ones. However, for simplicity, we just stick to this for now. You can review the integral_mouse.ino sketch (in sidebar) to see the details of what we did. The core of it is these few lines of code:

   unsigned long dt = millis() - t;
   t = millis();

   v[X] += (dv[X] - cal[X]) * dt;
   v[Y] += (dv[Y] - cal[Y]) * dt;

Where millis() is a built-in function that returns the number of milliseconds since the program started. Because Arduino code natively tracks time in milliseconds (which are 1000 times smaller than seconds), the value of dt is 1000 times larger than if it was in seconds. Because of this, the values of v[] are also 1000 times larger than if they were in m/s. If it helps, you can think of these units as mm/s.

The cal[] array holds a calibration offset to attempt to compensate for a desk that is not perfectly level. An inherent problem is that accelerometers are also gravity detectors. To an accelerometer, the Earth’s gravity is indistinguishable from a constant acceleration of 9.8 m/s2. We want our mouse to show zero movement when it is sitting still on the desk, but unless we are testing it on the International Space Station, it is going to be detecting gravity as well. We get around this by reading the two accelerometers in the plane of our desk and ignoring the vertical axis.


CIRCUIT PLAYGROUND SKETCH FOR ACCELEROMETER MOUSE

   // File integral_mouse.ino
   // Makes a Circuit Playground or Circuit Playground Express into
   // an accelerometer mouse.
   // (c) 2022 Rich Cameron, for the book Make:Calculus
   // Licensed under a Creative Commons, Attribution,
   // CC-BY 4.0 international license, per
   // https://creativecommons.org/licenses/by/4.0/
   // Attribute to Rich Cameron, at
   // repository github.com/whosawhatsis/Calculus

   #ifndef ARDUINO_AVR_CIRCUITPLAY
     #ifndef ARDUINO_SAMD_CIRCUITPLAYGROUND_EXPRESS
       #error Please select Circuit Playground/Circuit Playground Express.
     #endif
   #endif

   #include <Adafruit_CircuitPlayground.h>
   #include <Mouse.h>
   #include <Wire.h>
   #include <SPI.h>

   #define SPEED .1
   #define SAMPLE 10 //Number of samples in the average

   boolean lb = 0;
   boolean rb = 0;

   float v[2] = {0, 0};
   float cal[2] = {0, 0};

   #define X 0
   #define Y 1

   unsigned long t = 0;

   boolean lift() {
     return !CircuitPlayground.leftButton();
   }

   
   boolean leftmouse() {
     return CircuitPlayground.rightButton();
   }

   boolean rightmouse() {
     return 0;
   }

   void setup() {
     CircuitPlayground.begin();
     Mouse.begin();
     calibrate();
   }

   void loop() {
     t = millis();
     if(lb != leftmouse()) {
       lb = !lb;
       if(lb) Mouse.press(MOUSE_LEFT);
       else Mouse.release(MOUSE_LEFT);
     }
     if(rb != rightmouse()) {
       rb = !rb;
       if(rb) Mouse.press(MOUSE_RIGHT);
       else Mouse.release(MOUSE_RIGHT);
     }
     if(lift()) {
       v[X] = 0;
       v[Y] = 0;
       calibrate();
       return;
     }

     float dv[2] = {0, 0};

     // Average acceleration for SAMPLE samples. 
     
     for(int i = 0; i < SAMPLE; ++i) {
       dv[X] += CircuitPlayground.motionX();
       dv[Y] += CircuitPlayground.motionY();
     }
     dv[X] /= SAMPLE;
     dv[Y] /= SAMPLE;

     // Now integrate acceleration to get velocity.
     // Use the average acceleration we just computed. 

     unsigned long dt = millis() - t;

     v[X] += (dv[X] - cal[X]) * dt;
     v[Y] += (dv[Y] - cal[Y]) * dt;

     // Now export result consistent with screen coordinates
     // which have origin at top left.
     // Classic and Express boards have rotated coordinates 
     // from each other.

     #if defined(ARDUINO_AVR_CIRCUITPLAY)
       Mouse.move((int)-v[Y] * SPEED, (int)-v[X] * SPEED, 0);
     #elif defined(ARDUINO_SAMD_CIRCUITPLAYGROUND_EXPRESS)
       Mouse.move((int)v[X] * SPEED, (int)-v[Y] * SPEED, 0);
     #endif
   }

   void calibrate() {
     cal[X] = 0;
     cal[Y] = 0;
     for(int i = 0; i < SAMPLE; ++i) {
       cal[X] += CircuitPlayground.motionX() / SAMPLE;
       cal[Y] += CircuitPlayground.motionY() / SAMPLE;
     }
   }


However, any change to that tilt will mean that some of gravity will be added to one or both of the axes we are sensing, introducing error. This error would bias our integrated velocity in that direction. When we stop moving the accelerometer, this little bit of error remains, and the mouse still thinks it’s moving. Small errors from this add up quickly, as we see when we try using it in the next section.



Setting up the Mouse

The code for the accelerometer mouse will work with either a Circuit Playground Classic or a Circuit Playground Express. Most of the differences between the two boards are abstracted away by the library. We used Developer Edition boards for our examples.

The one physical difference that would be a problem is that Adafruit oriented the accelerometer chip differently on the two boards, so the x and y axes are rotated 90 degrees on each board, relative to the other. We solved this by adding a little piece of code that runs in the compiler to check which version you are compiling for, and changes how it converts its measured motion to mouse movements:

   #if defined(ARDUINO_AVR_CIRCUITPLAY)
     Mouse.move((int)-v[Y] * SPEED, (int)-v[X] * SPEED, 0);
   #elif defined(ARDUINO_SAMD_CIRCUITPLAYGROUND_EXPRESS)
     Mouse.move((int)v[X] * SPEED, (int)-v[Y] * SPEED, 0);
   #endif

Set up the Arduino IDE for your computer and board as described in the “Setting up a Circuit Playground” section of this chapter. Also, download the mouse sketch (filename integral_mouse.ino in this book’s repository, as described in Chapter 3). Another sidebar has a listing of the Arduino sketch.

Attach the Circuit Playground board to a computer over a microUSB cable and configure the board and computer as described earlier. Use a thin, flexible microUSB cable so that you can use the mouse freely. Download integral_mouse.ino to the Circuit Playground.



Testing Out the Mouse

Once you have programmed the Circuit Playground as a mouse, your computer will detect it as two separate devices. It will still be seen as a Circuit Playground that you can reprogram using the Arduino IDE, but it will also appear as a generic USB mouse.

In order to make the mouse usable, we programmed it so that you have to hold down the left button on the Circuit Playground for it to function as a mouse. (“Left” and “Right” on this round board are as they will be when the USB port is on “top”, or pointing away from you.) When you release the button, it stops sending mouse movements, zeroes out the integral, and recalibrates itself. You need to hold down the left button the whole time you are using it as a mouse. This means that we only have one button left to use for clicking. This mouse works well enough to demonstrate the concept, but you will not want to replace your optical mouse or trackpad with it.

This “lift” functionality is also necessary to allow you to make untracked movements, like when you pick up your mouse and move it to the right side of your mouse pad so that you can keep going left when you run out of space. It works a little better if you use your regular trackpad or mouse to get the cursor in the center of the screen first before trying calibration.

You will see the mouse accumulate error and send the cursor zooming off the edge of the screen. If it does that, release the button. This triggers the lift condition, which will zero the velocity and recalibrate. It will be easier to see if the calibration worked well if you use your real mouse to move the cursor back to the center of the screen. Because the mouse is constantly recalibrating during a lift, it’s important to have the mouse level and not moving before you press the button again to resume the mouse function. If your cursor starts moving immediately when you press the button (without moving the mouse), it means that it failed to calibrate properly, and you should release the button and try again.

If you play with this a little, you can appreciate how much coding goes into really making a smoothly-functioning mouse. (And why real mice do not use accelerometer-based algorithms.)

If we start moving the mouse to the left, our code sees acceleration in that direction. When it is at a constant speed, it should see no acceleration, but the accumulated velocity will still be nonzero. When the mouse decelerates, it will see acceleration in the opposite direction, and our integrated velocity should go back to zero.

A real optical mouse has integral error as well. In that case though, it is only integrating position from velocity. If you move your mouse to the left, then back to its original position, your cursor on the screen won’t be exactly where you started. Since its sensor reads velocity instead of acceleration, it will still know when it is stopped, and stop moving the cursor on the screen.

Numerical error in our acceleration integral will leave us with some remaining velocity when the mouse stops moving, which is why this is not a great way to make a mouse. You might play around with enhancing our calibration or integration algorithms to see if you can make improvements (or make things worse)!



Light-up Pendulum

Circuit Playgrounds are an easy way to light up something based on how it is accelerating. Back in Chapter 9, we looked at the periodic motion of a pendulum. A pendulum oscillates back and forth such that its acceleration in the x or y axes (Figure 10-11) is sinusoidal. We are going to experiment with our Circuit Playground on a USB cord to see if we can observe at least the extremes of this behavior. As shown in Figure 10-11, as long as the angle θ stays relatively small, the x component of the velocity (on a Circuit Playground Express) will be proportional to sin(θ) and the y component to cos(θ). Note that the axes are rotated for a Circuit Playground Classic.

[image: A sketch of the layout of the pendulum experiment. An arrow marked “gravity” points down. A pendulum is at an angle theta from this gravity arrow. The pendulum is labeled as having length l. A pair of axes are shown parallel to the pendulum. The one labeled “Circuit Playground Classic” has its x axis pointed toward the pendulum pivot and its y axis tangent to the arc of pendulum motion. The one labeled “Circuit Playground Express” has its axis rotated 90 degrees, with the y axis pointed toward the pendulum pivot and its x axis tangent to the arc of travel.]
FIGURE 10-11: A pendulum of length l



Making the LED Pendulum

The simplest way to do this experiment (but also unfortunately the least accurate) is to use the thinnest USB cord you can find and just use that to allow the Circuit Playground to swing. However, the board tends to twist around if you do that. We are using a variation instead, allowing a ruler to swing freely around a pivot, with a Circuit Playground double-sided taped down to it. This is called a physical pendulum. If you want to see how it differs from a simple harmonic idealized pendulum on a string, search on the term for a derivation.

We used double-sided tape to attach a Circuit Playground to a yardstick (Figure 10-12). We taped the USB cord on the ruler as well, for strain relief. You might want to tape it down near your computer as well so it does not yank out when your yardstick swings. Position the Circuit Playground so that the positive y axis is pointed toward the pivot. (Positive x for Circuit Playground Express). Then either hold the ruler lightly so that it will pivot, or use another support that will let it swing freely. We used a thin screwdriver lightly masking-taped to the top of a bookcase (Figure 10-13). If you wanted to avoid tape on furniture, you could figure out a way to weigh it down instead.

[image: Photo of a Circuit Playground double-sticky-taped to one end of a yardstick. A cable runs from the Circuit Playground to a computer. The cable is attached with masking tape the the ruler. A small screwdriver protrudes over the edge of a bookcase, where it is attached with masking tape. The screwdriver goes through a hole in the end of the yardstick, creating a pivot point from which the yardstick hangs.]
FIGURE 10-12: Pendulum and ruler setup


[image: Closeup of the screwdriver held with masking tape to the top of the bookcase, and the ruler hanging on the screwdriver by a hole it has at one end.]
FIGURE 10-13: Close-up of pivot


Note that you need to check the line that says

   #define X //capital X, Y or Z, this is the direction you will be swinging (see the markings by your board’s accelerometer).

in led_pendulum.ino to make sure that it matches the way you oriented your board on the pendulum. (See the sidebar for a full listing of this sketch.) Remember that the Circuit Playground Classic has the X axis pointed toward the USB connector, while that direction is the Y axis on the Circuit Playground Express.

We are going to light up different lights on the Circuit Playground depending on the acceleration along the chosen axis, which is the acceleration along the arc path of the pendulum. The LEDs will light up red on the left side for values above THRESHOLD, blue on the right when it drops below negative THRESHOLD, or green at the bottom when it is between these values (Figure 10-14). The lights will flicker a little because the signal is pretty noisy. It takes a little while for the Circuit Playground to refresh the lights, too, so you may get some persistence after a color should be off based on the data.

In Figure 10-11, you can see that gravity times cos(θ) will be the acceleration perpendicular to the direction of swing, and gravity times sin(θ) tangent to the swing arc. If we are tracking the component parallel to the arc of the swing, you would expect this acceleration to be a minimum where the pendulum is at the bottom of each swing, and be a maximum magnitude at the far points of its swing (assuming less than 90-degree excursions to either side). It should be opposite in sign on either side of the bottom of the swing. The accelerometers measure in m/s2, and the acceleration due to gravity is 9.8 m/s2. Thus the acceleration we would expect to see for the axis tangent to the direction of swing would be

acceleration⁢  tangent⁢ to⁢ swing⁢ =9.8⁢ sin(θ)

and the acceleration radial to the direction of swing to be

acceleration⁢  radial⁢ to⁢ swing⁢ =9.8⁢ cos(θ)

In other words, whatever is holding up the pendulum will be compensating for the force of gravity pulling straight down at the lowest point. If we make the variable THRESHOLD equal to 7, we would expect different lights to turn on at 45 degrees (the sine or cosine of 45 degrees is about 0.7, multiplied by 9.8).

Download file led_pendulum.ino from the book’s repository to the Circuit Playground to test this out. Most of this sketch consists of calls to Adafruit-supplied library functions to read the accelerometer and to turn on different-colored LEDs accordingly. Play with changing THRESHOLD, and maybe experiment with other light patterns too. (A longer pendulum needs a smaller version of THRESHOLD.) Figure 10-14 shows a long exposure through a full swing, overlaid with a still image at the bottom of the swing.


LED PENDULUM SKETCH

   // File led_pendulum.ino
   // Makes a Circuit Playground or Circuit Playground Express
   // light up with one of three colors, depending on the acceleration
   // seen on a chosen axis
   // (c) 2022 Rich Cameron, for the book Make:Calculus
   // Licensed under a Creative Commons, Attribution,
   // CC-BY 4.0 international license, per
   // https://creativecommons.org/licenses/by/4.0/
   // Attribute to Rich Cameron, at
   // repository github.com/whosawhatsis/Calculus

   #include <Adafruit_CircuitPlayground.h>

   #define X //capital X, Y or Z, the direction you will be swinging
   //use Y for Classic, X for Express (with USB pointed up)
   //(see the markings by your board's accelerometer)
   #define THRESHOLD 0.3

   void setup() {
     CircuitPlayground.begin();
     CircuitPlayground.setBrightness(255);
     CircuitPlayground.clearPixels();
   }

   void loop() {
     float motion =
       #if defined(X)
         CircuitPlayground.motionX();
       #elif defined(Y)
         -CircuitPlayground.motionY();
       #elif defined(Z)
         CircuitPlayground.motionZ();
       #else
         #error No valid axis specified.
       #endif
     

     CircuitPlayground.clearPixels();
     if(motion > THRESHOLD) for(int i = 0; i < 3; i++)
       CircuitPlayground.setPixelColor(i, 255, 0, 0);
     else if(motion < -THRESHOLD) for(int i = 7; i < 10; i++)
       CircuitPlayground.setPixelColor(i, 0, 0, 255);
     else for(int i = 4; i < 6; i++)
     CircuitPlayground.setPixelColor(i, 0, 255, 0);
   }


[image: Closeup of the Circuit Playground at the end of the ruler pendulum. A long exposure of the lights on the Circuit Pendulum as it swings are superimposed. The lights are red on the left end of the swing, green in the center, and blue on the right.]
FIGURE 10-14: The pendulum swinging (long exposure/composite photo)


The longer the pendulum you can create, the better, since as we saw in Chapter 9 a longer pendulum swings more slowly. Adding weight to the end may also help in this case. The weight of a pendulum on a string does not affect the period, but lowering the center of mass of a physical pendulum does.




Other Circuit Playground Accelerometer Project Ideas

If you want to have somewhat more accurate control, you can bundle up a USB battery and your board in some secure way and suspend all that from a string as your pendulum. We created a little case to protect the Circuit Playground and attach it firmly to a USB battery (Figure 10-15). This case is scaled to one particular phone battery that is no longer available, but you can change the dimensions in OpenSCAD or just use this as an inspiration. This one had a clip that could go on a wristband or belt to track acceleration of a moving person. You can download the OpenSCAD file at youmagine.com/designs/circuit-playground-pod.

[image: A Circuit Playground and flat battery are in a case to hold them together.]
FIGURE 10-15: The Circuit Playground pod


You will need to experiment with the mapping of color LEDs to acceleration, and decide which axis to visualize, depending on how you orient the Circuit Playground relative to the pendulum’s path.

If you create some means like this to attach a battery firmly to the Circuit Playground, you can also gently toss the system a short distance from hand to hand. (Have a pillow under where you are tossing it, just in case). Over the top of its toss, it should be in free fall, just like an astronaut in space.

The sum of the accelerometers should read zero acceleration in free fall. To sum them, square the output of each accelerometer, and add the squares. The square root of that is the “vector sum”, which we learn about in Chapter 11. We have also experimented with lighting up just a few neopixels to show the direction of acceleration. You can see the case and some earlier experiments starting about three minutes into the video at youtu.be/TZrDczxwOWo.

You will also need to modify the code given for the pendulum to show a difference between a near-zero acceleration and acceleration due to gravity. Search on “free fall” to see what is going on, and experiment with various cutoffs for the summed acceleration. Since the system will tend to tumble, the dynamic environment can get quite complex.

Incidentally, if you want to see what your accelerometer is reading during the pendulum trials, you can output your data to a serial port and read it on your screen. (Assuming you are using your USB cable as the “string” of your pendulum, of course.) You can see how to do that by searching on “Circuit Playground serial port” on learn.adafruit.com.




PID Controllers

We met PID controllers in Chapter 6. They are a type of closed-loop control, which means that an automated system tries to adjust something, then looks at the result, and adjusts again based on what its sensors saw. Open-loop control, by contrast, means that a system operates without feedback. For example, 3D printers typically use stepper motors for motion. These motors move in discrete steps that the controller can count to know their position (a process known as dead reckoning) when they are functioning properly. But there is no feedback, so they do not know if something goes wrong and they lose their place.

The basic implementation of a PID controller in code is pretty simple, and there are libraries available for it in many programming languages. Fully implementing a system to use a PID controller can be a significant project though, beyond the scope of what we want to cover in a (primarily) math book. However, in this final section we give you some ideas that you could use to get started if you want more substantial projects.

To briefly review what we learned in Chapter 6, a PID controller uses a weighted sum of the error between the current signal and an ideal value, the integral with respect to time of that error, and the time derivative of that error. Each of these terms is multiplied by a number called its gain (Kp, Ki, and Kd respectively for proportional, integral, and derivative terms) to weight one or another more heavily, based on experiments or experience with this sort of control.


Temperature Control

If you have been printing the models in this book, you probably have been making use of a PID controller. 3D printers use PID controllers to precisely control their nozzle temperature, in order to get plastic to flow consistently. Poorly-tuned temperature control might make the printer take longer to heat up, or it might cause temperature oscillations. When the temperature is not held steady throughout a print, the plastic may flow more freely at some times than others, resulting in variations in the print’s strength and texture. In extreme cases, the plastic may discolor from getting too hot, or stop flowing and cause a print failure if it gets too cold. As we discussed in Chapter 6, having the integral term ensures that the printer will reach the desired temperature, not just get close to it.




Ball and Beam

A ball-and-beam controller is a classic way of demonstrating one-dimensional PID control. In these systems, a ball is placed on top of a beam with a straight channel running down its length, and allowed to roll along the channel. The beam is placed on a pivot, with a motor that controls its tilt. If the beam is not level, the ball will roll. A sensor is mounted to the beam to allow a controller to detect the ball’s position. The goal is to move the ball to a specified position along the beam and keep it there.

The 2D version is a ball on a plate, which requires multiple motors and a more sophisticated sensing apparatus to locate the ball on the plate. A hovering quadcopter is a three-dimensional example of a similar problem. You can find many undergraduate-level lab demonstration videos and professional engineering papers about optimizing this type of control by searching on “ball and beam PID control.”



Inverted Pendulums

An inverted pendulum is a pendulum with its center of mass above its pivot point. Inverted pendulums are inherently unstable, and need active control to be kept upright. When you stand a broomstick vertically on the palm of your hand, then move your hand to try to keep the broom from falling, the broom is an inverted pendulum (Figure 10-16).

[image: Rich stands outside with his arm outstretched palm up. He balances the end of a broomstick, with the broom up to the sky, in his hand.]
FIGURE 10-16: Balancing a broomstick on end


Another example is self-balancing robots and vehicles, like a Segway or hoverboard. These devices use data from sensors, usually an accelerometer and gyroscope. This is combined, using a software filter, to determine their angle from the vertical. This angle is the input to a PID controller. Once they have determined this angle (which is an error signal, since there is an ideal vertical reference for these devices), the PID loop is used to drive motors. These move the machine’s base, the same way you move your hand when balancing the broom.

More generally, PID controllers have many uses in robot control systems. If you are involved in robot competitions, you will likely find libraries with PID control loops designed for you.




Chapter Key Points

This chapter shows how some common electronic components can be modeled using integrals and derivatives. We then moved on to describe using the accelerometer on a Circuit Playground board to create a mouse and a light-up pendulum. Finally, we reviewed a variety of ways that a PID controller might be used, and suggested ideas for projects that use them.



Terminology and Symbols

Here are some terms from the chapter you can look up for more in-depth information:


	•  accelerometer

	•  ampere, amp (A)

	•  capacitor

	•  farad (F)

	•  free fall

	•  gyroscope

	•  harmonic oscillator

	•  henry (H)

	•  inductor

	•  inverted pendulum

	•  ohm (Ω) unit of resistance, Greek letter omega

	•  RC, LC, and RLC circuits

	•  resistor

	•  SPICE

	•  volt (V)
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11 COORDINATE SYSTEMS AND VECTORS

To this point in the book, we have relied on Cartesian coordinates — the familiar (x, y, z) defining three-dimensional space. In this chapter, we will first look at two other systems that might be more convenient if you are trying to solve a problem that is more naturally expressed in circles rather than right-angle grids.

The second part of the chapter talks about vectors, which are quantities in two or more dimensions that have a direction as well as a numerical magnitude. For example, wind blowing out of the west at 2 miles an hour is a vector. We (very) briefly define some of the ways of manipulating vectors and thinking about how they change.

These final three chapters are more algebra-heavy than the rest of the book. If you prefer to stay at the intuitive level and do not plan to actually calculate real-world numbers, you might just dip into these chapters more shallowly. If you are taking a traditional calculus class in parallel with this book, you might find these chapters helpful as a bridge between our approach and theirs.

Also, if you need to read technical material, the definitions in this chapter in particular might help you follow discussions for problems worked out in other coordinate systems, or in multiple dimensions.


Cartesian, Polar, Cylindrical, and Spherical Coordinates

If you were walking along the streets of a city in the American West that was largely laid out with automobiles in mind, like Los Angeles, most of the streets will be along east-west or north-south lines. It makes perfect sense to give directions like “three blocks east and one block south of Hollywood and Highland.” You will also be able to predict that 1950 West Seventh Street will be farther west than 950 West Seventh Street. New York City, with its numbered streets and avenues, is another very gridded city.

But suppose instead that you were visiting one of the Hawaiian islands. These islands are all roughly oval or circular in shape, with a tall volcano in the center effectively limiting road construction to roads that ring the shore and maybe a village here and there a little way inland. Thus, in Hawaii, it is common to give directions in terms of “mauka” (toward the mountain, or inland) or “makai” (toward the sea) and the next town in the appropriate direction on the roads that circle the islands, like “mauka toward Kona Town.”


3D PRINTABLE MODELS

The following 3D printable models are used in this chapter. (instructions on how to download models are in Chapter 3.)


	•  cartesianGrid.scad Makes Cartesian coordinate models

	•  cylinderGrid.scad Makes cylindrical coordinate models

	•  sphereGrid.scad Makes spherical coordinate models

	•  CrossProd.scad Cross-product models




This type of convenience for a given set of circumstances comes up in math situations, too. The Los Angeles and New York examples correspond to the familiar Cartesian coordinates, with three axes — x, y, and z — at right angles to each other. Figure 11-1 shows what volume elements in this coordinate system look like: little cubes, or, if the axes have different scales, rectangular solids. The first half of the figure shows all the pieces together, and the second part shows them spread out.

[image: A cube is broken into many little cubes. One corner has removable small cubes. One view shows the cubes tucked into this corner to complete the big cube, and another view shows the 27 small cubes spread out.]
FIGURE 11-1: Cartesian coordinates, showing volume elements


The Hawaiian street system, though, is more or less a polar coordinate system, in which we define position as the radial distance (usually called r) from a defined central origin, and angle θ from a defined line (Figure 11-2). Lines of constant radius are concentric circles. Lines of constant angle (usually denoted by the Greek letter theta, θ) are then spokes out from this origin. If you are right at the origin (sort of like being in the volcano in Hawaii) it’s a little awkward to think about what the angle means. The top of the model in Figure 11-3 is gridded in polar coordinates.

[image: A 2D graph in polar coordinates. It consists of a radial axis measuring distance in any direction from the center, and an angular axis measuring rotation from a reference direction pointing to the right.]
FIGURE 11-2: Polar coordinates


In three dimensions, we can extend polar coordinates into cylindrical coordinates, which adds a z, or height, coordinate, just like the Cartesian z axis. The three coordinates of a point then are (r,θ,z).

Figure 11-3 shows a model of cylindrical coordinates, and its volume elements. You can see right away that the size and shape of those volume elements depends on their radial distance from the center of the coordinate system, but every slice in the z (vertical) direction is cut into pieces that are the same as in every other layer. As previously noted, these z-slices are marked in polar coordinates. The line for θ=0 is arbitrary.

[image: A cylinder standing on one end is divided into parallel layers in the vertical direction, and divided by concentric circles and radial lines in the plane of its top. A wedge of these volume pieces is shown first completing the cylinder, then spread out to show the different shapes of volume elements. These 27 volume elements have three distict shapes. The smallest one is a wedge, the second one is larger, and is shaped like a wedge with twice the radius, but with the original wedge removed. The third is the largest, and is shaped like a wedge three times the radius of the first, with both smaller pieces removed.]
FIGURE 11-3: Cylindrical coordinates and volume elements


Alternatively, we can use spherical coordinates, which add another angle. It is usually represented by the Greek letter phi, Φ, pronounced either “fee” or “fie”, rhyming with “tea” or “tie” respectively, with passionate advocates to be found for either pronunciation. The angle Φ is measured in the plane at right angles to the (r,θ) plane, and the coordinates of a point are given in (r,θ,Φ). Figure 11-4 shows the volume elements created with constant steps in each of the three variables. You can see how small the volume elements get near the poles of the sphere and how variable the sizes and shapes of the elements become.

[image: A half-sphere standing on the cut end is divided by cuts into wedges, then further cuts of each of these wedges parallel to the cut end. A wedge of these volume pieces is shown first completing the half-sphere, then spread out to show the different shapes of volume elements. Like the cylinder segments, these elements are small wedges near the center, and larger truncated wedges further out. Pieces near the pole of the half-sphere are thinner. These 27 volume elements have 9 distict shapes.]
FIGURE 11-4: Spherical coordinates and volume elements


The most common example of spherical coordinates is the system of latitude and longitude plus altitude on earth, with altitude being the radius referenced to a mean sea level, and centered on the center of the earth. That’s why latitude and longitude are stated as angles: Pasadena, California is 34.15 degrees north of the equator (the zero line for Φ) and 118.1 degrees west of a line that runs through Greenwich in England (the zero line for θ). Latitude and longitude are typically given in (θ,Φ) order for historical reasons.

If you look at a flattened-out projection of these lines at the pole, you get, not surprisingly, what look like polar coordinates (but which are not stated that way in terrestrial navigation, since the poles are a special case that most of us never encounter). Astronomers have a similar system on the sky, called right ascension and declination, with its own conventions. Sometimes θ is called the azimuth angle, and Φ the polar angle if measured with the zero line starting at the pole, rather than at the equator. Different disciplines have different conventions for where to put Φ=0.


Creating the Models

If you would like to print out the coordinate system models shown in Figures 11-1, 11-3, and 11-4, you can do so as follows:


	•  For the Cartesian grid (Figure 11-1): To print the 6 by 6 by 6 big grid and the inserted 3 by 3 by 3 grid, use cartesianGrid.stl and 27 copies of cartesianGridSegment.stl. Both of these are generated by cartesianGrid.scad.
Make the variable segments = true to print the large cube.

Make segments = false to print the insert grid. Then make 27 copies of this smaller cube (use your slicer’s duplicate function, or paste it in 27 times).


	•  For the cylindrical grid (Figure 11-3): To print the bigger-context grid, use cylinderGrid.stl and nine copies of cylinderGridSegments.stl (each of which will create three pieces). Both of these are generated by cylinderGrid.scad.
Make the variable segments = true to print three pieces.

Make segments = false to print the grid. Make nine copies of these one-layer, three-piece segments.


	•  For the spherical coordinates grid (Figure 11-4): To print the hemisphere, use sphereGrid.stl and three copies of sphereGridSegments.stl. Both of these are generated by sphereGrid.scad.
Make the variable segments = true to print nine pieces.

Make segments = false to print the grid.

Note that the segments are in an orientation that works well for printing, but you insert them in the grid at 90 degrees. You will need to make three copies of these segments.




What types of problems might most naturally be solved in each of these systems? If you are used to Cartesian coordinates, it can be hard to get used to the interactions in polar coordinates. In Figure 11-5, we have drawn r=θ; in Figure 11-6, r=cos(θ): in Figure 11-7, r=sin(θ); and finally in Figure 11-8, r=cos(2θ). Note that Figures 11-6 and 11-7 will draw a complete circle in 0≤θ≤π, and were you to keep going, the graph would just repeat endlessly. Finally, if you multiply θ by a constant, like our r=cos(2θ) example, you will get a multi-lobed graph (this one was plotted from 0≤θ≤2π). This will repeat every 2π.

[image: A 2D graph in polar coordinates of an archimedian spiral. The spiral's radius increases by an equal increment with each rotation around the center.]
FIGURE 11-5: Polar graph of r =θ (Archimedean Spiral)


[image: A 2D graph in polar coordinates showing a circle that touches the center of the coordinate system on its left side, and touching the inside of a larger circle around the coordinate system's center representing a radius of 1 on its right side. The inner circle's diameter is equal to the larger circle's radius.]
FIGURE 11-6: Polar graph of r = cos(θ)


[image: A 2D graph in polar coordinates matching the previous one, but rotated 90 degrees so that the smaller circle extends upward from the coordinate system's center instead of to the right.]
FIGURE 11-7: Polar graph of r = sin(θ)


[image: A 2D graph in polar coordinates with a four-lobed clover shape. The lobes are centered on the x and y axes. Each lobe has a 90-degree corner touching the center of the graph, and is round toward the outside, where it reaches the circle of radius 1.]
FIGURE 11-8: Polar graph of r = cos(2θ)


The graph of r=θ is called an Archimedean Spiral, for Greek mathematician, engineer, and all-around problem solver Archimedes, who lived around 2400 years ago. This is not to be confused with the Archimedean screw, an early efficient water screw, created by the same person.

Most of the time, we would use these other coordinate systems to work with shapes that are naturally simple in one or the other. A circle is just r = constant in polar coordinates, but a square is pretty messy. You will find that many technical fields have their own weird units and conventions that happen to work out well for what they do. Sometimes whoever pioneered a field created some conventions that are awkward now, but that are so ingrained that they are hard to change. Those of us who cruise around sticking our noses into lots of fields have to be careful to check what symbols mean on the way in the door!



Integrals and Derivatives in Polar Coordinates

If we are taking the derivative with respect to an angle or radius, technically that is not any different than taking a derivative with respect to a Cartesian coordinate. You can take the derivative of θ with respect to r and find out how one is changing with respect to another. You will not get a Cartesian slope when you do it though, since as we have just seen, the line r=θ is a spiral, not a straight line like y = x. If you do want to see the slope of a Cartesian-style tangent line to the curve, you will need to convert back to Cartesian coordinates because the tangent with respect to θ depends on r.

Integrating is a little less subtle, but still requires different calculation in polar coordinates than in Cartesian systems. One of the confusing things about changing coordinate systems is that the differential area — the tiny amount of area equivalent to the Cartesian dx and dy — might not be as simple in other systems. Compare the little volume elements in Figures 11-1, 11-3, and 11-4 to see why.

In each coordinate system, we need to define volume elements that are a constant step in each of the coordinate axes, and then, to use them in our calculus applications, to think about what happens when that step in each dimension gets smaller and smaller and becomes infinitesimal.

In Cartesian coordinates, this is easy because the elements are scaled independently in each dimension. In polar (and thus cylindrical and spherical) coordinates, though, we can see from the array of different element pieces in Figures 11-3 and 11-4 that this will no longer be true. The size of the small elements of volume will depend on their radial distance from the center in cylindrical coordinates, and also with ϕ in spherical coordinates.

To express a small unit of two-dimensional area in polar coordinates, we think about it as a finite area, and then imagine it shrinking down to be infinitesimal. This small unit will be sort of the “atom” of the coordinate system, that we will never divide into smaller pieces. By analogy with Cartesian coordinates, you might have been tempted to call the angular dimension just Δθ. However, that is not a linear dimension, just like the circumference of a circle is not just 2π, but is 2πr. The arclength here is rΔθ.

In Figure 11-9, we show a circular arc at different values of r. The arcs are all the same length as each other, but the values of θ they represent are different. Thus we have to be careful when we create differential elements.

[image: A 2D graph in polar coordinates showing a series of circular arcs around the center. Each arc has the same length, but reaches a smaller portion of the way around the center, because the circuference of the circles that those arcs are part of is greater when the radius is greater.]
FIGURE 11-9: Constant arc length at different r values gives different θ coordinates


In Figure 11-10, you can see that the width of this element (red area) is between rΔθ and (r+Δr)Δθ (varying with the radius) in the angular direction and Δr wide in the radial direction. As Δr gets really small, calling the angular dimension width throughout the tiny slice just rΔθ and ignoring the “+Δr” is reasonable. As we now shrink Δr and Δθ toward zero, these small numbers become differentials, and the differential area, dA, becomes dA=r⁢ dr⁢ dθ. You may find the individual 3D printed segments we developed in the last section useful for visualizing differential elements.

[image: A differential area element is shown in polar coordinates. There is an angle theta followed by a smaller additional angle delta theta. There is also an arc with radius r, and a slightly larger arc with the same center labelled delta r. The differential area is shaded, showing the area that is between r and delta r on the radial axis, and between theta and delta theta on the angular axis.]
FIGURE 11-10: Area element in polar coordinates


If you look back at Figure 11-3, you can see some of these little segments, and how they vary with how far out from the center (radial distance). These segments are the equivalent of the little cubes in Cartesian coordinates (Figure 11-1).

Suppose we want to find the area of a half circle of radius R. We would integrate halfway around the circle (from θ=0 to θ=π) and from a radius ranging from r=0 to r=R. That would look like this:

∫0π∫0Rr dr dθ⁢= ∫0πr22|θ=Rθ=0dθ=∫0πR22 dθ

In this case, we can evaluate the integral in either order, since neither endpoint relies on the variables in the integral. We took care of the inner integral with respect to r first, which gives us

∫0πR22dθ=R22θ|θ=ππ=0=πR22

Which is indeed half the area of a circle.

In general, to change from Cartesian coordinates to polar coordinates, we have to change any functions we had that were functions of x and y to functions of r and θ. To do that, we do a coordinate transformation.

In Figure 11-11, we show a point on the (x, y) plane. If we draw a line from the origin to it, we can form a triangle with a central angle θ and sides parallel to x and y axes. The sine and cosine of this angle are

[image: An x-y coordinate system has a right triangle whose hypotenuse is rotated theta degrees from the x-axis. Its hypotenuse is length r. This means the side on the x axis is of length r cosine of theta, and the length of the side parallel to the y axis is r cosine of theta.]
FIGURE 11-11: Geometrical relationship between polar and 2D Cartesian coordinates


x=r cos(θ)y=r sin(θ)

By the Pythagorean Theorem, we can find the value of this radius as just

r=x2+y2,and the angle isθ=tan−1(yx)

To convert from one coordinate system to another, you can plug in the value you do have, (x, y) or (r, θ) into the equations in Table 11-1 (following page).





	Start with

	Use equations

	To get






	Cartesian (x, y)

	r=x2+y2θ=tan−1(yx)

	Polar (r, θ)




	Polar (r, θ)

	x=r cos(θ)y=r sin(θ)

	Cartesian (x, y)






TABLE 11-1: Converting from Cartesian to polar coordinates


Integrals and derivatives in cylindrical coordinates in 2D are polar coordinates, and the Cartesian z-coordinate is the same as the cylindrical z-coordinate. Spherical coordinates in 2D are also the same as polar coordinates. In 3D they are quite a bit messier to convert to from either Cartesian or cylindrical coordinates since you need to figure out the volume element in terms of (r, θ, ϕ). As you can see from the model in Figure 11-4, these volume elements are highly variable. We will not use spherical coordinates in this book other than to make you aware of them and the need for caution when converting integral or derivatives.

If you have a periodic function (say, y=sin(x)) in Cartesian coordinates, and if you convert it to polar coordinates, it will have the same shape, although with horribly messy algebra. However, if instead you started off thinking about your sine wave coordinates in terms of r and θ to begin with, you will get your periodic behavior in the form of a circle offset above the origin. Some integration methods are more natural to do in cylindrical coordinates, such as the Method of Shells (see sidebar).



Vector Basics

To this point in this book, we have just thought about how functions are changing. Suppose, though, that we wanted to keep track of how fast something would move in a given direction. If we want to talk about a quantity that has both a numerical value (a magnitude) and a direction, we call it a vector. Things we have talked about until now are scalars—quantities that only have a magnitude.


Vector Addition

First, we will imagine vectors as arrows in a plane or a space. Then, in a later section, we will talk about a further abstraction of a vector field that represents a quantity changing in time and space. Vectors have components along a coordinate axis. So, for instance, in Cartesian coordinates, we might talk about a vector v which has its origin, or tail, end at (0, 0, 0), and its head at (3, 4, 12) as

v =3 i+4 j+12 k

A unit vector tells us to go one unit along its direction. So i takes us one unit along the x axis, j along the y axis, and k along the z axis. These component vectors i, j, and k are assumed to be unit vectors aligned with the x, y, and z axes, respectively. To go a distance other than one unit, we multiply the unit vector by the number associated with it. Our example vector v starts at (0, 0, 0) and goes 3 units along the x axis, 4 along the y, and 12 along the z axis. These multipliers do not have to be constants. They can be complicated functions of many variables.


METHOD OF SHELLS

An integration technique called Method of Shells is one situation in which polar coordinates come in handy. We saw the model in Figure 11-12 back in Chapter 7 when we talked about the method of disks to integrate a cone. Now imagine each of the cylinders making up the approximations to cones in Figure 11-12 not as a pile of disks, but instead as concentric shells nested inside each other and starting at the base of the cone. We would then integrate along a radius of the cone, not along its vertical axis. Figure 11-12 shows one of the cones with dotted lines to show the shells. The volume becomes the sum of these shells.

[image: Two side-by-side pictures of the same cone with stepped sides show two different ways of breaking up its volume. On the left, it is broken into three cylinders, each one third the height of the whole. On the right, the same stepped cone is shown as one narrow cylinder running the entire height of the cone, surrounded by a ring, like you would get subtracting a narrow cylinder from a wider one, running around the lower part of the first cylinder, and is two thirds of the cone's height. A final ring is even wider, situtated around the other ring, and is one third of the cone's height.]
FIGURE 11-12: Same cone approximation thought of as a set of nested shells


Finding area by revolving a curve works best in polar coordinates for many geometries. There is a classic problem called the Napkin Ring Problem which uses concentric rings to get a counterintuitive result for the volume of the shape resulting from subtracting a cylinder from a sphere. If you want to challenge yourself, search on “napkin ring problem” online and work through one of the solutions you find, which will probably use a volume of revolution in cylindrical coordinates.


In this notation “+” does not mean adding up quantities directly. It means something closer to “add up units of distance in each direction and then find the total distance from those subtotals.” If we want to know how far we actually went from one end of the vector to the other, we need to use the Pythagorean Theorem (or its equivalent in more dimensions). You can think of this like moving x miles north, followed by a move y miles west on a map. The vector sum is how far you are from your starting point, as opposed to how far you have traveled to get there.

We will use boldface letters for vectors in this book. You may also see little hats or arrows above the letter to show it is a vector, or arrows: î for example. The little hat (technically, a circumflex) is more commonly, but not always, used for unit vectors.

To add vectors, add the x components together to get the summed x component, and similarly for y and z. You can think of this as putting the two arrows head to tail and drawing the summed arrow from the tail of one to the head of the other, as we show in Figure 11-13. This applies just the same as it did when the vectors were aligned with an axis.

[image: Three arrows (vectors) are labeled v, w and v+w. The head of arrow v touches the tail of arrow w. The v+w arrow connects the tail of v to the head of w.]
FIGURE 11-13: Vector addition


We know that in two dimensions, the Pythagorean Theorem tells us that just adding up the parts of the vector along two axes will not give us the length of the vector. We need to use the Pythagorean Theorem to get the length, or magnitude, of the vector. Magnitude is usually written with what looks like an absolute-value sign, |v|, and it is equal to the square root of its components squared. (Some authors use two lines on each side.) The vector v=3 i+4 j+12 k would have the magnitude:

|v|=32+42+122=169=13

Or, in other words, the shortest piece of string from the origin to (3, 4, 12) in some units would need to be 13 units long. If you are having trouble buying the Pythagorean Theorem in 3D, just take the x and y components and see that the result there would be a length of 5. If we then take the square root of 52+122, we once again will get 13 as the combination of the three components.



Multiplying a Vector by a Scalar

We can straightforwardly multiply a vector by a constant, too, in effect stretching it equally in all directions. Starting with the vector

v = 3 i + 4 j + 12 k

Multiplying by 2 gives us

2v = 6 i + 8 j + 24 k

Actually multiplying two vectors together, though, is a different animal requiring techniques called the dot product and cross product, which we talk about later in this chapter. Now, with all these visions of arrows in our heads, let’s apply some of the ideas to a slightly different sphere.



Complex Numbers

At some point, you have probably come across the weird concept of the square root of -1, or the imaginary number, i. Your initial reaction might be that it is a practical joke by mathematicians who do not have anything better to do. Actually, though, it turns out to be a pretty useful concept; a lot of modern electrical engineering would be impossible without it. For an in-depth discussion of i, its history, and how it is used, check out Paul Nahin’s 1998 book, An Imaginary Tale: The Story of −1, cited at the end of this chapter.

We are talking about it in this chapter, though, because there are some similarities between working with vectors and working with complex numbers — numbers that are part real (regular, everyday numbers) and part imaginary. A complex number (by convention often called z) looks like this:

z=a+b i

where a and b can be any real number, positive or negative, such as

z=3+4 i

You might notice here more than a passing resemblance to a two-dimensional vector. In fact, we treat the “real part” like an x-coordinate and the “imaginary part” (whatever multiplies i) as a y-coordinate in the complex plane. Some people call the complex plane the z plane, which will annoy those of you who are 3D printing people who like to think of z as the vertical direction. For that reason, we will call it the “complex plane” in this book. It turns out that polar coordinates are pretty useful on the complex plane, too.


The Complex Plane

The complex plane is usually drawn as shown in Figure 11-14. It has a real axis, labeled with Re, (short for “Real”) and an imaginary one, labeled with i. We have drawn z=3+4 i on the graph in Figure 11-14. You will notice we drew it as a vector, starting at the origin. This is sometimes called an Argand diagram, for Jean-Robert Argand, who lived around 1800.

Suppose we wanted to think of this in polar coordinates, instead, for any z=a+b i. The radius and angle of the point in 11-14 can be computed as follows:

r=a2+b2andθ=tan−1(ba)⁡

[image: A pair of axes are labeled Re (horizontal axis) and i (vertical axis). An arrow has its tail at the origin. Its length is labelled r, and it is rotated theta degrees from the Re axis. The head of this arrow is at 4 units out on the Re axis and 3 units on the i axis. This point is labeled 4 + 3i.]
FIGURE 11-14: The complex plane


and z then becomes

z=r cos(θ)+r sin(θ) i

Now we know we can then rewrite our z=4+3 i in polar coordinates as

r=32+42=5 andθ=tan−1(3/4)=0.6435 radians. Therefore,⁡z=5 cos(0.645)+5⁢ sin(0.645)i

The angle we are calling θ is often called the argument of z in this context, or arg(z). We will keep calling it θ to make the analogies obvious. If we think back to our discussion of vectors, what we are calling radius here is analogous to the magnitude of a vector.



Raising Complex Numbers to a Power

Now, let’s check out another property of the complex plane. Think about what happens when you raise i to a power.

i0=1i1=ii2=−1i3=−i

Thus as we raise i to a power, we rotate around the complex plane counterclockwise, starting at the positive real axis, then the positive imaginary direction, then negative real, then negative imaginary direction. Higher powers just keep repeating this pattern. So, by extension, you might think that the square root of i would be at a 45-degree angle (or, in radians, π4) between the real and imaginary axis. Is the following equation true?

i=i12=cos⁡(π4)+sin⁡(π4)

We may not be sure how to think about the square root of i, but we know if we have the square root of something, if we square it we get back whatever is under the radical. In this case, that should just be equal to i. Let’s try squaring both sides and plugging in the fact that both cosine and sine of π/4 are equal to 22. In other words, is this equation true?

i=(22+22i)2

Rewrite this as

i=(22)2(1+i)2=12(1+i+i−1)=122i=i

Thus, magically it seems, we do find that the complicated-looking expression is the square root of i. If you think about it, every i4 we go around a circle in the imaginary plane covers an angle of 2π. Generally, it turns out that if we want to add two complex numbers, we add them like vectors (adding the head of one to the tail of the other). If we want to multiply them, we multiply their radius values and add their angles, so multiplication becomes rotation and stretching.

There is a great deal more to be said about these calculations which gets somewhat off-topic for us here. Searching on “complex numbers” should yield some tutorials if this is new for you. In the next chapter, we will see how imaginary numbers, exponentials, and sinusoids can all be tied together!



Vectors Meet Calculus

You can imagine using vectors to compute distance or to think about the direction of something that is moving. There are many applications of vectors in physics, which we will get to shortly. But first, what happens if we want to do something a little more complex than just add vectors, like multiply two vectors together? First, it means that the dot and x that you may be used to meaning the same thing (multiply), now mean two different things.



Vector Multiplication: Dot Product

Vector multiplication is a little complicated, because geometrically it is not clear what it means to multiply one vector by another (Figure 11-15). You can, however, figure out how much of a vector is going in the same direction as another, otherwise known as the projection of one vector onto another. The projection is closely related to another quantity: the dot product, which uses the symbol: •. The dot product is, loosely, a measure of how much the two vectors contribute along the direction of one of them. To calculate the dot product, you multiply the two vectors component by component and add all the results together. In other words, if

v⁢= a i+b j+c k⁢ andw=f i+g⁢ j +h k,thenv⋅w=a f+b g+h k

As we noted earlier in the chapter, i is the unit vector in the x direction, j in the y direction, and k in the z. Note too that the dot product is no longer a vector. It is also true that

v⋅w=|v||w| cos⁡(θ)

Where θ is the angle between the two vectors. This means that you can easily find the angle between two vectors, if that is useful. One application of the dot product is to get the projection of one vector onto another, as shown in Figure 11-15. If we want to know the projection of v onto w, that would be equal to v⋅w/|w||v| cos⁡(θ). As a side note, if the dot product of two vectors is zero, that means that the vectors are perpendicular.

[image: Two arrows (vectors) labelled v and w are connected tail to tail. The angle between them is theta. The w vector is longer than the vector v. A line drawn from the head of v perpendicular to w gives the projection of v onto w.]
FIGURE 11-15: Projection of one vector onto another




Applying the Dot Product: Work

You might be thinking at this point that the dot product is an awfully convoluted way to just find a projection of the hypotenuse of a triangle onto one side, and it is. But, let’s see how to apply it to determine how much of a vector force is applied in a given direction. A lot of the power of calculus is in its ability to give us very general rules about phenomena, even if the algebra might seem like overkill for the simple examples in a textbook.

First, let’s note that the dot product can be used to multiply two vectors representing different quantities. Say we have a box that we want to push somewhere without lifting it. Assume we apply force at an angle (Figure 11-16). The only force that is doing any good is that which is parallel to the ground to push it forward. The only thing the vertical part of the force is doing is to cause friction or other problems, which we are ignoring right now.

[image: A sketch shows a box. A horizontal vector labelled x shows the direction the box will move, as if sliding along the ground. A force at an angle theta pushes on the box at an angle theta. The force component in the x direction is labeled as the magnitude of F times cosine of theta.]
FIGURE 11-16: Pushing the box


The dot product of the force vector and the vector in space along which we are moving the box gives us what a physicist or engineer might call the work performed on the box. It is the force that is applied along the direction of motion, and thus the force that actually contributes to moving it. The dot product lets us think about what part of two vectors are contributing to some action in the same direction as each other.

If we apply more force, or re-adjust how we are applying force so that it applies at an angle closer to the horizontal, the box will move more. If we move it more, it takes more work. So we can see that the dot product is a good way of modeling the work done (with, admittedly, a lot of simplifications). Since this is a math book, let’s write this as an equation of sorts:

Work = Force⋅Dis⁢tance

Where both Force and Distance are vectors, and Work is a scalar. You might be wondering what all this has to do with calculus. Vector calculus allows us to compute changes in quantity over both space and time, for example. Suppose our path we were pushing our box along was complicated, or the force varied with space and time. We could handle that by integrating the dot product of the force vector and the direction of the path at that point from one end of the path to another. This is called a line integral or, in more dimensions, a surface integral. We will not get into these, but now you will recognize the enemy when you see it.



Vector Multiplication: Cross Product

The dot product tells us how closely aligned two vectors are. Suppose instead we wanted to know how perpendicular they are. Two lines (or two vectors) define a plane. If we want to talk about how that plane is oriented in space, we do that by referring to a vector at right angles to that plane. This is called the “normal vector”, and you can think of it as the “up” direction relative to the flat surface of the plane. The cross product of two vectors gives us a vector normal to those two vectors. It is written like this:

v ×w

As you might expect, the cross product takes the “cross terms” from multiplying the two vectors. If we once again have two vectors,

v⁢= a i+b j+c k⁢ andw=f i+g j+h k,thenv×w=(bh−cg) i+(cf−ah) j+(ag−bf) k

Or, alternatively,

v ×w=|v||w| sin⁡(θ)n

Where v and w are vectors that define a plane, θ is the angle between those two vectors, and n is a unit normal vector perpendicular to the plane. The cross product has a magnitude equal to twice the area between the two vectors. Or, some people like to say that it is the area of a parallelogram you enclose if you draw a vector parallel to each at the head of the other. Figure 11-17 shows the cross product of a pair of vectors which we will call v ×w at a variety of angles. We have filled in the angle to show half of this parallelogram and to define the plane of the two original vectors.

Which direction do we measure the angle, though? The “right hand rule” tells us that if we put our right hand down on the page with the thumb sticking out along the normal vector, the direction our fingers curl is the direction we measure the angle. We start from the first vector in the cross product and go toward the second. Going the other way would either get us a negative magnitude or a normal vector pointing the opposite direction, which are equivalent.

We have developed a 3D printable model representing cross product (Figure 11-17). The two vectors are on the bottom, with the span between them filled in. The side representing v is just a little lower than the side representing w so that you can see the directionality of the cross product. The height of the cross product vector is proportional to the products of the magnitudes of the two vectors times the sine of the angle between them. Since the units of the cross product are the product of the units of the original vectors (which might not be in the same units as each other) we can legitimately scale it arbitrarily. We can see that in the curve of the heights of these examples. From left to right, the angle between the vectors in Figure 11-17 is 120, 90, 60, 30 and 10 degrees.

You could argue that you can just pick one direction and you’ll get a negative angle if you go the other way. This would result in a vector pointing the opposite direction with an equal negative magnitude, which is equivalent. You might find reading physics books confusing if you get into that habit however, since the convention we have just described is pretty universal.

Dot and cross products have a few other handy properties. The dot product of perpendicular vectors is zero; the cross product of parallel lines is zero. This can be a very easy test to see if two vectors are parallel or perpendicular.

The cross product models seen in Figure 11-17 were generated by the OpenSCAD file, CrossProd.scad. The STLs to create each version are named by the angle between the vectors, e.g. crossProd10.stl being 10 degrees, and crossProd120.stl being 120. Print out a set, or visualize them to consider how the magnitude changes with the angle between them.

[image: 3D printed models consisting of a wedge-shaped base with a cylinder poking up vertically, reminiscent of the foot of a duck. The bigger the wedge, the taller the cylinder.]
FIGURE 11-17: Cross product to get normal to a plane





Applying the Cross Product: Torque

The cross product comes up when we are trying to figure out how something is turning (or circulating) under the influence of forces (Figure 11-18). For example, imagine a wheel of radius R on its side, like perhaps a millstone in an old mill. Let’s call the vector pointing out from the axle of the wheel to the rim r (red arrow). Now let’s say we lean into this wheel and push it with a force F that is at an angle θ relative to the radius vector.

[image: A cartoon of a cylindrical stone with an axis in the vertical direction. A radius to one point on the rim touches a force vector. A resultant force vector is created by projecting that force vector onto the tangent to the wheel at that point. Using the right-hand rule with these two vectors gives a resulting torque vector parallel to the axis of the wheel.]
FIGURE 11-18: Force turning a millstone


The only component of this force that will actually contribute to turning the wheel is that perpendicular to the radius, which has a magnitude of Fsinθ⁡. How much the wheel actually turns is a function of both the radius and of that force component. This is just the cross product of the radius vector and the force vector. This quantity is called torque, and has the same units as work: force times distance. Torque however is a vector parallel to the axis of rotation (blue arrow in Figure 11-18), with direction at right angles to both the radius and force vectors. In equation form:

Torque=r×F

The wheel in Figure 11-18 would turn counterclockwise, by the right-hand rule we discussed when we first introduced cross products.

The concept of torque has a lot of practical uses. You will most likely have heard of torque wrenches, which are tools designed to allow the user to know how much torque they are applying when tightening something. Some of these let the user specify torque beforehand, and slip when more torque is applied, while others have a display to show the user how much torque is being applied. In these cases, torque is usually thought of as a scalar value (equal to the magnitude of the vector), because the thing you are using the torque wrench on can only be turned around one axis.

Dot and cross products come up all the time when we study electric and magnetic fields, fluid mechanics, and many other practical situations. In real life, you will often need to deal with derivatives and integrals of these components as different parts of the system change over time.



Vector Fields

Up to this point, we have been thinking of a vector as a line segment with both a tail and a head, and units of distance. The tail is the location of the vector, and the head tells us where it is pointing. In these cases, you can get the coordinates of the head of a vector by adding the coordinates of the vector’s tail to it.

Vectors, however, more generally specify things other than distance. This means that the magnitude that we represent as a length does not actually represent a length in the coordinate system. The length is just a tool to help us visualize the magnitude. When we think of a vector quantity that varies over space (and likely over time, as well) we often talk about a vector field, and envision it as a field of tiny arrows.

Velocity, for example, is a vector quantity, since it has both a magnitude and a direction. (Technically, if all we have is the magnitude, we call it speed instead.) Imagine wind blowing over complicated terrain. As the pressure differences that are driving the wind field over a large area interact with the ground, the wind velocity at each location potentially has its own direction and magnitude.

If you had a wind vane and anemometer to measure wind direction and speed, respectively, of the air at a grid of points in this velocity field, you would measure the local wind field at that point. It is common for meteorologists to draw a field of vector lines with lengths proportional to their magnitudes and aligned with their directions to help you visualize the wind. These lines are fictional, and meant to help you visualize conditions.

A long vector line associated with the instrumentation at my house does not affect or imply conditions at other locations that this imaginary line might cross over. Rather, the only thing that we are showing with our arrow representing the magnitude and direction of the wind’s velocity at my house are the measured conditions at that location.

The scale of these lines is completely arbitrary, since their length is not measured in the same units as the map’s dimensions. We could display the exact same information with all of the vector arrows half the size. Thinking about this example more concretely, the map’s axes might be in units of meters, and the velocities being represented by the vector field in units of meters per second. People sometimes use color, rather than the length of the line, to show the magnitude of vectors in a field. You can see a velocity field on weather maps of wind speed; the meteorology convention is to show the magnitude of the wind speed with little flag marks on a constant-length vector.

To find the direction of an individual velocity field vector, you will need to find the angle θ. This is the angle whose tangent is the ratio of the y and x vector components. Suppose the vector is representing velocity, and the x and y components are 3 and 4 m/s (or other unit of velocity), respectively. The angle of this vector relative to the reference axes is

θ=tan−1(yx)=tan−1(43)=0.927 radians⁡

or about 53 degrees counterclockwise from the x axis. The magnitude would be 32+42=5 (in units of velocity).



Grad, Div, and Curl

Now that we have been introduced to the idea of a vector field, how do we think about keeping track of the magnitude and direction of this field at each point? Then, beyond that, how can we analyze how it is changing in space, or time, or some other variable? As you might imagine, this can get complicated quickly. Understanding this can be (and often is) an entire university-level course, or more. With that said, let’s meet grad, div, and curl just long enough to know what they are if you meet them in a dark alley.

Grad is a vector equivalent of a partial derivative to track how a function of multiple variables is changing, and the orientation of that change. Its components are the partial derivatives on each axis. The symbol for it is an upside-down Greek letter delta, ∇. The symbol is called the nabla, but, more commonly, del. The simplest application of del is to create the gradient vector of a function, or sometimes grad to its friends. Technically, del is an operator, like an integral sign, that operates on other functions:

∇=∂∂x i + ∂∂y j

We can use the del operator to find the gradient of a scalar function, f(x, y). This gradient is a vector:

∇f(x,y)=∂f(x,y)∂x i + ∂f(x,y)∂y j

We would call this “grad f” or “gradient of f” or “del f”.

Let’s say we have a vector field representing the velocity of wind blowing over an area, and the velocity vector at each point represents the velocity and direction of the wind there. If we were to take the dot product of the gradient operator with a vector function v, (just showing it in 2D for simplicity):

v=i vx+j vy

We would get

∇⋅v=(∂∂x i+∂∂y j)⋅(vx i+vyj)=∂vx∂x+∂vy∂y

The result is just the sum of the partial derivatives along each axis. This is called the divergence of v, or sometimes just div v. It is a scalar, and represents how much a quantity is changing at a point in a vector field.

A lot of this math was developed to model fluid flow or electric and magnetic fields in the late 1700s and early 1800s, although a lot of practical applications had to wait until surprisingly recently when computers got powerful enough to do detailed numerical solutions. For example, in electromagnetism, the electric field divergence at a point is equal to the charge at that point, divided by a suitable constant. This is called Gauss’ Law, after Carl Friedrich Gauss, who lived in the 1800s. He started his career as a child math prodigy, and was one of the most influential mathematical minds in history, often called “The Prince of Mathematics”. His Law, (in the form that applies in a vacuum) can be written

∇⋅E=ρϵ0

Where E is the electric field vector, ρ (the greek letter rho) is charge density at that point, and ϵ0 (epsilon zero, or epsilon naught) is the electric constant or vacuum permittivity. The units and value of these quantities are a whole chapter in themselves, but the point is that if an electric field seems to have a net increase or decrease, then there must be a source (or sink) of charge.

Finally, now that we have used the dot product of del, we might wonder if the cross product comes up, too. It does, in a quantity called the curl, which is the cross product of del and a vector field (here assuming a flow varying in just two dimensions for simplicity):

curl v=(∂∂x i+∂∂y j)×(vx i+vy j)=(∂vy∂x−∂vx∂y) k

Curl is a measure of how much a vector field is rotating at any particular (x, y) position. For example, in fluid mechanics, the curl of a fluid velocity field is called the vorticity field, which is important in weather prediction and airplane wing design.

In the mid-1800s, Scottish mathematician and physicist James Clerk Maxwell developed equations that describe how a magnetic field (B) is related to an electric field (E). Two of these equations are

∇⋅B=0∇×E=−∂∂t B

Look up “Maxwell’s equations” and see what physical property about magnetism the first one implies, and the relationship between magnetism and electricity implied by the second. MIT Open Courseware (ocw.mit.edu) is a good place to search on these topics as pure math and also for their applications. If you want to delve into this, H. M. Schey’s book cited at the end of this chapter is a great reference, mostly in the context of electromagnetism.



Chapter Key Points

In this chapter, we walked through several related, but distinct, concepts. First, we moved beyond the Cartesian coordinate system to look at polar, cylindrical, and spherical systems. We also thought about when each one might be the most useful.

Next, we thought about managing vector functions that have both a magnitude and a direction. We considered both vectors that have literal values in a coordinate system, and more abstract vector fields that represent a quantity that varies in magnitude and direction over a physical area. We learned the dot product and cross product operators, and their physical implications.

From there we considered the imaginary number and the complex plane, and learned some of its useful characteristics. Finally, we learned how to recognize some vector calculus operators.



Terminology and Symbols

Here are some terms and symbols from the chapter you can look up for more in-depth information:


	•  Cartesian coordinates (x, y, z)

	•  Complex numbers, z=a+b i

	•  Complex plane

	•  Cross product, v×w

	•  Curl of vector, ∇×v

	•  Cylindrical coordinates (r,θ,z)

	•  Del operator (symbol also known as nabla), ∇=∂∂x i+∂∂yj

	•  Divergence of a vector field (dot product of del and v), ∇⋅v

	•  Dot product of two vectors, v⋅w

	•  Gradient vector of a function, ∇f(x,y)=∂f(x,y)∂x i + ∂f(x,y)∂y j

	•  Imaginary number, i

	•  Normal vectors, n

	•  Polar coordinates (r,θ)

	•  Spherical coordinates (r,θ,Φ)

	•  Unit vectors, i^ or just i

	•  Vector, v(r,θ)

	•  Vector field

	•  Vector magnitude, |B|
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12 SERIES

This chapter is an introduction to sequences and series, which are normally covered in calculus pretty early on. To this point, we have consciously tried to avoid them, in order to maintain our intuitive, geometrical approach. However, now that we have a lot of background, we can use the concept of a sequence or series (and a few more 3D printed models) to tie up a lot of the ideas in our previous chapters.

You can think of this chapter as the part under the hood of a lot of the workings and derivations of calculus. If you are taking a traditional class, you probably started with this topic. We bring it in here at the end so that you can see some of the (admittedly abstract) underpinnings and appreciate some of the art that went into constructing modern calculus. You can safely skip this chapter if you want to stick to the more intuitive path of appreciating calculus. However, if you are doing further calculations and real applications, we suggest you understand these underpinnings, too.


Sequences vs. Series

As the name implies, a sequence is a set of terms that follows a mathematical rule. For example, this is a sequence: 0, 1, 2, 3, 4, 5. The rule that created them might be stated, “Start at 0 and add 1 to get the next number in the sequence. Stop when you get to 5.”

If we were to add up the values in a sequence, we refer to the resulting expression as a series. The rest of the chapter will deal with the properties of different special kinds of series that let us both understand some calculus problems in different ways and solve some problems that can’t be solved otherwise. Wolfram MathWorld has some good expansions on the definitions we’ve given here.

The concept of a limit (Chapter 2), and of approximating a function with a discrete equivalent (Chapter 8) can be understood a little better after playing with the series. Some mysteries, like why sine and cosine are derivatives and integrals of each other, and the relationships among sine, cosine and exponentials can be made clearer using series (at the expense of some algebra).


3D PRINTABLE MODELS

The following 3D printable model is used in this chapter. (Instructions on how to download models are in Chapter 3.)


	•  taylorSeries.scad Displays a Taylor series expansion for sine, cosine, or exponential







Series

Let’s say that we wanted to add up all the integers from 0 through 5. We could just write this series and think of it as a function of n, the number of terms in the series:

f(n=5)=1+2+3+4+5=15

That is not too cumbersome for five numbers. But suppose we wanted to add hundreds or thousands of numbers, and we really did not want to write out all those terms. In that case, we can write down a rule for how to add this all up. In this case, we would write the series like this:

f(n)=∑n=15n

We would read this as “the sum of the values of n from n = 1 to n = 5.” By convention, the "n = 1" part is only written on the bottom of the summation sign (an uppercase Greek letter sigma), and the formula is designed so that you are incrementing by 1 each time. For example, if you wanted to add up the numbers from 3 to 9 in increments of 2 (i.e. 3 + 5 + 7 + 9), you could write

f(n)=∑n=03(2n+3)

Really, you’re counting by 2 each time, but over time the convention has arisen that n always increments by 1. You could also come up with other expressions, like summing the expression 2n + 1 from n = 1 to n = 4.

Readers with some computer programming experience will recognize this as the sort of thing that one would accomplish with a loop in a computer program. Even though you are summing, this is not quite the same as a discrete integral, since there is no explicit dn here. The step size from one value of n to the next is assumed to be 1, and you are adding up an expression at discrete values of some variable, called n here. (Philosophically, you could think of this as a discrete integral with a step size always equal to 1.)

While we are talking about adding a series of numbers, we might also wonder what happens when we multiply a series of numbers. It turns out that if we multiply all the numbers from 1 through some number n, we call that n factorial. A factorial is written as a number (or a variable) followed by an exclamation point, like this:

n!=n(n−1)(n−2)...(2)(1)

For example,

4!=(4)(3)(2)(1)=24

To keep the definition consistent, 0! is defined to be equal to 1. Negative numbers are not included in the definition of factorial. A more general cousin of factorials is the gamma function, which is symbolized by the uppercase Greek letter gamma, (Γ(x)). The gamma function lets you use non-integers to find factorials for positive non-integers, but we will not need that capability.



Infinite Series

What happens if, instead of adding up a nice finite number of terms, we instead think about adding up an infinite number of terms? Suppose that we had this series:

f(n)=∑n=1∞1n

Since there is a variable, n, in the denominator that is getting bigger as we add more terms, you might think that the terms would get smaller and smaller and so eventually converge to a finite number, but — they do not! If we play with the partial sums (the value we get for the sum for each value of n — for example, the first two terms if n = 2 — we find that they get bigger and bigger forever (even though the individual terms do indeed get smaller). It turns out that this series does not tend toward a finite number but instead grows indefinitely.

If a series tends toward a finite limit as the number of terms goes to infinity, it is said to converge. Otherwise, it is said to diverge, and it increases without limit toward infinity. Generally, series can also jump around wildly and never trend consistently in any direction. If the series adding up 1/n terms does not converge, how about a series that adds up the inverse squares? That one does converge, to a constant.

f(n)=∑n=1∞1n2=π4

This is called the Basel Problem. It was figured out by Euler (who we met most recently in Chapter 11) and was one of the things that catapulted him into fame. If you want to see the details, check out the Wikipedia article about it. Figuring out these convergences is tricky and beyond what we will show you here.

Generally speaking, you look for some pattern in the partial sums and then see what the limit of that pattern is as the number of terms gets very big (that is, as n goes to infinity). We bring it up here just to give some comfort that an infinite series can indeed add up to a finite value in the limit as the number of terms goes infinite. Later in this chapter, we will see that some series converge to a function, like sin(x).

As a side note, we could rearrange the last equation to solve for π to any desired accuracy (more terms provide a more accurate solution). Other types of series converge faster on a solution than this one, but you can understand the general premise. Some series solutions for π go back even earlier than Newton. Computers obviously make error-free calculation of a long series a lot more practical than it was in Newton’s time, but people managed it somehow even then.



Series Expansions of Functions

Other than a rather counterintuitive way to calculate irrational numbers like π or Euler’s number, e (we’ll get to that one later in this chapter), what good is it in general to have an infinite series? In this chapter, we will see that it is sometimes handy to represent a function as a series of terms that are defined by an expression, like:

f(x)=a0x0+a1x1+a2x2+...

where a0,a1,... are constants that modify the relative weighting of the different powers of x, depending on the function, f(x), that we are approximating. Remember that any non-zero number raised to the zero power is just 1. (Zero to the zeroth power is undefined, which is mathematician for “don’t go there.”)


Power Series

Expressions like this are called a power series. A power series is typically “expanded about a point.” That is, say we have a function, f(x), that we want to approximate with a power series. To do that, we pick one particular point, say x=a, and ask the question: can we approximate f(x) in general, perhaps only near x = a, by thinking about how big its difference is from the value of f(x) actually right at x=a? Or, to put it another way, how different is the value of f(x) from that of f(a)?

A power series that is technically infinite allows us to use a finite number of terms of a series to calculate f(x) to some desired degree of accuracy. A series expansion of our function f(x) is a series that represents f(x) near x=a. There might not be a way to work with a function directly — for instance, if the function’s value is 00 at x=a. Sometimes a function just can’t be integrated, but its series expansion can. A series expansion can sometimes be plugged into a differential equation (Chapter 8) to estimate a solution.



Taylor and Maclaurin Series

How can we determine what these constants multiplying powers of x should be? We will explore two types of power series expansions of functions: Taylor series and Maclaurin series. A Taylor series is an estimate of the value of a function, f(x), near a given point, f(a). A Maclaurin series is a Taylor series for the special case of a=0, which as we will see later is sometimes the only value for which the algebra is tractable. We are trying to figure out a series something like this:

f(x)=a0(x−a)0+a1(x−a)1+a2(x−a)2+...

But what are these coefficients an? In Chapter 8, we approximated a function’s value over time based on its value at the previous time and its derivative, like this:

f(t+Δt)=f(t)+Δtdf(t)dt

Where Δt is a small time increment. Now, instead of thinking about moving forward in time, let’s think about moving a distance x from a reference point where x=a. By analogy we get:

f(x)=f(a)+(x−a)df(x)dx

Suppose that our function was changing really quickly (or we wanted more accuracy) and that we wanted to take higher derivatives into account. When we do this, we generate a Taylor series. A Taylor series for a function f(x) is defined at a point x near a as follows:

f(x)=f(a)+df(a)dx(x−a)1+d2f(a)dx2(x−a)22+d3f(a)dx(x−a)3(3)(2)(1)+...

Thus going back to our original “generic” series,

a0=f(a) for n=0 andan=dnf(a)dxn1n! for n=1,2,...

If you want to see the blood and guts of actually deriving this, you can search on “derive Taylor series” or check out a comprehensive calculus text. Basically, you would figure out each of the derivatives of the general power series, and start gathering up terms to solve for the coefficients.

Using higher-order derivatives also lets you estimate farther and farther away from x=a, if the series converges for all values of x. As each term is added, the function gets us a little closer to an exact fit of the curve. The denominator of the nth term is n factorial, which we met earlier in this chapter. Using summation notation, we can write a generic Taylor series this way:

f(x)=f(a)+∑n=1∞dnf(a)dxn(x−a)nn!

Where

dnf(a)dxn

is the nth derivative of f(x) with respect to x, evaluated at x=a. If you want to think of a function as its own “zeroth derivative” you could write the sum for a Taylor series starting at n=0 and not treat that first term as a special case. We use that convention for the rest of the chapter.

British mathematician Brook Taylor is credited with publishing the idea in 1715, although there was earlier work by others, including Isaac Newton. Scotland’s Colin Maclaurin was working around the same time and came up with many useful applications of the special case that bears his name. As will quickly become obvious, these series can generate tedious algebra work. But, just like many other situations in practical mathematics, there are situations where this is the best of bad alternatives. (Yes, these series do have cool applications… hang in there with us.)



Maclaurin Series of Sine, Cosine, and Exponential

To try and make this a little more concrete, let’s work out the Maclaurin series for f(x)=cos⁡(x), and evaluate it near a=0. The first thing we need to do is to figure out what the first few derivatives are, and then evaluate their numerical values (Table 12-1).





	n

	nth derivative at x=a

	value if x=a=0






	0

	cos(a) (original function)

	1




	1

	sin(a)

	0




	2

	-cos(a)

	-1




	3

	-sin(a)

	0




	4

	cos(a)

	1






TABLE 12-1: Derivatives of cos(a) for a = 0


Once we have Table 12-1 filled out, we can plug these values into our sum to get the Taylor series for cos(a) when a = 0. Remember that we assume that x is, in turn, very close to the value of a, and therefore approaching 0, too.

cos⁡(x)=cos⁡(0)+sin⁡(0)(x−0)1!−cos⁡(0)(x−0)22!−sin⁡(0)(x−0)33!+cos⁡(0)(x−0)44!+...

which we can clean up to be

cos⁡(x)=1+0(x−0)1−1(x−0)22−0(x−0)36+1(x−0)424+...

and further simplifies to:

cos⁡(x)=1−x22+x424+...

Doing a similar exercise for sin(x) near x = 0 gives us

sin⁡(x)=x−x36+x5120+...

These terms fall between the ones shown for cosine above. The sine function gives us 1 or -1 in all the places that cosine gives us zero, and vice versa. Terms that are multiplied by zero go away. The terms that remain alternate between positive and negative. Also, the derivative of the first term in the sine series is the first term in the cosine series, the derivative of the second term in sine is the second term in cosine, and so on. If we do the same thing for ex near x=0 we get

ex=1+x+x22+x36+x424+x5120+...

which is all of the terms in the sine and cosine series, but this time everything is positive. This pattern might be more clear if we write these series in summation notation:

cos⁡(x)=∑n=0∞(−1)n2n(2n)!sin⁡(x)=∑n=0∞(−1)nx2n+1(2n+1)!ex=∑n=0∞xnn!

What happens if we want to expand a series around a value of x not equal to zero? Things get messy in a hurry. If we evaluate these equations for x=π, for instance, we will have powers of (x−π) instead of just powers of x. The algebra gets complicated, and you have to accumulate terms of powers of x resulting from raising (x−π) to higher powers. You can see why Maclaurin, in the era before calculators, worked out problems using expansions around (x=0).



Modeling Convergence

We can look at the algebraic series expansions for cos⁡(x),sin⁡(x), and ex, but it can be hard to visualize what is happening. We have created models to show how each one converges as more terms are added in these series.


Sinusoid Models

Before we get to the 3D models, though, let’s do a little warm up to think about how the first terms of cos⁡(x) build up. In the left-hand column in Figure 12-1, we graph each of the terms of cos⁡(x) separately, compared to cos⁡(x). The right-hand column graphs the first four partial sums, adding up successively more of these terms. The first term of cos⁡(x) is just 1 — the exact value when x=0. The second term is −x22. The first partial sum, then, is

cos⁡(x)=1−x22

[image: A series of sketches shows the successive terms of the cosine expansion (the even powers of x, with alternating sign). A parallel series shows the partial sums looking more and more like a cosine curve as more terms are added int.]
FIGURE 12-1: Left: Individual terms of series expansion of cos(x), Right: corresponding partial sums.


When we use these series to approximate a curve, we keep going this way (adding terms from the series) until we see the desired accuracy. Even after just four terms, you can see the cosine curve starting to emerge in the cumulative curve center near x=0.

Next, we can take a look at a 3D model for the series expansion of sin⁡(x) (left) and cos⁡(x) (right) in Figure 12-2. These models are 3D prints of the successive partial sums, layering up one on the other, so that the first term is plotted as the bottom layer, and the sum of the first 20 terms is plotted as the highest layer. Nearer the base of the model, the alternating terms tend to dominate (and so alternate from one side to the other and head off to infinity). As we build up more terms, the positive and negative terms start to cancel out more effectively to give us the oscillating sinusoid.

[image: A rendering of two 3D models. These models start out with the first term of the series expansion for sine and cosine as the bottom layer, then add in subsequent terms in later layers. The models start off with large divergences, and converge into the sinusoids as the model builds up.]
FIGURE 12-2: Model of series expansion of sin⁡(x) (left) and cos⁡(x) (right), with sixth partial sum highlighted in black


Figure 12-2 is a rendering in OpenSCAD, with a black line highlighting just one partial sum each for the expansions of sine and cosine. Later Figures will show the actual 3D print. The variable x increases left to right, and x=0 is in the middle. The top layer has fairly clearly become a sine or cosine wave, as the case may be, by the time we get to the 20th partial sum.

On each of these OpenSCAD renderings of the model, the black lines indicate the sixth partial sum curve (sum of the first six terms). All other even-numbered partial sums are shown in blue, and the odd-numbered ones in red. You might also find it useful to compare the successive partial sums in Figure 12-1 to the cosine model (on the right) in Figure 12-2. The partial sums we see broken out in Figure 12-1 build up from the bottom in Figure 12-2, so the first few are somewhat hidden by higher layers in Figure 12-2. The sine expansion has all the odd terms, so they are mirrored across the centerline. The cosine expansion has all the even terms, so we would expect it to be symmetrical for positive and negative values of x.

In the case of sin⁡(x), you can see this sixth partial sum come in from the upper left and continue through a stretch along the sine wave near x=0 in the middle, and then exit out the lower right. The next term would reverse this, as we add in terms of alternating signs. In the case of cos⁡(x) on the left, you can see the sixth partial sum come in from the lower left and exit at lower right, following the cosine curve near x=0 in the middle. As you add in more and more terms, the sums settle down and stop going off to infinity so steeply.

Look at two views of a 3D printed cos⁡(x) model in Figure 12-3. It shows the same model at two different angles to give you a sense of the three-dimensionality of this model. Values of x (left to right) go from –4π to 4π. Values of cos⁡(x) increase from bottom to top of Figure 12-3.

[image: 3D prints of the sine series described for Figure 12-2, using rainbow filament that shows the successive partial sums in different colors. The same model is shown both from directly above and from the side to give a better view of the layers.]
FIGURE 12-3: Series expansion of cos(x). Vertical steps show successively higher partial sums.


As with Figure 12-2, the vertical axis of the model in Figure 12-3 is made up of the graphs of the partial sums one on top of the other. Thus, the first layer of this model (on the bottom, somewhat overlaid with other layers) is the first term of the series, where cos⁡(x) is approximated as just being equal to 1. Since we are approximating for x=0, the approximation gets better nearer x=0.

Adding the second term, as we saw in Figure 12-2, subtracts off a squared term from 1, so the step up from the base representing the second partial sum comes in from the lower left and departs off to the lower right.

The next partial sum comes in from the upper left. You can see from the series we generated earlier that the terms alternate in sign. Farther from x=0, these bigger terms dominate, and thus we see alternating signs of our partial sums away from x=0. You can see the converged area (which is recognizable as a cosine curve) gradually spreading farther and farther from the origin in the middle as we add more terms.

This converged area is the feature that sort of looks like a theater curtain, getting wider as we go upward in the model and add more terms to the series approximation. These models are computing 20 partial sums, and by the end (highest part of the model) you can see that the last few are indistinguishable from the sinusoids for the entire range, and we no longer see different curves converging to create the sinusoid around x=0.

You can see in these models that the closer we are to x=0 (in the center of the model) the faster the partial sums converge to a cosine curve. The farther out we go from x=0, positively or negatively, the more terms we need to have a recognizable cosine curve.

Similarly, we can plot out sin⁡(x) (Figure 12-4). The first term approximates sin⁡(x) as being equal to just x=0, and successive terms alternate in sign, giving behavior similar to that of the cosine wave. Again, you can see the region of convergence spreading out to the left and right from x=0 in the center as we add more terms (go upwards in the print). The plot again covers x=−4π to 4π, and there are 20 partial sums represented vertically.

[image: The same as Figure 12-3, but cosine.]
FIGURE 12-4: Series expansion of sin⁡(x). Vertical steps show successively higher partial sums.




Exponential Model

Finally, we tried checking out the behavior of ex as we add more and more terms. Figure 12-5 shows the behavior for x=−8 to 4. Note that for values of x less than zero, terms are of alternating sign (similar to the sinusoids), but for values of x greater than zero all the terms are positive and so, as you can see, the function builds up rapidly.

[image: A model as in Figure 12-3, but for exponential (all powers of x summed).]
FIGURE 12-5: Series expansion of ex from x=−8 to x=4. Vertical steps show successively higher partial sums.




Printing the Models

All of the models in this chapter were printed using the OpenSCAD file taylorSeries.scad. The sine, cosine, and exponential models are available in STL format respectively, in taylorSeriesSin.stl, taylorSeriesCos.stl, and taylorSeriesExp.stl. Use the Customizer to pick the function to model.

The colors on the prints were achieved by using rainbow PLA 3D printer filament, which changes color within the spool. All three prints were plated together so that they would have the same colors on respective layers. Printing them together also meant that more filament was used for each layer, so that each model contains more frequent color changes than if they were printed separately.



Broader Applications

It turns out that by applying something called Taylor’s Theorem (see, for example, Thomas' Calculus one can show that these series expansions apply for all values of x, not just ones near zero. The algebraic proof is beyond what we want to show here, but you can see it in the models we have just observed.

There are tables of Taylor series for different functions, just like there are tables of integrals and derivatives, so you can look them up if you want to use a series approximation of a function. Not all expansions have the handy property like those of sine and cosine, which are good for any value. Be sure to look at the range of values of x for which the series converges, which should be listed in the table along with the series if it is not good for all numbers.

There is one other calculation you can do to build some intuition. Take a look at the series expansions for sin(x), cos(x), and ex, and try taking the derivative of and integrating each of them. You will see that indeed we get the relationships we expect — for example, that the integral and derivative of ex are just ex (+ C in the integral case) and sine and cosine are derivatives and integrals of each other, with some sign changes.

Finally, series can be used for an elegant proof of a classic equation, Euler’s Equation, which ties together three fundamental mathematical quantities: e, i (the square root of -1), and π. Check out the sidebar for the details.



Limits and Series

Having a polynomial expansion of a function can make it a lot easier to reason about what happens when the function argument gets very big or very small. For example, we showed with L’Hôpital’s rule in Chapter 5 that the limit near x=0 of sin⁡(x)x=1. To see that based on the series expansion for sin(x), just divide each term in the series expansion of sin(x) by x to get

sin⁡(x)x=xx−x36x+5120x+...

Which we can clean up to read

sin⁡(x)x=1−x26+x4120+...

If we then let x=0, you can see that the only term remaining on the right side of this equation is 1. In this case, at x=0 the value of the function becomes exactly equal to 1.


EULER’S EQUATION

In 1748, Leonhard Euler published a paper showing that:

eiθ=cos(θ)+i sin⁡(θ)

This is called Euler’s equation. We will not prove it here in a formal mathematical way, but you can find all sorts of different ways people have thought about it. You might start with the Wikipedia entry if you have not heard about it till now. As we saw in Chapter 8, Euler was a polymath who made or enabled advances in several fields. This equation, though, is one of the most famous mathematical advances, because of the elegant way in which it ties together quantities that on the surface do not leap out at you immediately as being related.

For starters, what does it mean to raise e to an imaginary power? If we were in the complex plane (Chapter 11) and plotted the right-hand side of this equation from θ=0 to 2π, we would get a circle with a radius equal to 1.

The real part is cos⁡(0) and the imaginary part, sin⁡(0). The radius equals

cos2(θ)+sin2(θ)⁡=1

This is one reason that sinusoids are sometimes called circular functions.

You will notice that if we took θ beyond 2π, this circle would just repeat. In Chapter 11, we also noted that if we raised i by integer powers, by the time we got to i4 we would have gone around a circle in polar coordinates, and θ would have gone from 0 to 2π. Thus if we raise i to the power 2θ/π, we can see that we will rotate around the complex plane once as θ goes from 0 to 2π. Taking this argument together with Euler’s equation, we can say

eiθ=cos(θ)+i sin⁡(θ)=i2θ/π

For the special case of θ=π these three terms become

eiπ=−1+i0=i2

Either of these last two are clearly just -1, so we can say

eiπ=−1,oreiπ+1=0

This special case is called “Euler’s identity,” and is thought of by mathematicians and physicists as an otherworldly work of art.

Technically, this relationship applies for any angle θ plus or minus multiples of 2, since you get the same answer for these functions if you add 2π. To get around that, mathematicians define the “principal value” of functions of θ in the complex plane, typically the value between plus and minus π. Euler’s equation is important because it ties together exponential functions (which are easy to differentiate and integrate, as we have seen in Chapters 4, 6, and 8), sinusoids (Chapter 9), and the complex plane.

It even ties together two fundamental mathematical constants: e and π. This relationship allows us to use exponentials (which are easy to integrate and differentiate) and add a series of them in superposition on the complex plane.

de Moivre’s Theorem

Another useful relationship, de Moivre’s Theorem (named after French mathematician Abraham de Moivre, who was a contemporary of Newton’s), says that

(cos⁡(θ)+i sin(θ))n=cos⁡(nθ)+i sin(nθ)

If you think about it in the equivalent form of einθ it makes sense, because raising eiθ to the nth power is just einθ, which in turn can be written cos⁡(nθ)+i sin⁡(nθ).

Proving Euler’s Equation

One of the easiest proofs of Euler’s equation is to plug ix instead of x into the series expansion for ex. Once you multiply things out, where you originally had all positive real terms, every other term is now imaginary, with half the terms being negative. Separate the real (where the i goes away) and imaginary terms (where there is still an i in that term, positive or negative). You will find that the real part is just the series expansion for cos⁡(x), and the imaginary part is the expansion of sin⁡(x). If you have the patience, give it a try! Remember that i2=−1, i3=−i, and i4=1.

Alternatively, you can go all the way back to the expansion of eix and compute the derivatives and their values at x=0, just as we did for cos(x)⁡ in Table 12-1. You might want to make a table of derivatives similar to that in Table 12-1 to keep it all straight. Note that i is treated like a constant here, so the first derivative of eix is just eix, and ei0=1.

Either way, when you work it all out and gather up the real terms and all the imaginary terms, you will wind up with a big sum, with all the real terms being the terms in the series expansion for cosine, and all the imaginary ones adding up to i times the terms in the series expansion for sine. Thus, we get Euler’s equation:

eix=cos⁡(x)+i sin⁡(x)

You can also compute a value for e (Euler’s number) by letting x=1. Try computing five or six terms to see how quickly the contribution of subsequent terms gets smaller. How many terms do you need to compute to be within an error of 0.001?


Suppose, though, like the case of computing e from its series expansion, we are adding steadily-decreasing terms to get “as close as we need” to a numerical answer. One way that you can think about “how close” you are to the exact value of a function is to look at how big the first term you are ignoring is. If you have computed five terms of a series that converges, the error will be about the size of the sixth term (presuming that each term adds less and less). In the case of computing a value for e from its series expansion where x=1, the fifth term is 14!=0.041, and the sixth term is 15!=0.008, so the error 277of cutting off the sequence after the fifth term will be of order 0.01.

This is not true if the sequence is not converging smoothly to a finite value but instead bounces around. For more on this, and to see how to estimate error in the many special cases that arise, look up the terms “Taylor series” and “Taylor’s Theorem.”



Chapter Key Points

This chapter introduced the concepts of sequences and series, and tied them in with topics that we covered previously in this book. In particular, we focused on Maclaurin series and examples of the series expansions of sine, cosine, and exponential functions. We related these by showing that Euler’s equation works, based on these series expansions. Finally, we wound up with applications of series expansions, such as thinking about the limit of a function approaching a value or estimating the error of a series approximation.



Terminology and Symbols

Here are some terms and symbols from the chapter you can look up for more in-depth information:


	•  Convergence

	•  Divergence

	•  Euler’s equation

	•  Factorial (expressed as a number or variable with an exclamation point, e.g. 4! or n!)

	•  Gamma function, Γ(x), uppercase Greek letter gamma

	•  Maclaurin series

	•  Sequence

	•  Series

	•  Series Expansion

	•  Sum, summation notation Σx=0∞, uppercase Greek letter sigma

	•  Taylor series

	•  Taylor’s Theorem
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13 THE TOOLBOX

If you are reading this book, you probably like to make things. Over time, as you try different projects or maybe use new materials, you start to accumulate more and more specialized tools. Sure, you might be able to build just about anything with just a few basic tools, but the process might take a long time and you might wind up covered with sawdust and splinters.

Math is not all that different. To this point, we have given you intuitive ways of looking at calculus basics. However, if you want to apply these ideas to real-world problems, you will need to dive into some algebra to solve your specific problem. To do that, you may want some more-specialized algebra tools. There are many of these, of course. In this chapter, we have picked a few that come up often in practical engineering situations. Even if you are just trying to follow along in textbooks, it can be hard to see where a particular leap came from if you have not seen the handy trick being used.

There are no physical models or experiments in this chapter. Instead, we will give you a few techniques to solve problems that come up often, but that are not responsive to a straightforward approach. Just like a real toolbox, these are not really related except that they are all useful for your calculus projects.

Practice also makes things come more easily, for math and for making physical things alike. People who teach math always hear students say, “I followed along when you did it on the board, but how did you know which technique to use where?” The answer is trying out a lot of examples, and internalizing the patterns of what works. You might want to obtain one of the traditional calculus books we note at the end of this chapter and try out some of the exercises, particularly for books that give the answers for some problems. Or, you can do a similar exercise by following along with online resources and trying to anticipate the answer.

We also summarize how to think about assessing mathematical models. The chapter (and book) closes with an annotated list of books and online resources that you might find helpful, either as references if you are in a course or to go deeper if you are learning on your own.


Calculating Integrals and Derivatives

In this book, we have focused on building intuition, avoiding many of the ifs, ands, and buts of the various pathological cases that come up in general. However, once you have the intuition, hopefully you will want to use some of this knowledge in professional situations. That means you might need to find specific solutions to derivatives and integrals that have arisen as a result of creating a mathematical model of something.

If you want to integrate a function or take its derivative, you can walk through the following steps:


	•  Is it a simple function (cos⁡(x), a power of x, …)? If so you can either just do it from memory or look it up. Tables 13-1 and 13-2 list some of the most common derivatives and integrals, respectively. (We have ordered these tables so that you are integrating from left to right. Note that Tables 13-1 and 13-2 are really the same table, just running the operations backward.) You might want to consider memorizing these very common cases to help you recognize easy calculations right away.

	•  Does it look like the product or quotient of two simple functions? If so, use the rules for integrals or derivatives of products and quotients (Tables 13-1 and 13-2).

	•  If my problem is more complicated, can I find it in a comprehensive table of integrals and derivatives? (See the web and book resources listed at the end of the chapter.)

	•  For integrals, can I integrate by parts (as described later in this chapter)? For derivatives, use the chain rule (Chapter 5).

	•  Failing all that, you might have to resort to a numerical estimate (Chapter 8). This does not always work either, of course, and you should spend some time researching whether there are pitfalls to avoid in solving your particular equation.

	•  For integration of powers of x, note the special case of 1/x, which would cause us to divide by zero if we integrated it. This turns out to integrate to the natural log of the absolute value of x as long as x is not zero. See Chapter 6 for details. Note that zero to the zeroth power is undefined.







	Derivative df(x)dx

	Function f(x)






	nxn−1

	xn(x⁢ and⁢ n⁢ not⁢ both=0)





	1x,x≠0

	ln⁡(|x|),x≠0




	a eax

	eax




	−a sin⁡(ax)

	cos⁡(ax)




	a cos⁡(ax)

	sin⁡(ax)




	g(x)df(x)dx+f(x)dg(x)dx

	g(x)f(x)




	[g(x)df(x)dx−f(x)dg(x)dx](g(x))2

	f(x)g(x)






TABLE 13-1: Common derivatives and their associated functions






	Function f(x)

	Integral ∫f(x)dx (in all cases, add + C)






	xn

	xn+1n+1,n≠−1ln⁡(|x|),n=−1,x≠0




	1x,x≠0

	ln⁡(|x|),x≠0




	eax

	1aeax




	cos⁡(ax)

	1asin⁡(ax)




	sin⁡(ax)

	−1acos⁡(ax)




	g(x)f(x)

	Integrate by parts (see discussion this chapter)




	f(x)g(x)

	Integrate by parts (see discussion this chapter)






TABLE 13-2: Common functions and their integrals


It might be that, in the course of modeling a real system, you have generated an integral or derivative that you can’t solve. Perhaps you can make some assumptions to simplify it? If not, you can always try numerical techniques (Chapter 8). However, if the integral is in some way discontinuous or goes to infinity or some such and you don’t know it, you might get strange results. Commercial packages (see the notes at the end of this chapter) might be a safer bet than using the very simple techniques in this book if you need a real answer for a real purpose, but read its documentation to be sure it is valid for your circumstance.

You have to bear in mind that if you have an indefinite integral, you will need other information (like the initial value) to determine what the “+ C” should be in your case. Integral tables typically do not show the “+ C” on every formula; it is implied. Remember too that if you are in a coordinate system other than Cartesian, your differentials might not be as straightforward as dx or dy, as we saw in Chapter 11.

If you have partial derivatives, things get complicated in a hurry, and you probably will get beyond the tools we have given you in this book. Similarly, there are other types of integrals we have not covered. Line integrals and surface integrals add up the value of a vector function along a line or surface, respectively, and get wild and wooly pretty quickly, since in general these are vector operations (building on ideas in Chapter 11).

Integrating a force along a path to calculate the work done to move along that path is a physics example of a line integral. You can imagine it is more work to go to a point on the far side of a hill by going up and over the hill than going around it, for instance. Surface integrals are used to figure out vector field quantities like the flow of something through a cross section, like the air blowing through an imaginary plane across a canyon mouth. Alternatively, they might be used to find how much of a vector quantity is impacting a 2D surface. You can find more about either in a more advanced calculus or differential equations book.



Integration by Parts

Integration by parts is a technique to find the integral of a product of two functions. It can also be used when there is a quotient, by just considering it as a product of the first function and one over the second function. It is a little confusing to think about, but sometimes it is the only plausible way to work through a complicated integral. Remember the equation for taking the derivative of a product (from Chapter 5, repeated here):

d(fg)dx=gdfdx+fdgdx

Where both f and g are assumed to be reasonably well-behaved functions of x. If we integrate both sides of this equation with respect to x, we get

fg=∫gdfdx+∫fdgdx

What does that have to do with integrating a product? If we rearrange this admittedly nasty-looking equation we get something that does not look a whole lot better, but as we will see, is more tractable:

∫fdgdxdx=fg−∫gdfdxdx

Now we have a formula that uses the integral of the product of two functions, but one of them is a derivative. What we have to do from here is let one of the functions in our product be equal to dgdx. That means we need to know what the integral of g(x) is to use the right-hand side of the formula, and the derivative of f(x).

Suppose we had y(x)=x3 and z(x)=x2 and we just wanted to know what the indefinite integral of the product is. If we just multiply out the two functions, the integral of the product would be the integral of x3x2, which would be x66+C.

Let’s see how that plays out with the formula for integrating by parts. (Of course, we do not actually need to integrate this pair of functions by parts — we are doing it this way to demonstrate that it works.) Starting with the formula we derived a little earlier, let’s work through an example:

∫fdgdxdx=fg−∫gdfdxdx

We want to integrate the product of y(x)=x3 and z(x)=x2. That means that we set one of our functions equal to each of the terms, f(x) and dgdx, that we are multiplying together in the integral. Let’s try this:

dgdx=z(x)=x2 andf(x)=y(x)=x3

To figure this out, before we do anything, we need both of our functions and their derivatives, but we only have f(x) and dgdx, and need to compute g(x) and dfdx.

We need to integrate dg(x)dx, which is

∫dgdxdx=∫x2dx=x33+C

and take the derivative of f(x),

dfdx=ddx(x3)=3x2

Let’s make a little table to keep track of this for our example (Table 13-3).





	 

	f

	dfdx

	g

	dgdx






	Given

	x3

	–

	–

	x2




	Next Step

	x3

	3x2

	x33

	x2






TABLE 13-3: Steps in integrating by parts


We will leave off the “+ C” everywhere till the end to make this easier to read. Let’s repeat our basic equation for integrating by parts, and then start filling it in from Table 13-3:

∫fdgdxdx=fg−∫gdfdxdx∫x3x2dx=x3x33−∫x333x2dx

When we evaluate the right side of that, we get

x63−33x66+C=x66+C

which is, thankfully, the same answer as we got by integrating the product directly. If we wanted to look at the quotient, then

dgdx=1x2

and we would work out the rest as above. The integral of the quotient should be the integral of

x3x2

which would be the integral of x, x22+C.

Integration by parts does not always work, and you have to spend some time thinking about which function you are going to call f and which dgdx, since you want it to work out that the integral you generate is not going to be even worse than the one you started with.

There are many rules of thumb to work through this, and cases and tips can be found in the resources at the end of this section (notably Wikipedia and the calculus texts). The basic idea is to choose which function you use in which role so that the new integral you create is easier to solve than the one you started with; you might have to do this process several times to get a final answer.

It is important to be careful to do the bookkeeping part of this carefully, since you may end up with a bunch of terms. Some people like to keep track in a way that reminds them of a tic-tac-toe board. If you search online for “tic-tac-toe integration by parts,” you can find videos walking through it for multiple-step integrations. Famously, it was demonstrated in the movie Stand and Deliver, although it goes by rather quickly there.



Trigonometric Identities

Sines and cosines have a lot of interesting properties, as we saw in depth in Chapters 4, 6, and 9. We can derive a lot of relationships between them, but there are many trigonometric identities that can make your life much easier if you are actually calculating integrals or derivatives. We will list just a few of them here; you can find long tables of these by searching on “trigonometric identity table.” We just state them here without proof as handy references, and list what they are called so you can look up more.


Cofunctions

Each trigonometric function has a cofunction. If we have a right triangle, there are two non-right angles. Sine and cosine are cofunctions of each other (hence the “co-”) and the cosine of one non-right angle in that triangle is the same value as the sine of the other angle. This is true for all the cofunctions.

We have not used secant (sec⁡(θ)) or its cofunction, cosecant (csc⁡(θ)), in this book, nor have we used tangent’s cofunction, cotangent (cot⁡(θ)). They are, respectively, these formulas, and graphed against their more familiar inverses in Figure 13-1.

[image: 2D graphs of secant and cosecant, both of which are discontinuous, consisting of open upward-facing and downward facing segments that go to infinity on the transition between the two. Both cotangent and tangent periodically go to infinity.]
FIGURE 13-1: Secant, cosecant, and cotangent (blue) compared to their inverses (red)


sec⁡(θ)=1cos⁡(θ)csc⁡(θ)=1sin⁡(θ)cot⁡(θ)=1tan⁡(θ)

Figure 13-1 has cosecant on the left we have the secant (blue) versus cosine (red); in the middle we have cosecant (blue) plotted against sine (red); and finally cotangent (blue) versus tangent (red) on the right.



Double Angles and Sums of Angles

Sometimes it is helpful to be able to combine angles. What are the trigonometric functions of twice an angle, or the sum of two angles? The formulas for double angles are

sin⁡(2θ)=2 sin⁡(θ)cos⁡(θ)cos⁡(2θ)=cos2(θ)−sin2(θ)⁡

The double angle functions are graphed in Figure 13-2. On the left, we have sin⁡(2θ) (blue) compared to sin⁡(θ) (red). Similarly on the right we have cos⁡(2θ) (blue) versus cos⁡(θ) (red). You can see that the phase lines up in both cases when θ=0.

[image: 2D graph of sine and cosine compared to the same curves with twice the frequency.]
FIGURE 13-2: Sine (left) and cosine (right) of x in red, compared to the same functions of 2x in blue


The double-angle formulas are just a special case of the sum of two angles.

The formula for this more general case is

sin⁡(a+b)=(sin⁡(a)cos⁡(b)+cos⁡(a)sin⁡(b))cos⁡(a+b)=(cos(a)cos⁡(b)+sin(a)sin⁡(b))



Squared Functions

Alternatively, you might want to model a system involving squares of sine and cosine, graphed in Figure 13-3. Some useful identities are

sin2(θ)⁡=12(1−cos⁡(2θ))cos2⁡(θ)=12(1+cos(2θ))

[image: 2D graph of sine and cosine compared to the squares of the same curves. The squares are always positive and double the frequency.]
FIGURE 13-3: Sine (left) and cosine (right) in red, compared to their squares in blue.


Figure 13-3 graphs sin2(θ)⁡ (blue) on the left compared to sin⁡(θ) (red). Similarly, on the right cos⁡2(θ)⁡ (blue) is graphed against cos⁡(θ) (red). We can see that the squared terms are of course always positive.

And speaking of the squares of these functions, one very useful trigonometric identity comes from the Pythagorean Theorem, or, if you prefer, from the unit circle (Chapter 9):

sin2⁡(θ)+cos2(θ)=1⁡

You might think this is all sort of cute but rather obscure. The reality is that these substitutions are power tools you may want to have on your belt if you are going to be doing significant calculations. Let’s see some examples of how these identities can let you solve problems that are otherwise morasses of intractable algebra.



Trigonometric Substitution

Some trigonometric identities let you do a substitution — letting a variable, say x, be replaced by a trig function like sin⁡(θ). Why would you ever want to do such a thing? It can make solutions of complicated integrals or differential equations possible. For instance, any time you have a nasty function of a square of a variable in an integral, it is worth trying to see if substituting the sine or cosine of a different variable will make things better.

You have to be careful when doing things like this not to introduce other behavior that you were not expecting, and, as we discussed in Chapter 11, in any coordinate transform (which is essentially what you are doing) you have to convert your dx to an appropriate equivalent. Let’s say we want to calculate this integral:

∫11−x2dx

We could look it up in an integral table, but what fun is that? Suppose instead, we try letting

x=sin⁡(θ)

By the chain rule (Chapter 5),

dx=dxdθdθ=cos⁡(θ)dθ

Plugging all this back in to our wayward integral, we get

∫11−x2dx=∫11−sin2(θ)⁡cos(θ)dθ

Now we wheel out the trig identity that tells us that the quantity in the square root is cos2(θ)⁡.

∫1cos⁡2(θ)cos⁡(θ)dθ=∫1cos⁡(θ)cos⁡(θ)dθ=∫(1)dθ=θ+C

Given that we defined x=sin⁡(θ), then θ=sin−1⁡(x) and our answer is

θ+C=sin−1⁡(x)+C

If we look this up in an integral table (for example in Zwillinger, 2018), that is indeed what we find as the solution to the integral:

∫11−x2dx=sin−1(x)+C⁡

Note that sin−1(x)⁡ is only defined for values of x between -1 and 1. If this had been a definite integral, the endpoints would also need to have been translated from their values in terms of x to the equivalent in terms of θ. Sometimes the range of the values of your original or changed variable will not make sense, and you will see it when you do the conversion. In this case, for example, note that in the original integral, an absolute value of x greater than 1 would have resulted in a negative number under the radical, and an imaginary solution. Of course, there are also no angles whose sine is greater than 1, so this is consistent. You can see that it can be hard to anticipate the solution to an integral, even a relatively simple-looking one.

Trigonometric substitutions are not the only option. You can let a variable in an integral be any function that makes your algebraic life easier, as long as you are consistent in your transformation of the differential, too. In a definite integral, you also need to be careful to transform the endpoints of the integral.

And, of course, you should be alert for pathological situations, like a substituted function that blows up at some point in the range of interest where the original variable does not (letting y=1x, for example). This sort of thing is what gives integral calculus a bad name. However, just like making complicated physical objects, stay calm and orderly. If you gradually accumulate a lot of tools and practice using them, you can go a long way.



Math Modeling in Real Life

You may have gathered data or otherwise been given a relationship between two quantities. But what function is the best fit between them? It is rare, of course, that any real system follows an ideal mathematical function, but it gives you a place to start thinking about your data.

Before you go too far into the whirring machinery of developing a mathematical model, though, ask what you are trying to accomplish. Do you need a functional relationship between two quantities because you are trying to predict the effects of changing one of them? Are you trying to estimate some future behavior of a system? How accurate do you have to be, and can you achieve that accuracy (or close to it)?

If you know your data is very approximate, you might want to re-think your data-taking before trying too hard to create a model that might largely reflect wishful thinking. You might find a basic statistics text or website (like the Khan Academy — see the resources later in this chapter) to help you think about how good your data might be.

If you are faced with a novel situation, think what else might behave the same way. For example, the Lotka-Volterra equations (Chapter 9) have been applied not just to predator and prey populations, but also to other interactions where one thing consumes another, like chemical reactions. Is there some other problem that looks like yours superficially? If so, look up that problem and see if there is some classic equation that describes it. Maybe you will add or delete a term, or just use that other equation as inspiration.

The other possibility is that the problem you are trying to solve has already been solved. It might feel like too much work to dig into the scientific literature if a first web search does not give you a handy answer, but if your analysis has already been done, you can save yourself a lot of time by finding it. For many disciplines, once you get past the basics, very little exists in the web-searchable literature, and what there is might be idiosyncratic (or wrong). Or, for that matter, you might find you have a classic unsolvable problem that has been around for 400 years and is the topic of thousands of Ph.D. theses. This doesn’t mean that you need to give up, but at least you will have been warned.

If you are not currently affiliated with an institution that has a library that subscribes to peer-reviewed journals, many public library systems give access to these resources after one in-person visit to get a library card and account. Some universities, particularly public ones, also allow in-person use of their libraries on-site. Libraries might have textbooks that do a more systematic job of explaining a field than will journal articles that assume you are already an expert.

Finally, never fall in love with your mathematical model — or anyone else’s, for that matter. Always question whether that terribly important-looking function with derivatives and integral signs continues to match reality in the face of an evolving set of data. For any model, understand what simplifying assumptions it is making, and whether it might fail in some cases. Try to find simple cases to test physically, if possible, or at least as thought experiments. Many great discoveries come from the realization that a long-accepted model no longer fits data generated with new types of observations. Simple dimensional analysis (Chapter 2) can often save you from prematurely announcing a new physical law.

We hope that our approach in this book has given you the confidence to either go forward into more advanced math courses, or to embark on studying more on your own. We wind up this chapter (and the book!) with a list of resources that might help you keep going.




Chapter Key Points

In this chapter, we focused on tips and tricks to make actual calculation of integrals or derivatives a little easier, and presented handy formulas that come up very frequently. In particular, we introduced the concept of integrating by parts — a technique that, while algebraically messy, can often allow the solution of an otherwise intractable integral. Similarly, we reviewed times when you might want to change variables, being careful to be consistent with changing any differentials as needed. We also thought about how to approach developing a mathematical model, involving calculus or not, and how to maintain healthy skepticism of any models. Finally, we list many resources for further study.



Terminology and Symbols

Here are some terms and symbols from the chapter you can look up for more in-depth information:


	•  Cofunction

	•  Cosecant(csc), secant (sec), and cotangent (cot)

	•  Double-angle formula

	•  Integration by parts

	•  Trigonometric identities

	•  Trigonometric substitutions for integration





Resources for Further Study

One of our goals with this book was to get you to a point where you had enough intuition to make good use of the many calculation tools available for free or minimal cost online. Although there is a lot to be said for learning how to calculate integrals in general, if you understand the basics you can look up most of the forms you are likely to need in many applications.


Useful Websites and Search Suggestions

Wikipedia (wikipedia.org) is a good resource for reference material like tables of integrals, derivatives, and trigonometric identities. Generally speaking, web searches for phrases like “integral table” will likely return many hits, which of course need to be reviewed for accuracy. We have found Wikipedia to be mostly reliable, if occasionally idiosyncratic with (unexplained) notation, which can make things challenging for a beginner. If you can’t understand the first page you find, hunt around to see if you can find one you can. Since pages in Wikipedia change all the time, your best bet is to search a bit. If you are doing something with real-world implications, we suggest investing in one of the resources we have listed in the Books section.


	•  Greg Sanderson’s online video series “3Blue1Brown” (available on youtube.com or through 3blue1brown.com) has many innovative ways of viewing mathematics topics. We particularly found his discussions of the complex plane inspirational.

	•  The Khan Academy (khanacademy.org) is a well-organized place to look for background on almost any mathematics subject.

	•  If you want to learn about math concepts with a more physics bent, check out Georgia Tech’s Hyperphysics site, hyperphysics.phy-astr.gsu.edu.





Calculation Resources

If you want a graph of a function, type it into the Google (google.com) search box in pseudocode. Use “*” for “multiply”, “/” for divide, “+” for “add,” and “^” for raise to a power. So, to get a graph of y=x2 for instance, you would type y=x∧2 in the search box. For y=2x, you would type y=2*x(y=2x also seems to work, but to be safe we always use the “*”). You can zoom in and out by scrolling and move around to see other parts of the graph by dragging a mouse.

Desmos (desmos.com) also has many free resources and downloadable apps for graphing and calculating. More generally, you can search “integral calculator” or “derivative calculator” or just “calculator” to find a plethora of free resources.

WolframAlpha (wolframalpha.com) has a mix of free and paid symbolic calculation tools, including the ability to type in an integral or derivative and get a graphical or symbolic answer. Wolfram Mathematica (wolfram.com/mathematica/) is a pricier and more capable option. Wolfram MathWord (mathworld.wolfram.com) has many definitions of mathematical concepts.

Finally, if you want to be able to do analysis without necessarily having an internet connection, in addition to those mentioned so far, there are many paid and free apps that work similarly. For example, both of us use MacOS computers, which have for some time come with an App called “Grapher” that has limited integration and derivative graphical capabilities. Most of the graphs in this book were created with Grapher and then exported to Adobe Illustrator to make them better for publication. Microsoft Excel (or other spreadsheet tools) can also be very useful if you just want to play around with graphing data, or generate data to graph. You can of course tweak some of the OpenSCAD models in this book to do 3D visualizations.

There are also open-source libraries for numerical calculations of integrals and derivatives that you can build into your own computer programs, such as those at scipy.org and sagemath.org. There are also interesting tools tied into Jupyter notebooks, described at jupyter.org.



Books

If you found yourself a little hazy on some of the underlying geometry of our approach to calculus, you might benefit from our 2021 book, Make: Geometry, also from Make Community. Likewise, if you need a little help with 3D printing per se, you might find our Mastering 3D Printing, 2nd Edition (New York: Apress, 2020) useful.

We found the following resources broadly useful in our research. References that are more specific to a particular chapter are found at the end of those chapters. We annotated why we have highlighted each book.


	Boaler, J. (2015). Mathematical Mindsets. Jossey-Bass. Discusses how to teach math in general in a more interactive way.

	Newton, I. (1999). The Principia: Mathematical Principles of Natural Philosophy. (I. B. Cohen, A. Whitman, & J. Budenz, Trans.). University of California Press. This is a very comprehensive analysis of Newton's Principia, with extensive notes and historical context.

	Lockhart, P. (2009). A Mathematician's Lament. Bellevue Literary Press. Lockhart analyzes what is wrong with common methods of teaching math and how to encourage intuition over problem-solving. If you teach math you will appreciate its pragmatic points of view. His other books Measurement, Cambridge MA: The Belknap Press of Harvard University Press, 2012; and Arithmetic, Cambridge MA: The Belknap Press of Harvard University Press, 2017) apply some of his ideas.

	Mahajan, S. (2010). Street-Fighting Mathematics. MIT Press. This is a great introduction to developing intuition to solve problems rather than leaping immediately into calculation, using dimensional analysis and other techniques we have touched on in this book. You might also try searching for Mahajan’s 2011 Caltech TEDx talk where he demonstrates some of the techniques.

	National Academies of Sciences, Engineering, and Medicine. (2016). Barriers and Opportunities for 2-Year and 4-Year STEM Degrees: Systemic Change to Support Students' Diverse Pathways. The National Academies Press. Retrieved from doi.org/10.17226/21739. A thorough analysis of how various STEM subjects are taught, including calculus, with extensive statistics and analysis.

	Schey, H. M. (1973). Div, Grad, Curl, and All That: An Informal Text on Vector Calculus. W. W. Norton & Company. (There are more recent editions.) Many of the concepts are beyond what we have covered in this book, but there are lucid discussions of the concepts of vector calculus and more that will be useful if you want to continue exploring some of the concepts in Chapter 10.

	Thomas, G. B., Hass, J., Heil, C., & Weir, M. D. (2018). Thomas' Calculus (14th ed.). Pearson. This is the latest edition of the classic book (Joan learned calculus from the 4th edition!) If you want a traditional book to go into the details of calculations, this would be our first choice. The new edition recognizes the availability of online tools and leverages them well, too.

	Thompson, S. P., & Gardner, M. (1998). Calculus Made Easy. St. Martin's Press. The original of this book was published in 1910 by the first author and it has been in print ever since. Although it was written in a different era with no computing capabilities, the analogies and unfussy explanations are appealing. It is more calculation-focused than we have chosen to be in this book, and so might be a good companion to this book if you want to go there next. If you like playing with mathematics in general, you might enjoy Martin Gardner’s other works. Dr. Niles Ritter, this book's technical reviewer, credits Gardner’s “Mathematical Games” column in Scientific American magazine for showing him that math was both useful and fun. Mathematical Carnival (Vintage Press, 1977) might be a good book to peruse first.

	Zwillinger, D. (Ed.). (2018). CRC Standard Mathematical Tables and Formulas (33rd ed.). CRC Press. If you want to look up any math formula and have a validated source for it, this is the book for you. Although it is very hefty, if you are doing real-world problems where the answers have to be right, it is an indispensable resource. This new edition has sections on numerical methods and a section on the classic equations from many disciplines.
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Make: Geometry helps students learn key topics from middle- and high-school geometry through 3D printing and other hands-on projects. Geometry, of all the branches of mathematics, is the one that is most easily visualized by making something. However, it is all too easy to reduce it to reams of formulas to memorize and proofs to replicate. This book takes geometry back to its practical roots with applications like determining latitude and longitude with just a watch and some observations of the sun. The book also teaches how to use the free CAD program OpenSCAD, which uses computer code to describe objects. Models in the book can be expanded to make an elaborate castle, or for readers to explore concepts on their own.
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